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ADVERTISEMENT. 


The  substance  of  the  present  volume  was  originally  pre- 
pared as  part  of  a  course  of  lectures  for  the  students  of  mathe- 
matics in  Harvard  College.  But  at  the  request  of  some  of  my 
pupils,  and  especially  of  my  friend  Mr.  J.  D.  Runkle,  I  have  been 
induced  to  undertake  its  publication.  The  liberality  of  my 
publishers,  the  well-known  firm  of  Little,  Brown  &  Co.,  who  gen- 
erously gave  directions  to  the  printers,  that  no  expense  should  be 
spared  in  its  typographical  execution,  seemed  to  impose  upon  me 
an  increased  obligation  to  perform  my  portion  of  the  task  to 
the  best  of  my  abiUty.  I  have  consequently  reexamined  the 
memoirs  of  the  great  geometers,  and  have  striven  to  consoli- 
date their  latest  researches  and  their  most  exalted  forms  of 
thought  into  a  consistent  and  uniform  treatise.  If  I  have, 
hereby,  succeeded  in  opening  to  the  students  of  my  country  a 
readier   access   to   these   choice  jewels  of  intellect,  if  their  bril- 


Viii  ADVERTISEMENT. 

liancy  is  not  impaired  in  this  attempt  to  reset  them^  if  in 
their  new  constellation  they  illustrate  each  other  and  concen- 
trate a  stronger  light  upon  the  names  of  their  discoverers,  and 
still  more,  if  any  gem  which  I  may  have  presumed  to  add,  is 
not  wholly  lustreless  in  the  collection,  I  shall  feel  that  my 
work  has  not  been  in  vain.  The  treatise  is  not,  however, 
designed  to  be  a  mere  compilation.  The  attempt  has  been 
made  to  carry  back  the  fundamental  principles  of  the  science 
to  a  more  profound  and  central  origin  ;  and  thence  to  shorten 
the  path  to  the  most  fruitful  forms  of  research.  It  has, 
moreover,  been  my  chief  object  to  develop  the  special  forms 
of  analysis,  which  are  usually  neglected,  because  they  are  only 
applicable  to  particular  problems,  and  to  restore  them  to  their 
true  place  in  the  front  ranks  of  scientific  progress.  The 
methods  which,  on  account  of  their  apparent  generality,  have 
usually  attracted  the  almost  exclusive  attention  of  the  student, 
are,  on  the  contrary,  reestablished  in  their  true  position  as 
higher  forms  of  speciality. 
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ANALYTIC  MECHANICS. 


CHAPTER  I. 


MOTION,  FORCE,  AND  MATTER. 


§  1.  Motion  is  an  essential  element  of  all  physical  phenomena ; 
and  its  introduction  into  the  universe  of  matter  was  necessarily  the 
preliminary  act  of  creation.  The  earth  must  have  remained  forever 
"  without  form,  and  void ; "  and  eternal  darkness  must  have  been 
upon  the  face  of  the  deep,  if  the  Spirit  of  God  had  not  first  ^  moved 
upon  the  face  of  the  waters." 

2.  Motion  appears  to  be  the  simplest  manifestation  of  power, 
and  the  idea  of  force  seems  to  be  primitively  derived  from  the 
conscious  effort  which  is  required  to  produce  motion.  Force  may, 
then,  be  regarded  as  having  a  spiritual  origin,  and  when  it  is 
imparted  to  the  physical  world,  motion  is  its  usual  form  of  mechan- 
ical exhibition. 

3.  Matter  is  purely  inert.  It  is  susceptible  of  receiving  and 
containing  any  amount  of  mechanical  force  which  may  be  commu- 
nicated to  it,  but  cannot  originate  new  force  or,  in  any  way,  trans- 
form the  force  which  it  has  received. 

1 


[ 


CHAPTER  11. 


MEASURE  OF  MOTION  AND   FORCE. 


I. 

MEASURE   OP  MOTION. 

§  4.  Xlmform  Motion  is  that  of  a  body  which  describes  equal 
spaces  in  equal  times. 

5.  Vehciiy  is  the  measure  of  motion.  In  the  case  of  uniform 
motion  it  is  the  distance  passed  over  in  a  given  time,  which  is 
assumed  as  the  urdt  of  time,  and,  in  any  case,  it  is  at  each  instant 
the  space  which  the  body  would  pass  over,  if  it  preserved  the  same 
motion  during  a  unit  of  time. 

6.  If  the  space  described  by  a  body  in  the  time  t  is  denoted 
by  5,  the  expression  for  the  velocity  e;  is,  in  the  case  of  uniform 
motion. 

If  the  diferential  is  denoted  by  d  and  the  derivative  by  2>,  the 
expression  for  the  velocity  is,  in  any  case, 


IL 

MEASUBE   OF  FORCE. 


7.     Experiments  have   shown  that  the  exertion  which  is  re- 
quired to  move  any  body,  is  proportional  to  the  product  of  the 


intensity  of  the  eflfort  into  the  space  through  which  it  is  exerted. 
This  product  is,  then,  the  proper  measure  of  the  whole  amount 
of  force  which  is  necessary  to  the  production  of  the  motion  ; 
long  established  custom  has,  however,  limited  the  use  of  the 
word  force  to  designate  the  intensity  of  the  eflfort,  and  the  whole 
amount  of  exertion  may  be  denoted  by  the  term  power.  Hence,  if 
the  power  P  is  produced  by  the  exertion  of  a  constant  force  Fj 
acting  through  the  space  5,  the  expression  of  the  force  is 

8 

But  if  the  force  is  variable  in  its  action,  the  expression  of  its 
intensity  at  any  point  is 

8.  It  is  foimd  by  observation  that  the  force  of  a  moving  body 
is  proportional  to  its  velocity.  Thus,  if  m  is  the  force  of  a  body 
when  it  moves  with  the  imit  of  velocity,  its  force,  when  it  has 
the  velocity  Vy  is  mv. 

9.  Diflferent  bodies  have  diflferent  intensities  of  force  when 
they  move  with  the  same  velocity.  The  mass  of  a  body  is  its 
force,  when  it  moves  with  the  unit  of  velocity ;  thus,  m  in  the 
preceding  article,  denotes  the  mass  of  the  body. 

10.  The  force  communicated  to  a  freely  moving  body,  by  a 
force  which  acts  in  the  direction  of  the  motion,  is  found  to  be  the 
product  of  the  intensity  of  the  acting  force,  multiplied  by  the 
time  of  its  action.  Thus,  if  the  mass  m,  acted  upon  by  the  con- 
stant force  Fy  for  the  time  ty  in  the  direction  of  its  motion,  has 
its  velocity  increased  by  v,  the  addition  to  the  force  of  the  mov- 
ing body  is 

mv  =  Ft. 


In  case  the  acting  force  is  not  constant,  the  rate  at  which  the 
force  of  the  body  increases  is 


III. 

FORCE   OF  MOVING   BODIES. 

11.  The  power  with  which  a  body  moves  is  equal  to  the  product  of 
one  half  of  Us  mass  muUipUed  hy  the  square  of  its  velocity. 

For  if  the  body,  of  which  the  mass  is  m,  is  acted  upon  by 
the  force  F,  until  from  the  state  of  rest  it  reaches  the  velocity 
r,  the  power  P,  which  has  been  communicated  to  it,  and  which  it 
consequently  retains,  must,  by  (814)  *  and  (ig),  give  the  equation 

D,P  =  mD,v. 

The  derivative  of  P  relatively  to  /,  is  by  (224) 

D,P  =  D,P.  D,s  =  vD,P  =  mvD.v. 

The  integral  of  this  equation  is 

P  =  imt^, 

to  which  no  constant  is  to  be  added,  because  the  power  vanishes 
with  the  velocity.     {Note  A.) 

12.  Hence  the  power  of  a  moving  body  is  equal  to  one  half 
of  the  product  of  its  force  multiplied  by  its  velocity. 


*  The  form  of  reference  here  given  is  by  means  of  numbers,  of  which  the  leading 
number  refers  to  the  page,  and  the  secondary  number,  which  is  printed  in  smaller 
type,  refers  to  the  place  upon  the  page,  estimated  from  the  top  of  the  page,  in  lines  of 
equal  typographic  interval.  Printed  marks,  corresponding  to  these  intervals,  accom- 
pany each  copy  of  the  work.  Thus,  (814)  denotes  the  equation  which  is  at  the  14th 
typographic  interval  from  the  top  of  the  thu'd  ])age. 


13.  It  is  convenient  to  refer  the  measure  of  force  to  the 
unit  of  mass  as  a  standard.  Thus,  if  F  is  the  force  exerted  upon 
each  unit  of  mass,  the  force  exerted  upon  the  body  of  which  the 
mass  is  m,  is  mF.    With  the  F^  used  in  this  sense,  (43)  becomes 

D,v  =  F. 


CHAPTER  ni. 


FUNDAMENTAL   PRINCIPLES    OF  REST  AND  MOTION. 


I. 

TENDENCY    TO    MOTION. 

§  14.  A  system  of  moving  bodies  may  be  regarded  mechamcaUy  as  a 
system  of  forces  or  powers,  which  mtist  be  the  exact  equivalent  of  all  tlie 

m 

forces  or  powers  which,  by  simultaneous  or  successive  communication  to  tlie 
bodies,  are  united  in  its  formation. 

This  results  from  the  inertness  of  matter,  and  its  incapacity  to 
increase,  diminish,  or  vary  in  any  way,  the  power  which  it  contains. 

15.  It  also  follows  from  its  inertness,  that  matter  yields  instan- 
taneously to  every  force,  and  cannot  resist  any  tendency  to  the 
communication  or  abstraction  of  power.  With  a  system  which  is 
at  rest,  there  can  consequently  be  no  tendency  to  the  communi- 
cation of  power. 

16.  The  tendency  of  any  body  or  system  of  bodies  to  move 
in  any  given  way  is  easily  ascertained.  It  is  only  necessary  to  sup- 
pose the  system  moved  with  the  proposed  motion  to  an  infinitesimal 


distance.  The  product  of  the  corresponding  distance,  by  which  each 
body  of  the  system  advances  in  the  direction  in  which  each  force 
acts,  multiplied  by  the  intensity  of  the  force  is,  by  §  7,  the  corre- 
sponding power  which  the  force  communicates  directly  to  the 
body,  and  through  it  to  the  system. 

The  whole  amount  of  potver  wMch  is  thus  communicated  hy  all  the 
forces  to  the  systemj  or  rather  its  ratio  to  tlie  infinitesimal  element  of  the 
proposed  motion  is  evidently  the  measure  of  tlie  tendency  of  the  system  to 
this  proposed  motion. 

It  must  be  observed  that,  when  a  body  moves  in  a  direction 
opposite  to  that  of  the  action  of  the  force,  the  corresponding  product 
is  negative,  and  must  be  used  with  the  negative  sign  in  forming  the 
algebraical  sum,  which  represents  the  whole  amount  of  power  com- 
municated to  the  system. 

17.  By  a  skilful  use  of  the  principles  of  the  preceding  sec- 
tion, all  the  elementary  tendencies  to  motion  in  a  system  may  be 
determined,  and,  therefore,  all  the  elements  of  change  of  motion  in 
the  system  which  is  actually  moving,  or  all  the  conditions  of  equi- 
librium in  the  system  which  is  at  rest.     Thus,  let 

7^1, 7^2  J  ^3?  &c.,  denote  the  masses  of  a  system  of  bodies; 

jPi,  J^,  F{\  &c,  the  forces  which  act  upon  each  imit  of  wii ; 

F^j  I^y  J^',  &c.,  the  forces  which  act  upon  each  imit  ofm2f 

&c.  &c. ; 

^fiy  ^f\y  ^/i9  &c.,  the  distances  by  which  mi  advances  in  the 

direction  of  the  forces  i^i,  jF^,  ^',  &c.,  in  consequence  of 

any  proposed  motion ; 
^f 29^/2  9  ^/2  9  &c. ;  ^3,  &c.,  the  corresponding  distances  for  the 

other  bodies  and  forces  of  the  system  ; 
-2",  the  sum  of  all  quantities  of  the  same  kind,  obtained  by 

changing  the  accents ; 


^1,  the  sum  of  all  quantities  of  the  same  kind;  obtained  by 

changing  the  underwritten  numbers ; 
-2"^,  the  sum  of  all  quantities  of  the  same  kind,  obtained  by 

all  admissible  combinations  of  both  changes. 

The  power  communicated  to  the  system  by  the  proposed 
motion  through  ^;  ^^  &c.,  is 

2'm^F,df^  =  m,  (F^df^  +  r,d/,  +  &c.) 
2'm^F,df,  =  m,  {F,d/,  +  F^df,  +  &c.) 
&c.  &c. ; 

and  the  whole  power  conununicated  is 

^{miF^df^  =  2^2:'m^F^df^ 

=  S'm^F^df^  +  S'm^F^df^  +  &c. 

This  is,  therefore,  the  complete  measure  of  the  tendency  in  the 
system  to  the  proposed  motion,  or  of  the  change  of  motion  which 
the  moving  system  would  experience  in  the  direction  of  the  pro- 
posed motion.  But  by  a  simple  change  in  the  values  of  ^i,  Sfiy 
^2,  ^,  &c.,  the  tendency  to  any  other  proposed  motion  may  be 
measured ;  and,  in  the  same  way,  all  the  elements  of  the  change  of 
motion  may  be  definitely  ascertained. 


IL 

EQUATIONS    OP    MOTION    AND    REST. 

18.  If,  instead  of  the  given  forces,  each  body  were  acted  upon 
by  a  force  in  the  direction  of  its  motion,  and  of  such  an  intensity  as 
to  produce  the  exact  change  of  velocity  which  it  undergoes,  this 
new  system  of  forces  would  precisely  correspond  to  that  actually 
imparted  to  the  moving  bodies,  and  would  be  the  exact  equivalent 
of  the  given  system  of  forces.    Let 
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1^1,^2,  v^j  &c.  denote  the  velocities  of  the  bodies; 

dsi,  ds2y  Sssj  &c.,  the  distances  by  which,  in  consequence  of 
the  proposed  arbitrary  motion  of  the  preceding  section, 
the  bodies  advance  in  the  actual  direction  of  this  motion ; 

and  then  from  (43) 

DfVi,  I)tV2f  -Dit'a?  &c.,  are  the  intensities  of  the  new  forces 
relatively  to  the  unit  of  mass. 

The  whole  power  communicated  by  the  new  system  of  forces 
with  the  proposed  motion  becomes,  then, 

and  it  must,  therefore,  be  equal  to    the   expression   (Tja)    of  the 
power  communicated  by  the  given  forces.     Hence, 

or  by  transposition 

When  the  system  is  'at  rest,  this  equation  becomes 

2[m^F,df^  =  o. 

19.  The  equation  (Sjg)  in  the  case  of  motion,  or  the  equation 
( 820)  in  the  case  of  rest,  although  it  appears  to  be  a  single  equation, 
involves  in  fact  as  many  equations  as  there  are  distinct  elements  of 
motion  or  rest  in  the  system  of  bodies.  For  every  such  element 
gives  a  different  set  of  values  of  ^1,  d/i^  8/2,  &c.,  dsi,  d«2,  &c.,  which, 
substituted  in  (818)  or  (820),  produce  a  corresponding  equation. 
These  equations,  therefore,  involve  all  the  necessary  conditions  of 
motion  or  rest  in  every  mechanical  problem.  All  that  remains, 
then,  is  to  determine,  by  geometrical  analysis,  the  various  elements 
of  motion  or  rest,  and  to  integrate  and  interpret  the  algebraical 
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equations,  into  which  (Sig)  and  (820)  are  finally  decomposed.  The 
Mecanique  Analffltque  of  the  ever-living  Lagrange  contains  the  general 
forms  of  investigation  with  unequalled  elegance  and  perspicuity. 
But  the  special  modes  of  analysis,  which  are  peculiarly  adapted  to 
the  illustration  and  development  of  particular  problems,  have  been 
too  much  neglected,  and  the  attention  of  youthful  explorers  is 
earnestly  invited  to  this  unbounded  field  of  research. 


CHAPTER  IV. 


ELEMENTS  OF  MOTION. 


I. 

MOTION    OF    TRANSLATION. 

§  20.  A  single  material  point  may  be  moved  to  an  infinitesimal 
distance  in  any  direction,  which  may  be  defined  by  either  of  the 
methods  known  to  geometers,  by  the  reference,  for  instance,  to  the 
directions  of  three  mutually  perpendicular  axes.  By  the  known 
theory  of  projections,  (Note  B,)  the  distance  by  which  the  point 
advances  in  the  direction  of  its  actual  motion,  or  in  any  other  direc- 
tion, may  be  fully  determined  from  the  distances  which  it  advances 
in  these  three  directions.  The  three  distances,  moved  in  the  direc- 
tions of  the  axes,  which  are  simply  the  projections  of  the  proposed 
motion  upon  the  three  axes,  are  the  three  independent  elements  of 
motion  which  completely  define  the  elementary  motion  of  the  single  point. 
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Thus  if 


dp  denotes  the  proposed  elementary  motion,  if 

^'  ?'  ^'    denote  the  andes  which  this  motion  makes  with  the 

X   y.    z  o        , 

three  mutually  perpendicular  axes,  called  the  axes  of  ar, 
y,  and ;?,  and 
dx,  8y^  d^y  the  projections  of  dp  upon  the  axes, 

the  expressions  for  these  projections  are, 

^a:  =  cos^.dp, 

%  =  cosJ.5^, 

d^f  =  cos  ^ .  ^jo. 
If,  in  general, 

^  denotes  the  angle  which  the  directions  of  p  and  g  make 

with  each  other,  the  distance  by  which  the  point 
advances,  in  consequence  of  the  proposed  motion,  in 
the  direction  of/ is,  by  the  theory  of  projections, 

=  cos  •^.  dz  +  cos  -^.d^  4-  cos-^.  ds 

z=2^C08'^.dz; 
in  which 

2^  denotes  the  sum  of  all  the  similar  terms  obtained  by  pro- 
ceeding from  one  axis  to  each  of  the  others. 

21.  The  most  important  of  all  the  elementary  motions  of  a 
system  of  bodies  are  those  which,  being  independent  of  the  peculiar 
constitution  of  the  system,  may  be  common  to  all  systems.     Such 
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motions  must  be  possible,  even  if  the  bodies  which  compose  the  sys- 
tem, do  not  change  their  mutual  positions,  but  are  so  rigidly  fixed 
that  the  whole  may  be  regarded  as  one  solid  body.  It  will  be 
shown  that  there  are  but  two  distinct  classes  of  such  motions, 
namely,  those  of  translaiion  and  those  of  rotation. 

22.  The  motion  of  iramlation  is  that  by  which  all  the  points  of 
a  body,  or  system  of  bodies,  are  transported  through  the  same  dis- 
tance in  the  same  direction.  The  projections  of  an  elementary 
translation  upon  three  rectangular  axes  are  given  by  equations 
(IO10.12),  while  (lOa),  is  the  expression  of  the  distance  by  which  the 
system,  or  any  one  of  its  bodies,  advances  in  any  direction^  such  as 
that  of/,  by  reason  of  the  proposed  translation. 

23.  Any  number  of  different  elementary  translations  may  be 
supposed  to  be  given  at  the  same  time  to  a  system,  and  the  result- 
ing motion  will  be  such  an  elementary  translation,  that  its  projec- 
tion, estimated  in  any  direction,  will  be  the  sum  of  the  projections 
of  the  elementary  translations  estimated  in  the  same  direction. 

Two  coexistent  elementary  translations  may  be  combined  geo- 
metrically by  setting  off*  from  any  point  two  lines  of  the  same 
length  with  the  elementary  motions,  and  in  the  same  direction  with 
them ;  and  if  a  parallelogram  is  described  upon  these  two  lines  as 
sides,  the  diagonal,  which  is  drawn  from  the  given  point,  will  rep- 
resent in  distance  and  direction  the  resulting  elementary  transla- 
tion. 

In  the  same  way  the  geometrical  resultant  of  the  combination 
of  three  elementary  translations  may  be  represented  by  the  diago- 
nal of  a  parallelopiped  described  upon  the  lines  which  represent  the 
component  translations.  But  this  parallelopiped  vanishes  when  the 
three  lines  are  in  the  same  plane. 
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11. 

MOTION    OF    ROTATION. 

§  24.  The  motion  of  rotation  is  that  by  which  all  the  points  of 
a  body  or  system  of  bodies  turn  about  a  fixed  line  in  the  body, 
which  line  is  called  the  axis  of  rotation.  If  one  stands  with  his  feet 
against  the  axes  of  rotation,  and  his  body  perpendicular  to  it,  and 
faces  in  the  direction  of  the  rotation,  the  positive  direction  of  the 
axis  of  rotation  is,  in  this  treatise,  regarded  as  lying  upon  his  right 
hand,  and  its  mgaiive  direction  upon  his  left  hand.  It  will  be  found 
convenient  to  represent  a  rotation  geometrically  by  a  distance  pro- 
portional to  the  elementary  angle  of  rotation,  set  oflf  upon  the  posi- 
tive direction  of  the  axis  of  rotation  from  any  point  taken  at  pleas- 
ure in  the  axis.     If 


denotes  the  elementary  angle  of  rotation,  and  r  the  distance 
of  a  point  of  the  body  from  the  axis  of  rotation ; 
r$&  is  the  elementary  distance  through  which  the  point  moves 
in  consequence  of  the  rotation. 

The  form  in  which  the  subject  of  rotation  will  be  here  pre- 
sented, is  not  greatly  modified  from  that  which  it  has  finally 
assumed  in  Poinsot's  admirable  exposition  of  the  ^Theory  of  the 
Rotation  of  Bodies^'  as  it  is  printed  in  the  additions  to  the  Conacds- 
same  des  Temps  for  1854. 

25.  When  a  body  rotates  about  an  axis,  it  isy  in  consequence  of  this 
rotation^  simnttaneously  rotating  about  any  other  axis  which  passes  through 
the  same  pointy  tvith  an  angle  of  rotation  which  is  represented  by  the  pro- 
jection upon  this  neiv  axis  of  the  line  which  represents  the  original  angle  of 
rotation. 

For  by  the  angle  of  rotation  &  about  the  axis  OA  (fig.  1),  the 
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point  P  of  the  axis  ^By  which  is  at  the  distance 

r=PM 

from  the  axis  OA^  is  moved  through  the  distance  r&.  Although 
every  point  of  the  axis  OA  is  actually  at  rest,  it  has  with  respect  to 
P,  a  relative  motion,  which  is  the  negative  of  that  of  P.  A  rota- 
tion &'  about  the  axis  OB  gives  the  point  N  of  the  axis  OA^  which 
is  in  the  plane  drawn  through  P  perpendicular  to  OB^  and  at  the 
distance 

from  the  axis  of  OB,  a  motion  through  the  distance  r'^'  taken  nega- 
tively. This  rotation  is,  then,  the  same  with  that  which  the  actual 
rotation  produces  about  the  axis  OB,  if 

6'        r 

or  -  =  -.  =  cosMPIf 

0         r 

=  COS  AOB; 

that  is,  if  6'  is  equal  to  the  projection  of  6  upon  OB. 

26.  Three  simuUaneotis  elementary  rotcUiom  about  three  axes,  which 
pass  through  the  same  pointy  and  are  not  in  the  same  plane,  are  equivalent 
to  a  single  rotation  about  the  diagonal  of  a  paraUehpiped,  of  which  the  three 
lines  representing  the  rotations  are  the  sides,  and  the  length  of  the  diagonal 
represents  the  angle  of  elementary  rotation. 

For  the  algebraic  sum  of  the  projections  of  the  sides  of  the 
parallelopiped  upon  any  line  perpendicular  to  its  diagonal  is  zero, 
and,  therefore,  there  is  no  rotation  about  any  such  line.  Hence  the 
diagonal  is  stationary,  that  is,  it  is  the  axis  of  rotation.  The  whole 
amount  of  rotation,  being  the  sum  of  the  partial  rotations  about  the 
diagonal  which  arise  from  the  several  rotations  about  the  sides,  is 
represented  by  the  sum  of  the  projections  of  the  sides  upon  the 
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diagonal,  which  is,  by  the  theory  of  projections,  equal  to  the  diago- 
nal itself. 

27.  In  the  same  way,^  two  simultaneous  rotations  about  the 
sides  of  a  parallelogram  may  be  combined  into  a  single  rotation 
about  the  diagonal.  In  short,  simnUaneous  elementary  rotations  about 
axes  which  cut  each  other  may  he  combined  in  the  same  way  as  elemerdary 
translaiioTis. 

28.  To  investigate  the  distance  by  which  a  given  rotation 
causes  any  point  of  a  body  or  system  to  advance  in  a  given  direc- 
tion, as  that  of  /  ;  let 

d&  be  the  elementary  angle  of  rotation  about  the  axis  of  p  and 
/  the  perpendicular  let  fall  from  the  point  upon  the  axis 
of  rotation. 

Let  a  line  be  drawn  through  the  given  point,  parallel  to  the 
projection  of/  upon  a  plane,  which  is  perpendicular  to  the  axis  of 
rotation,  and  let 

q  be  the  perpendicular  let  fall  upon  this  line  from  the  point  in 
which  /  meets  the  axis  of  rotation  ;  and 

^.  the  angle  which  /  makes  with  the  direction  in  which  the 
point  is  moved  by  the  elementary  rotation. 

The  distance  by  which  the  point  advances  in  the  direction 
of /is 

df= /cos  jl  .dd  =  /cos  ^  BinP.M 

=:(>sin^.d^, 

in  which  q  should  be  taken  positively  when  the  point  is  moved 
towards  the  positive  direction  of  /. 

29.  If  three  rectangular  axes  are  drawn  through  any  point 
of  the  axis  of  rotation,  and  if 
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d&^y  d&yy  d&^  are  the  projections  of  d&  upon  these  axes,  the  dis- 
tance by  which  the  point  {Xy  y,  z)  is  moved  in  the  direc- 
tion of  the  axis  of  .r,  is 


dx  =  yd&^  —  zd& 


y 


=  (t/cos^  —  ^rcos^)  d& 

=  (cos  ^  cos  P  —  COS  ^  COS  P)  f-dd 

^        y         z  z         yf 

=  (cos  ^  cos^  —  COS  ^  COS '')  cosec  ^ .r  <J6 
=  (cos    cos^  —  COS    cos^)  rdd. 

^        y        z  z         yf 

=  cosf./dd 

X 

There  are  similar  expressions  for  the  distances  by  which  the 
point  advances  in  the  directions  of  the  axes  of  y  and  z^  which  may 
be  found  by  advancing  each  of  the  letters  x^  y^  z^  and  x  to  the  fol- 
lowing letter  of  the  series. 

30.  The  two  last  members  of  equation  (ISs)  divided  by  r'<J^ 
give  the  following  theorem ; 

cos  ^  =  cos    cos  ^  —  cos     cos^, 
X  y        ^  z        y^ 

in  which  the  direction  of  6  is  that  of  the  perpendicular  to  the  com- 
mon plane  of  /  and  p^  and  it  is  taken  upon  that  side  of  the  plane 
for  which,  a  positive  rotation  about  it,  would  correspond  to  a 
motion  through  the  acute  angle  from  /  to  p. 

31.  If  there  were  another  system  of  rectangular  axes,  x\  y\ 
and  /,  equation  (IS^)  applied  to  them  would  give 

COS  *^  =  COS  ^  COS      COS  ^  COS     . 

X  V       ^  ^      y 

In  this  equation  each  of  the  letters  Xy  y,  Zy  and  x  might  be 
advanced  to  the  subsequent  letter  of  the  series,  as  well  as  each  letter 
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of  the  series  a^,  j/^  z\  and  of.    In  this  way  eight  other  equations 
might  be  found  similar  to  equation  (1528). 


III. 

COMBINED    MOTIONS    OF   ROTATION    AND    TRANSLATION. 

32.  An  elementary  rotaiiany  combined  with  an  elemerdary  translaiian 
in  any  direction^  wluch  is  perpendicular  to  the  axis  of  rotation,  is  equivalent 
to  an  equal  elemerdary  rotation  about  an  axis  wMch  is  parallel  to  the  origi- 
nal axis  of  rotation.  The  position  of  the  new  axis  is  determined  by  the  con- 
dition that  each  of  its  points  is  carried  by  the  original  elementary  rotation  as 
far  as  by  the  elementary  translation^  but  in  an  opposite  direction. 

For  the  given  motions  cancel  each  other's  action  upon  each 
point  of  the  new  axis,  and  leave  it  stationary ;  while  the  original 
axis  advances  with  the  elementary  translation  by  the  exact  dis- 
tance which  corresponds  to  the  elementary  rotation  about  the  new 
axis.  The  common  plane  of  the  two  axes  is  perpendicular  to  the 
direction  of  the  translation. 

33.  A^iy  simultaneous  elementary  rotations  about  axes  parallel  to  each 
other  are  equivalent  to  a  single  rotation,  equal  to  their  sum,  and  about  an  axis 
parallel  to  t/ie  given  axes,  combined  tviih  an  elementary  translation  equal  to 
the  motion  which  any  point  of  the  new  axis  receives  from  their  simultaneous 
action. 

This  is  a  simple  deduction  from  the  preceding  proposition. 

34.  Let  there  be  three  rectangular  axes,  such  that  the  new 
axis  of  rotation  may  be  that  of  z  ;  let 

^i>yi>  ^25^2?  &c.,  be  the  points  in  which  the  original  axes  cut 

the  plane  of  xy  ;  and  let 
(T^i,  <J^2?  &c.,  be  the  elementary  angles  of  rotation  about  these 

axes. 
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The  elementary  rotation  about  the  axis  of  z  is 

The  elementary  translations  in  the  directions  of  the  axes  of  x 
andy  are  by  (12i9) 

<^yo  =  —  -2"i  .ri  <)~^  1 . 

The  distances  through  which  any  point  {x^  y,  z)  is  carried  for- 
ward in  the  directions  of  the  axes,  are 

dx  =  dxo  — yd  6  =  -2*1^1  dL\  — //  -Tj  dd^, 
dy  =  dyo-\-xd6  =  —  :S,Xid6,-\-x:S^dd,.  ' 

The  points  are,  therefore,  at  rest  for  which 

0  =  (J^o  +  ^^^  =  —  ^i^i  d(^i  +  ^-2*1(^^1. 

These  are,  ihet'efore,  the  equations  of  the  axis  of  rotation,  an  elemei\iary 
rotation  ahoid  which,  equal  to  the  sum  of  all  the  elementary  rotations,  is 
eqiuvaleni  to  the  combination  of  all  the  elementary  rotations, 

35.  If  the  original  elementary  rotations  are  all  equal,  and  if 
there  are  n  axes  of  rotation,  the  equations  (172)  ^^^  (I'^u)  become 

dx  =  {2:^y^  —  ny)d&^, 
dy  =  ( —  -2*1  Xi "[-  w^)  ^  ^1 . 

The  equations  (ITie)  give  for  the  single  axis  of  rotation 

x=-^—^. 

n 

36.  If  any  of  these  rotations  are  about  an  axis  lying  in  the 
opposite  to  the  assumed  direction,  they  may  be  regarded  as  nega- 
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five  rotations  about  axes  havincr  the  same  direction  as  the  assumed 
one,  and  may  l)e  coml)incd  al^rcbraically  in  the  preceding  sums. 

37.  When  the  second  member  of  equation  (IT-i)  vanishes,  the 
resulting  rotation  disappears,  and  the  given  element-ary  rotations 
are  equivalent  to  the  elementary  transhition  defined  by  equa- 
tions (17,;). 

38.  Two  equal  rotations  about  axes,  which  are  parallel,  but 
have  opposite  directions,  constitute  a  combination  which  PoixsoT 
has  called  a  covplc  of  rotations. 

A  couple  of  elemoitanj  rotidinm  h^  tyrcfore^  equfd  to  an  eUnxeniary 
translation  in  a  direction  perpendicnkir  to  the  common  plane  of  the  axes, 
and  equal  to  the  product  of  the  distance  between  th<t  axes  multiplied  bt/  tlie 
elementary  am/le  of  rotation. 

39.  An//  miniultaneoiis  elemenfary  motions  of  rotation  and  translation 
are  eqvivaleid  to  a  sinyle  ekmentary  rotation  atmit  an  ajcis,  combined  with 
an  elementary  translation  in  the  direction  of  the  axis  of  rotation. 

For  each  rotation  may  be  resolved  into  a  translation  and  a 
rotation  about  an  axis  passing  through  any  assumed  point  But  all 
the  elementary  rotations  about  axes  passing  through  the  same  point 
are  equivalent  to  a  single  rotation  about  an  axis  passing  through 
the  point,  and  all  the  translations  are  equivalent  to  a  single  transla- 
tion. The  single  translation  may  be  resolved  into  two  trani^ations, 
of  which  one  is  parallel,  and  the  other  perpendicular  to  the  single 
axis  of  rotation.  The  translation,  which  is  perpendicular  to  the 
axis  of  rotation,  combined  with  the  rotation,  is  equivalent  to  a  sin- 
gle rotation  about  an  axis,  parallel  to  the  single  axis,  and,  therefore, 
havin>i:  the  same  direction  with  the  remaiuinj^  translation. 

40.  En  ry  jfossil/te  motion  of  a  riyid  system  or  body  is  eqidvakni  to 
a  co)nbinafion  of  tlie  motions  of  traji^^lfdion  and  rotation. 

This  is  evident,  if  it  can  be  shown  that,  by  such  a  combination 
of  motions,  any  three  points,  .1,  //,  and  C,  of  the  system,  can  be  car- 
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ried  to  any  positions,  -4',  B\  and  C\  in  which  it  is  possible  for  them 
to  be  phiced.     For  tliree  points  of  a  rigid  system  not  in  the  same 
straight  line  completely  determine,  by  their  position,  that  of  the 
whole  system.     Now,  by  a  translation  of  the  system,  equal  to  that 
by  which  A  might  be  directly  moved  from  A  to  .4',  the  point  ^1  is 
actually  brought  to  the   position  A.     By  a  subscuiucnt   motion  of 
rotation  about  an  axis,  which  is  perpendicular  to  each  of  the  lines 
AB  and  A B^^  the  points  may  be  moved  to  7?';  and  then  by  a 
rotation  about  AS  the  point  C  may  be  carried  to  C\     Hence  the 
whole  motion  is  accomplished  by  one  translation  and  two  rotations. 
Every   elementary  motion  of  a  rigid   system   must   then   be 
equiviUent  to  a  single  rotation  about  an  axis  and  a  translation  in 
the  direction  of  the  axis  of  rotation.     This  motion  is  perfectly  rep- 
resented by  that  of  .the  screw^  whose  helix  ciuses  it  to  advance  in 
the  direction  of  the  axis  about  which  it  is  turning. 

41.  During  each  instant  of  its  motion,  a  rigid  system  rotates 
about  an  axis,  which  is  called  the  imtaafaneom  a.m  of  rotafvya.  This 
axis  is  generally  varying  its  position  in  the  system  and  in  space 
from  one  instant  to  another,  which  renders  it  difficult  to  form 
a  distinct  conception  of  the  nature  of  the  corresponding  motion  of 
the  system. 

42.  In  attempting  to  conceive  of  the  motion  of  a  rigid  system, 
it  is  expedient,  at  first,  to  neglect  the  translation  in  the  direction  of 
the  axis  of  rotation,  and  to  assume  that  the  motion  is  solely  that 
of  rotation.  The  successive  positions  of  the  axis  of  rotation  in  the 
system  form  by  their  union  a  surface  which  turns  witli  tlie  system ; 
and  its  successive  positions  in  space  form  another  fixed  surface.  In 
the  motion  now  considered,  the  moving  surface  rolls  on  the  fixed 
surface  without  slidhig,  and  carries  the  system  with  it. 

43.  If  the  axis  of  rot;ition  does  not  move  perpendicularly  to 
itself  each  of  these  sui'faces  is  evidently  a  developable  surface,  and 
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in  the  act  of  rolling  the  line  of  retrogression  of  the  one  falls  upon 
that  of  the  other;  so  that  these  two  lines  are  of  the  same  length. 
Upon  the  surfaces,  developed  into  a  plane,  the  two  lines  of  retro- 
gression will  be  precisely  alike. 

In  combining  with  this  rotation  the  translation  in  the  direction 
of  the  axis  of  rotation,  the  surface,  generated  by  the  instantaneous 
axis  in  the  moving  system,  remains  unchanged.  Bat  the  fixed  sur- 
face, generated  by  the  instantaneous  axis,  is  changed ;  it  is  still  a 
developable  surface  obtained  from  that  in  which  the  translation  is 
neglected,  by  adding  to  each  element  of  the  arc  of  the  curve  of 
retrogression,  the  elementary  translation  in  the  direction  of  the  axis 
of  rotation.  In  the  actual  motion,  the  moving  surface  rolls  upon 
the  fixed  surface,  and  ghdes  simultaneously  in  the  direction  of  the 
line  of  contact,  so  as  to  keep  the  curves  of  retrogression  constantly 
in  contact. 

In  this  general  case,  the  whole  length  of  the  arc  of  the  fixed 
curve  of  retrogression  is  equal  to  that  of  the  moving  curve  aug- 
mented by  the  whole  amount  of  translation  in  the  direction  of  the 
axis  of  rotation. 

When  the  elementary  translation  is  equal  to  the  elementary 
arc  of  the  moving  curve  of  retrogression,  but  lies  in  the  opposite 
direction,  there  is  a  corresponding  cusp  in  the  fixed  curve  of  retro- 
gression. 

A  poinl  of  mflcditm  in  the  curves  of  retrogression  generally  cor- 
responds to  a  change  in  the  direction  of  the  rotation.  A  similar 
combination  of  the  translation  with  the  rotation  can  be  introduced 
into  the  general  case  of  motion. 

44.  When  either  of  the  surfaces  of  the  instantaneous  axis  is 
a  conc^  the  curve  of  retrogression  is  reduced  to  a  point  which  is  the 
X'cdcx  of  the  cone.  When  both  of  the  surfaces  are  cones,  there  is  no 
translation  in  the  direction  of  the  axis. 
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When  either  of  the  surfaces  is  a  cylinder,  both  surfaces  must 
be  cylinders;  and  the  lines  of  retrogression,  removing  to  an  infinite 
distance,  cannot  be  used  for  guiding  the  motion  of  translation. 
But  in  this  case,  a  section  may  Ijd  made  of  one  of  the  cylinders"  per- 
pendicular to  its  axis,  and  in  the  actual  motion  the  moving  cylinder 
will  move  so  as  to  keep  the  point,  in  which  the  perimeter  of  this 
section  touches  the  other  cylinder,  upon  a  curve  properly  drawn 
upon  that  cylinder. 

45.  The  general  motion  of  a  rigid  system  may  be  conceived  as 
a  translation,  equal  to  that  of  any  one  of  iis  points  assumed  at  will, 
combined  with  a  rotation  about  an  instantaneous  axis  of  rotation 
passing  through  the  point.  If  the  translation  is  neglected,  the  rota- 
tion is  eflected  as  in  §  42  by  rolling  a  cone,  of  which  the  assumed 
point  is  the  vertex,  and  which  carries  the  system  with  it,  in  its 
motion,  about  a  fixed  cone,  of  which  the  same  point  is  the  vertex. 
The  translation  may  be  simultaneously  effected  hy  moving  the  two 
cones  in  space,  with  a  translation  equal  to  that  which  belongs  to 
their  vertex  in  the  actual  motion  of  the  system. 

46.  For  all  the  points  of  the  instantaneous  axis  in  each  of  its 
positions,  the  corresponding  centres  of  greatest  curvature  of  either 
of  the  conical  surfiices  which  it  describes,  are  all  upon  the  same 
straight  lino  passing  through  the  vertex. 

In  the  case  of  the  right  cone,  or  of  the  right  cylinder,  the  axis 
of  revolution  is  the  line  of  the  centres  of  greatest  curvature.  In  all 
these  investigations  the  plane  may  be  regarded  either  as  a  cylinder 
of  infinite  radius,  or  as  a  cone,  of  which  the  angle  at  the  vertex  is 
equal  to  two  right  angles. 

47.  The  elementary  rotation  of  the  system  may  be  conceived 
as  decomposed  into  two  elementary  rotations  about  the  lines  of  the 
centres  of  greatest  curvature  as  axes  of  rotation.  By  the  rotation 
about  tlie  line,  which  unites  the  centres  of  the  fixed  surface,  the 
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instantaneous  axis  receives  its  elementary  motion  in  space,  and  is 
carried  to  its  proper  position  upon  the  fixed  surface.  By  the  rota- 
tion about  the  line  which  unites  the  centres  of  the  moving  surface, 
the  system  receives  that  additional  rotation  which  is  required  to 
turn  the  moving  surface  into  that  position  in  which  it  may  have  the 
proper  line  of  contact  with  the  fixed  surfiice.  Each  of  these  rota^ 
tions  produces  a  sliding  of  the  moving  upon  the  fixed  surface  ;  but 
as  the  sliding  produced  by  the  one  is  just  equal  and  opposite  to  that 
produced  by  the  other  rotation,  tlie^  two  rotations  cancel  each 
other's  action  in  this  respect,  and  there  is  no  sliding  in  the 
combined  motion,  but  a  simple  rolling  of  one  surface  upon  the 
other. 

48.     Let 

af  be  the  acute  angle  which  the  instantaneous  axis  of  rota- 
tion makes  with  the  line  of  the  centres  of  curvature 
of  the  fixed  surface ; 

a„^  that  which  it  makes  with  the  line  of  the  centres  of  cur- 
vature of  the  moving  surface,  this  angle  being  podUve 
when  the  two  lines  of  the  centres  are  on  opposite 
sides  of  the  instantaneous  axis,  and  negative^  when 
they  are  upon  the  same  side ; 

(Hi  the  elementary  angle  by  which  the  instantaneous  axis 
changes  its  direction ; 

6  &j-  the  elementary  angle  of  rotation  about  the  line  of  cen- 
tres of  the  fixed  surface ;  and 

d&^  the  elementary  angle  of  rotation  about  the  line  of  cen- 
tres of  the  moving  surface. 

Since  the  instantaneous  axis  must  be  carried  forward  by  the 
rotation  about  the  fixed  axis,  and  backward  by  the  rotation  about 
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the  moving  axis  just  as  far  as  its  actual  change  of  position,  its  ele- 
mentary angle  of  change  of  direction  is 

d(o  =  d&f.  sin  ay=:  8&^.  sin  a^. 

But  the  combination  of  the  two  rotations  about  these  axes 
gives  the  actual  rotation  about  tlA  instantaneous  axis,  and  there- 
fore, 

d6  =:d&jr.  cos  ay-|-  dd^.  cos  a^ 

=  (cot  a/-|-  cot  a^)  d  ci» 

sin  Of  sin  a^ 

49.  When  the  surfaces  described  by  the  instantaneous  axis  are 
cylinders,  let 

^y  and  ()^  be  the  respective  radii  of  greatest  curvature  of  the 
fixed  and  moving  surfaces  at  any  point  of  their  mutual 
contact;  and 

dp  the  elementary  distance  which  the  instantaneous  axis  moves 
in  a  direction  perpendicular  to  itself 

The  conditions  of  the  motion  of  the  instantaneous  axis  give  the 
equations 

dp  =  Qfd6jrz=  ±  Q^dd^; 

in  which  the  upper  sign  corresponds  to  the  case  where  the  lines  of 
the  centres  of  curvature  are  upon  opposite  sides  of  the  instanta- 
neous axis,  and  the  lower  sign  to  that  in  which  they  are  upon  the 
same  side.     The  rotation  about  the  instantaneous  axis  is 


d6  =  d6^-^d6^ 
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IV. 


SPECIAL   ELEMENTS    OF   MOTION   AND    EQUATIONS    OF   CONDITION. 

50.  The  variation  of  each  independent  element  of  position  of 
a  system  gives  an  independen^element  of  motion.  But  the  ele- 
ments of  position  are  various,  and  must  be  selected  in  each  case 
with  special  reference  to  the  problem  under  discussion.  It  often 
occurs  that  parts  of  the  system  are  rigidly  connected ;  such  parts 
are  themselves  rigid  systems,  and  subject  only  to  motions  of  trans- 
lation and  rotation,  and,  therefore,  none  but  such  elements  are 
required  for  the  investigation  of  their  motions. 

Points  of  the  system  are  sometimes  restrained  to  move  upon 
given  surfaces,  and,  in  this  case,  it  may  be  expedient  to  introduce 
elements  of  position  dependent  upon  the  principal  lines  of  curva- 
ture of  these  surfaces,  or  elements,  in  reference  to  which  the  sur- 
faces are  peculiarly  simple  or  symmetrical.  Points  of  the  system 
may  be  compelled  to  preserve  simple  geometrical  relations  to  each 
other,  which  may  suggest  appropriate  elements  of  position  to  the 
skilful  analyst ;  or  he  may  find  indications  to  direct  his  choice  in 
the  very  nature  of  the  motion  itself 

51.  It  is  often  desirable  tp  adopt  a  combination  of  elements 
of  position  which  are  not  wholly  independent  of  each  other,  but  are 
subject  to  certain  mutual  restrictions.  These  restrictions,  when 
they  are  expressed  algebraically,  are  called  eqtiatiom  of  condition. 
They  may  assume  the  differential  form  of  equations  between  the 
elementary  motions ;  or  they  may  be  finite  equations  between  the 
elements  of  position,  in  which  case  they  may  be  reduced  by  differ- 
entiation to  equations  between  the  elementary  motions. 

By  means  of  the  equations  of  condition,  as  many  of  the  ele- 
ments of  motion  may  be  determined  in  terms  of  the  rest  as  there 
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are  equations  of  condition ;  and  the  remaining  elementary  motions 
may  be  regarded  as  independent  of  each  other. 

52.  Instead  of  introducing  into  the  equations  (813)  and  (820)  of 
motion  and  rest  the  special  values  of  dsi,  (J^g,  &c.,  d/i,  df^^  &c.,  for 
each  particular  element  of  motion,  their  general  values  may  be 
found  in  terms  of  all  these  elements.  When  the  elementary 
motions  are  wholly  independent,  their  coeflBcients  in  these  equa- 
tions give,  when  they  are  equalled  to  zero,  the  same  equations 
which  would  have  been  obtained  by  the  special  investigations. 
But  when  the  elements  are  not  independent,  all,  except  the  inde- 
pendent elements  can  be  eliminated  by  means  of  the  values  given 
by  the  equations  of  condition. 

The  equations  (Sjg)  and  (820)  of  motion  and  rest,  on  account  of 
their  differential  form,  are ,  necessarily  linear  in  reference  to  the  ele- 
mentary motions ;  and  the  differential  equations  of  condition  are 
likewise  linear.  The  proposed  elimination  may  therefore  be  con- 
ducted by  the  method  of  muttipKers.  By  this  process  each  differential 
equation,  multiplied  by  an  unknown  quantity,  is  to  be  added  to  the 
given  equation  of  motion  or  rest.  The  unknown  multipliers  are  to 
be  determined  by  the  conditions  that  the  coeflBcients  of  the  elemen- 
tary motions,  which  are  to  be  eliminated,  become  equal  to  zero. 
Since  the  remaining  elementary  motions  are  independent  of  each 
other,  their  coeflBcients  must  also  be  equalled  to  zero.  In  the  sum, 
therefore,  obtained  by  the  addition  of  the  equations,  each  of  the 
coeflBcients  of  the  elementary  motions  is  equal  to  zero.  The  num- 
ber of  unknown  quantities  is  increased  in  this  process  by  that  of  the 
unknown  multipliers ;  but,  because  there  are  as  many  equations  of 
condition  as  there  are  multipliers,  the  whole  number  of  equations, 
including  the  equations  of  condition,  in  their  finite  form,  is  just 
sufficient  to  determine  the  values  of  the  multipliers  and  of  all  the 
elements  of  position. 

4 
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53.  Let 

be  one  of  the  equations  of  condition  in  its  finite  form ;  and  let  its 
diflferential  form  be 

dXi  =  0. 
Let  also, 

X  be  the  unknown  multiplier  by  which  it  is  to  be  multiplied. 

The  sum  obtained  by  adding  the  similar  products  of  all  the  equar 
tions  of  condition  to  equation  (S^)  or  (820)  is 

-Si  mi  {D.vidsi  —  -S'^icVi)  +  lidLi  =  0, 

which  is  the  equation  of  motion  or  rest,  and  in  which  the  general 
values  of  dsi,  dfu  &c.,  are  to  be  substituted,  and  the  coefficient  of 
.    each  elementary  motion  is  to  be  equalled  to  zero. 

54.  Each  equation  of  condition  becomes  the  equation  of  a 
surface,  to  which  any  one  of  the  points  whose  elements  of  position 
occur  in  the  equation  is  restricted,  provided  that,  for  the  moment, 
the  variations  of  all  the  other  elements  are  neglected.  Since  the 
point  is  restricted  to  move  upon  the  surface,  it  cannot  move  in  the 
direction  of  the  normal  to  the  surface.  Let  a  system  of  three  rec- 
tangular axes  be  adopted,  and  let 

iV'be  the  normal  to  the  surface. 

Its  variation,  arising  from  the  variation  of  coordinates,  which  may 
be  regarded  as  the  elements  of  position  of  the  point,  is 

If  the  equation  of  the  surface  is  (262),  with  the  omission  of  the  num- 
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bers  written  below,  which  may  be  neglected  in  the  general  discus- 
sion, its  variation  is 

Let,  then, 

and  the  angle,  made  by  the  normal  with  one  of  the  axes,  is  given 
by  the  equation 

which  substituted  in  (2629)  gives 


dN= 


M        ~  M' 


Hence  the  equation  of  condition  with  its  multiplier  may  be  writ- 
ten in  the  form 

XdL  =  XMdJSr=  0 ; 

and  this  form  may  be  substituted  in  the  equations  (2612)  and  (2613) 
of  motion  and  rest. 
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CHAPTER   V. 


FORCES  OF  NATURE. 


I. 

THE   POTENTIAL  AND   ITS    RELATIONS  TO    LEVEL    SURFACES,   THE    POSITIONS   OF 
EQUILIBRIUM,  AND   THE  POSSIBILITY   OF  PERPETUAL  MOTION. 

§  55.  It  appears,  at  first  sight,  to  be  inconsistent  with  the 
assumed  spiritual  origin  of  force,  that  the  principal  forces  of  nature 
reside  in  centres  of  action,  which  are  not  thinking  beings,  but  parti- 
cles of  matter.  The  capacity  of  matter  to  receive  force  from  mind 
in  the  form  of  motion,  contain  and  exhibit  it  as  motion,  and  commu- 
nicate it  to  other  matter,  under  fixed  laws,  is  not,  however,  less  diffi- 
cult or  more  conceivable  than  the  capacity  to  receive  and  contain  it 
in  a  more  refined  and  latent  form,  from  which  it  may  become  mani- 
fest under  equally  fixed  laws.  It  is  only,  indeed,  when  force  is  thus 
separated  from  mind,  and  placed  beyond  the  control  of  will,  that  it 
can  be  subject  to  precise  laws,  and  admit  of  certain  and  reliable 
computation. 

56.  The  laws  of  the  development  of  power  in  nature  are  of 
two  classes.  In  the  one  class,  the  forces  depend  solely  upon  the 
relative  positions  of  the  bodies,  and  may  be  called  fixed.  In  the 
other  class,  the  forces  depend,  not  only  upon  the  positions  of  the 
bodies,  but  also  upon  their  actual  state  of  power,  especially  upon 
the  velocities  and  directions  of  their  motions ;  and  these  forces  may 
be  called  variable, 

57.  The  most  fruitful  and  enlarged  view  of  the  fixed  forces  of 
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nature,  and  one  which  pecuL'arly  corresponds  to  their  laws  of  action 
so  far  as  they  have  been  observed,  is  to  regard  them  as  the  mani- 
festations of  the  dynawic  sUtuitwn  of  the  bodies  which  exhibit  them. 
The  dynamic  situation  depends  solely  upon  the  masses  and  posi- 
tions of  the  bodies;  it  is  a  condition  of /orm,  and  its  research  is  a 
problem  of  pure  geometry.  The  algebraic  function  which  embodies 
the  idea  of  the  dynamic  state  is  called  the  potential.  Its  complete 
investigation  and  determination  involves  the  solution  of  all  the 
problems  which  can  arise  in  regard  to  the  power  and  the  conditions 
of  force  of  all  systems,  whether  they  are  at  rest  or  in  motion,  so  far 
at  least  as  the  fixed  forces  of  nature  are  concerned. 

The  amoimt  of  power  of  a  system  is  not  to  be  inferred  from  its 
situation,  although  there  is  a  certain  measure  of  power  appropriate 
to  that  situation.  It  is  this  latter  power  which  is  expressed  by  the 
potential  of  the  system,  and  expressed  as  a  function  of  all  the  ele- 
ments of  position,  by  which  the  situation  is  defined. 

58.  The  power  of  a  moving  system  increases  or  decreases  with  the 
power  which  belongs  to  its  situation^  and  the  increase  or  decrease  of  its  power 
is  measured  hy  thai  of  its  poteiUial. 

59.  Hence,  if  a  system  moves  from  a  state  of  rest,  its  power  is 
constantly  equal  to  the  excess  of  its  potential  over  the  initial  value 
of  the  potential ;  and  it  can  never  arrive  at  a  position  in  which  the 
potential  would  be  less  than  its  initial  value.  No  system,  indeed, 
can  move  to  a  situation  in  which  the  potential  would  be  diminished 
more  than  the  initial  power  of  the  system. 

60.  When  a  system  is  in  a  permanent  state  of  rest  which  the 
actual  forces  do  not  tend  to  disturb,  its  dynamic  condition  is  such, 
that  the  power  of  the  system  is  not  changed  by  a  slight  change  of 
position.     Hence, 

The  potential  of  a  system  which  is  in  equilibriiimy  is  generally  a  maxi- 
mtm  or  a  minimum.    The  exceptional  case  of  a  condition  of  indiffer- 
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ence  rarely  occurs  in  natiiri;;  but  even  this  case  may  be  philoftopbi- 
cally  regarded  as  the  cumbination  of  a  maximum  and  minimum,  or 
as  the  result  of  several  such  combinations. 

01.  When  a  moving  system  passes  through  a  portion  of  eqxii- 
librium,  or  a  position  wbieh  is  one  of  equilibrium  in  reference  to 
the  clement  of  position  with  which  the  system  is  changing  its  place, 
the  power  of  the  system  is  either  a  maximum  or  a  minimum,  or  in 
a  condition  of  indifference. 

62.  When  a  system,  in  a  state  of  rest,  is  placed  very  near  the 
position  of  equilibrium,  it  cannot  tend  to  move  away  from  the  por- 
tion of  equilibrium,  if  the  potential  of  that  situation  is  a  maximum 
relatively  to  the  element  by  which  the  system  is  removed  from 
it ;  and  it  cannot  tend  to  move  towards  the  situation  of  equili- 
brium, if  the  potential  is  a  minimum  for  the  same  element.  On 
this  account  the  equilibrium  is  stable,  in  reference  to  those  elements 
for  which  the  potential  is  a  maximum,  and  it  is  unstable  in  reference 
to  these  elements,  for  which  the  potential  is  a  minimum. 

63.  As  when  a  function  changes  in  consequence  of  the  change 
of  any  one  of  its  variables,  the  maxima  and  minima  succeed  each 
other  alternately ;  in  tlic  motion  of  a  system,  the  positions  of  stable 
and  unstable  equilibrium,  relatively  to  the  element  of  change  of 
position,  succeed  each  other  alternately.  Situations  of  equilibrium 
of  indifference  may  he  interposed  without  disturbing  the  order  of 
eucceasion  of  the  situations  of  stable  and  unstable  equilibrium.  If 
the  system  returns  to  its  initial  position,  it  must  have  passed 
through  an  even  number  of  such  situations  of  equilibrium,  rela- 
tively to  the  element  of  change  of  position,  half  of  which  must  have 
been  positions  of  stable,  and  the  other  half  positions  of  unstable 
equilibrium.  In  general,  these  situations  will  not  be  positions  of 
absolute  equilibrium,  but  only  such  in  reference  to  the  changing 
element  of  motion. 
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64.  Fixed  forces  might  easily  be  imagined  different  from 
those  of  nature,  and  in  the  action  of  which  the  power  of  a  moving 
system  would  depend  upon  its  previous  situations  as  well  as  upon 
its  actual  position.  With  such  forces  the  increase  or  decrease  of 
power  of  a  system  would  vary  with  the  path  which  it  pursued  in 
moving  from  one  situation  to  another,  and  would  be  greater  by  one 
path  than  by  another.  The  change  of  power  for  each  element  of 
any  given  path,  would  still  be  computed  by  the  process  of  §  17, 
and  thence  the  whole  change  of  power  would  be  obtained  by  inte- 
gration. If  the  motion  of  the  system  were  reversed,  and  it  were 
carried  back  through  the  same  path  to  its  initial  position,  its  initial 
power  would  be  restored.  If,  of  two  courses,  by  which  a  system 
could  move  from  one  situation  to  another,  it  were  forced  to  go  by 
that  through  which  it  would  arrive,  with  the  greater  power  at  its 
final  position,  and  if  it  were  then  made  to  return  to  its  initial  posi- 
tion by  the  other  path,  it  would  return  with  an  increased  power ; 
if  it  were  again  to  move  through  the  same  circuit,  it  would  again 
return  with  an  equal  additional  increase  of  power ;  and,  by  succes- 
sive repetitions  of  this  process,  the  power  might  be  increased  to  any, 
even  to  an  infinite  amount.  Such  a  series  of  motions  would  receive 
the  technical  name  of  a  perpetual  nwiiony  by  which  is  to  be  under- 
stood, that  of  a  system  which  would  constantly  return  to  the  same 
position,  with  an  increase  of  power,  unless  a  portion  of  the  power 
were  drawn  off  in  some  way,  and  appropriated,  if  it  were  desired,  to 
some  species  of  work.  A  constitution  of  the  fixed  forces,  such  as 
that  here  supposed,  and  in  which  a  perpetual  motion  would  be  pos- 
sible, may  not,  perhaps,  be  incompatible  with  the  unbounded  power 
of  the  Creator ;  but,  if  it  had  been  introduced  into  nature,  it  would 
have  proved  destructive  to  human  belief,  in  the  spiritual  origin  of 
force,  and  the  necessity  of  a  First  Cause  superior  to  matter,  and 
would  have  subjected  the  grand  plans  of  Divine  benevolence  to 
the  Will  and  caprice  of  man. 
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65,  A  surface,  for  each  of  whose  points  the  potential  has  the 
same  value,  may  be  called  a  level  surface.  A  level  surface  may  be 
drawn  through  any  point  in  space. 

Since  the  potential  of  every  finite  system  of  nature  vanishes 
for  an  infinitely  distant  point,  all  the  level  surfaces  of  nature  are  ^itiie, 
and,  7'elitnnng  iido  themselves,  include  a  space  tvlucb  they  wholly  amround, 
iinih  the  excepimi  of  those  level  surfaces  for  which  the  potential  is  zero. 

B6.  A  material  point,  placed  upon  a  level  surface,  has  no  ten- 
dency to  move  in  the  direction  of  the  surface,  because  there  is  no 
increase  of  power  in  such  direction.  Tlte  tendency  of  a  material  point 
to  mofioit  is,  therefore,  perpendictilar  to  the  level  stuface  upon  tv/u'ck  it  is 
j}Ulced. 

G7.  If  two  level  surfaces  are  drawn  infinitely  near  to  each 
other,  a  material  point,  placed  vpoii  either  of  than,  tends  to  move  in  tiie 
direction,  from  the  surface  of  tlie  less  potenlial  towards  the  ottier,  with  a 
force  which  is  meastired  by  the  qnotieid  of  the  difference  of  the  potentials  of 
itte  two  surfaces,  divided  hy  their  distance  apart. 

Hence,  if  the  surfaces  are,  throughout,  at  the  same  distance 
apart,  tlie  disposition  to  motion  is  everywhere  the  same. 

If  the  surfaces  were  to  intersect  each  other,  the  tendency  to 
motion  in  the  line  of  intersection  would  be  infinite  ;  hut,  since  there 
18  no  such  infinite  tendency  to  motion  in  nature,  each  level  surface  of 
mdure  must  be  wliolly  included  wiiliin  every  other  level  surface,  within  which 
any  portion  of  it  is  included.  For  the  same  reason,  tlic  potcniial  in  nalitre 
is  always  a  contimmis  function. 

68.  Within  each  level  .surface  of  nature  there  must  be  a  point 
or  points  of  maximum  or  minimum  potential.  A  continuous 
curved  line,  drawn  perpend icuhirly  to  each  of  the  level  surfiices 
which  it  intersects,  represents  a  line  of  action  or  tendency  to 
motion,  and  every  such  trajectory  must  finally  terminate  in  one  of 
the  included  points  of  maximum  or  minimum  potential.    Each  of 
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these  points  may  then  be  regarded  as  a  centre  of  action,  towards,  or 
from  which,  all  motion  tends  along  the  various  trajectories,  accord- 
ing as  the  point  is  that  of  a  maximum  or  a  minimum  potential. 

69.  If  the  poterdial  has  a  constant  value  for  any  portion  of  space , 
this  same  constant  value  must  extend  throughout  all  that  space,  including 
this  portion,  for  which  the  potential  and  all  its  derivatives  are  finite  and  con- 
tinuous  functions.  For,  in  order  that  the  potential  may  be  absolutely 
constant  for  any  finite  extent,  however  small,  ail  its  derivatives 
must  vanish.  But  it  follows,  from  Taylor's  Theorem,  that  the 
difference  of  the  value  of  the  potential  for  any  portion  of  space,  for 
which  it  is  continuous  and  finite,  as  well  as  all  its  derivatives,  is  a 
linear  function  of  its  derivatives  at  any  point  of  that  space.  The 
difference  of  the  potential,  therefore,  vanishes,  when  all  the  deriva- 
tives vanish  and  the  potential  is  constant. 

The  portion  of  space,  for  which  the  derivatives  are  originally 
assumed  to  be  constant,  must  be  a  solid,  having  the  three  dimen- 
sions of  extension,  in  order  that  this  theorem  be  applicable. 

70.  Throughout  any  such  portion  of  space,  in  which  the 
potential  is  constant,  there  can  be  no  tendency  to  motion  in  any 
direction.  In  such  extent,  therefore,  there  can  be  no  mass  of 
matter,  for  it  is  contrary  to  experience  that  there  should  be  matter 
where  there  are  no  dynamical  phenomena. 

71.  In  all  the  observed  laws  of  material  action,  the  potential, 
which  belongs  to  the  action  of  each  particle  of  matter,  is  finite  and 
continuous,  a^  well  as  all  its  derivatives,  for  the  whole  extent  of  space 
exterior  to  the  particle.  Hence,  the  potential  and  its  derivatives, 
for  every  system  of  nature,  are  finite  and  continuous  functions 
throughout  any  portion  of  space  which  contains  no  material  mass. 

72.  Hence,  it  follows,  that  for  every  fimte  system  of  nature,  any 
portion  of  space,  in  which  the  potential  is  constant,  must  he  finite,  and 
bounded  oti  aU  sides  by  material  masses.     This  portion  of  space  cannot 
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extend  to  infinity,  because,  if  it  were  to  have  such  an  extent,  the 
finite  mass,  which  would  be  its  inner  limit,  would  exhibit  no 
external  indication  of  force ;  whereas,  it  is  obvious  that  no  matter 
can  ever  have  been  observed,  except  by  such  a  manifestation  of  its 
existence. 

73.  There  are  forces  in  nature  which  are  temporarily  fixed^  and 
for  which  the  potential  may  vanish  throughout  all  space  exterior  to 
the  limit  in  which  the  centres  of  action  are  contained. 

74.  The  diflference  between  the  values  of  the  potential  for  any 
two  points  may  be  computed  by  supposing  a  unit  of  mass  to  move 
from  one  point  to  the  other  upon  any  line  taken  at  pleasmre,  and 
determining  the  change  of  power  which  it  receives  from  this 
motion.  The  change  of  the  potential  may  be  computed  for  each 
force  separately,  and,  in  making  the  partial  computations,  it  is 
sufficient  to  suppose  the  unit  of  mass  to  move  from  the  level 
surface  of  one  point  to  that  of  the  other,  and  one  of  the  perpen- 
dicular trajectories  may  be  taken  for  the  path  of  this  motion. 

75.  If,  in  any  system, 

Fy  Fj  &c.,  are  the  forces ; 

Z,/',  &c.,  the  directions  in  which  they  act ;  and 

S2  is  the  value  of  the  potential ; 

the  general  expression  of  the  potential  for  any  point  of  the 
system  is 

a=2'fFdf, 

in  which  the  limits  of  integration  extend  from  the  values  of/,/',  &a, 
which  correspond  to  the  position  of  the  point,  to  infinity.  The 
expression  for  the  tendency  to  motion  in  any  direction,  as  that  of 
^,  is 

D^n  =  D^S'/Fdf. 
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COMPOSITION   AND   RESOLUTION   OF   FORCES. 

76.  No  phenomenon  is  observed,  in  which  a  single  force  acts 
freely  by  itself.  In  all  cases,  various  forces  are  combined ;  and  it 
is  important,  therefore,  to  ascertain  what  are  the  dynamical  results 
of  such  combinations. 

77.  A  single  force  acts,  at  each  point,  perpendicularly  to  its 
level  surface,  with  an  intensity  which  is  measured  by  the  derivative 
of  the  potential,  taken  with  reference  to  the  element  of  direction  of 
the  force.  The  intensity  of  its  action,  in  any  other  direction,  is 
measured  by  the  derivative,  with  reference  to  the  element  of  that 
direction.  If  another  level  surface  is  drawn  infinitely  near  the  one 
which  passes  through  the  point,  the  action  in  any  direction  is 
inversely  proportional  to  the  length,  intercepted  by  the  surfaces, 
upon  a  straight  line  drawn  in  the  given  direction.  But  the  surfaces 
may,  for  this  purpose,  be  considered  as  reduced  to  their  parallel 
tangent  planes  at  the  given  point ;  and  the  length,  intercepted 
between  two  parallel  planes,  upon  a  straight  line,  is  proportional  to 
the  secant  of  the  angle  which  the  line  makes  with  the  perpen- 
dicular to  the  plane.  Hence,  the  action  of  a  force  in  the  direction 
of  any  line,  is  proportional  to  the  cosine  of  the  angle  which  it 
makes  with  the  direction  of  the  force. 

li^  then,  upon  a  straight  line  drawn  in  the  direction  of  a  force, 
a  length  is  taken  to  represent  the  intensity  of  the  force,  the  action 
in  any  direction  is  represented  by  the  projection  of  this  length 
upon  that  direction,  or  by  using  the  word  force  for  the  representa- 
tive of  the  force,  the  proposition  becomes,  that  ihe  action  of  a  force  in 
any  direction  is  the  projection  of  ihe  force  upon  that  direction. 

78.  When  several  forces  act  upon  a  point,  their  total  action  in 
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any  direction  is  the  algebraic  sum  of  their  projections  upon  that 
direction. 

79.  When  three  forces^  wMch  are  not  in  tlie  same  plane,  act  upon  a 
pointy  their  combined  action  is  equivalent  to  that  of  a  single  force,  wMch  is 
represented  in  magnitude  and  direction  by  the  diagonal  of  the  paraUelopiped 
constructed  upon  the  three  forces. 

For  the  algebraic  sum  of  the  projections  of  the  forces  upon  any 
direction  perpendicular  to  the  diagonal,  is  zero,  while  that  of  the 
projections  upon  the  diagonal  is  the  diagonal  itself. 

80.  AU  the  forces  which  act  upon  a  point,  are  equivalent  to  a  single 
force,  which  is  called  their  resultant.     For  a  single  point  can  only  tend 

to  move,  with  a  certain  intensity,  in  some  one  direction,  however 
various  may  be  the  forces  which  act  upon  it;  and  any  such 
tendency  to  motion  can  be  produced  by  one  force  acting  upon 
the  point. 

The  actions  of  all  the  forces  in  three  directions  which  are 
perpendicular  to  each  other,  can  be  foimd  by  §  78 ;  and  these  three 
partial  forces  can  then  be  combined  by  §  79  into  one  force  which 
will  be  the  resultant.  But  the  following  method  of  finding  the 
resultant  illustrates  the  use  which  may  be  made  of  the  level 
surfaces. 

81.  In  considering  the  action  of  a  force  upon  a  fixed  point  in 
space,  the  variable  character  of  the  force  for  other  points  of  space 
may  be  neglected,  and  its  level  surfaces  may  be  regarded  as  parallel 
planes  perpendicular  to  the  direction  of  the  force.  Thus,  it  may  be 
assumed  that 

If  is  the  potential  of  the  force  F,  which  acts  in  the  direction 

of/;  for 
Dy^  (Ff)  =  F,  is  the  intensity  of  the  force  ;  and 

Ff=a  constant,  or 
/  =  a  constant, 
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is  the  equation  of  a  plane  perpendicular  to  /.     Hence,  the  potential 
of  all  the  forces  which  act  upon  the  point,  is 

If  then 

Pj  is  the  resulting  force  resolved  in  the  direction  of  q  ;  if 
p  Ls  the  direction  of  the  resultant,  and 
P  is  the  resultant ; 

the  value  of  either  of  these  forces  is  represented  by  the  formula 

P,  =  D,n  =  2'FDJ=  -S'Pcos^. 
But,  by  putting 

the  condition  that  p  is  perpendicular  to  the  level  surface,  for  which 
the  potential  is  constant,  gives 

Hence  the  value  of  the  resultant  is 

=  ^,2),i2cos£  =  ^,5 

~     L     ~  L 

82.  By  an  elementary  motion  of  translation,  each  point  of  a 
system  is  carried  to  the  same  distance  in  the  same  direction ;  the 
potential  of  the  system  is  changed,  therefore,  precisely  as  if  all  its 
points  were  united  in  one,  and  all  the  forces  applied  at  this  point. 
The  tendency  of  a  system  to  any  motion  of  translation,  is,  then,  the  same  as 
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thai   wliich  would  arise  from  the   action  of  a  single  force,  equal  to  the 
resuUant  of  all  the  forces,  supposed  to  ie  applied  at  the  saine  point. 

83.  The  moment  of  a  force,  with  reference  to  apotiU,  is  the  product 
of  the  force  multiplied  by  its  distance  from  the  point.  Tlte  mometd 
of  a  force,  with  refcretwe  to  a  line,  is  the  product  of  tlie  projection  of 
the  force  upon  a  plane  perpendicular  to  the  line  multiplied  by  the 
distance  of  the  force  from  the  line. 

The  moment  of  a  force,  with  reference  to  a  line,  may  be 
represented  geometrically  by  a  corresponding  length  taken  upon 
the  line,  and  the  name  of  the  moment  may  be  given  to  its  geomet- 
rical representative. 

The  moment  of  a  force,  with  reference  to  a  point,  is  the  same 
with  the  moment,  with  reference  to  the  line,  which  is  drawn 
through  the  point  peq)endicular  to  the  common  plane  of  the  point 
and  the  force. 

84.  The  moment  of  a  force,  wiih  refereiwc  to  a  Utie  poising  thi-mtgh  a 
poiiii,  is  equal  to  the  pi-ajection  upon  i/te  line  of  the  7nnnient,  w>ith  reference  to 
the  point.  For  the  moment,  with  reference  to  the  point,  is  equal  to 
double  the  area  of  the  triangle,  of  which  the  base  is  the  force,  and 
the  altitude  is  the  distance  of  the  force  from  the  point ;  and  the 
moment,  with  reference  to  the  line,  is  equal  to  double  the  area  of 
the  triangle,  of  which  the  base  is  the  projection  of  the  force  upon 
the  plane  perpendicular  to  the  line,  and  the  altitude  is  the  distance 
of  this  projection  from  the  hue.  But  the  latter  of  these  triangles  ia 
the  projection  of  the  former  upon  the  plane,  and  its  area  is  equal  to 
the  product  of  the  area  of  the  former  triangle,  multiplied  by  the 
coHiue  of  the  angle  of  the  planes  of  the  two  triangles.  But  the 
lines  upon  which  the  momenta  are  represented,  being  respectively 
perpendicular  to  these  planes,  have  the  same  mutual  inclination. 
The  moment,  with  reference  to  the  line,  is,  therefore,  equal  to  the 
product  of  the  moment,  with  reference  to  the  point,  multiplied  by 
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the  cosine  of  the  mutual  angle  of  the  moments ;  that  is,  it  is  equal 
to  the  projection  upon  the  line  of  the  moment,  with  reference  to 
the  point 

85.  Hence  it  follows  that  the  moments  of  forces,  with  refer- 
ence to  points,  may  be  combined  by  the  same  processes  in  which 
the  forces  themselves  are  combined,  and  that  all  the  moments^  tmth 
reference  to  a  pointy  may  be  combined  into  one  resultant  moment. 

86.  The  tendency  of  the  force  jP,  of  which  the  potential  is 
Ffy  to  produce  an  elementary  rotation,  d&y  about  a  line  /?,  is 


But  if 


(1426)  gives 


D,{Ff)  =  FDJ. 
Q  is  the  distance  of  F  from  p. 


the  projection  of  F  upon  the  plane  perpendicular  to  p,  being 

FmiP, 

the  tendency  to  rotation  about  jt?  becomes 

(>  jPsin^  =  the  moment  of  F  with  reference  to  p ; 

that  is,  the  moment  of  a  force^  with  reference  to  a  Une,  is  the  measure  of  its 
tendency  to  produce  rotation  about  that  Kne. 

87.  The  direction  of  the  positive  moment  must  be  assumed  to 
be  the  same  with  that  of  the  axis,  about  which  the  tendency  to 
rotation  of  the  force  is  positive. 

88.  The  resultant  moment  of  all  the  forces  of  a  system,  with  reference 
to  a  point,  is  the  measure  of  their  tendency  to  produce  rotation  about  that 
point.  Hence,  the  one  force,  of  which  the  moment  is  equal  to  the 
resultant  moment,  has  the  same  tendency  to  produce  rotation. 
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89.  The  resultant  moment  of  nil  the  forces  which  act  upon  n 
point,  with  reference  to  any  line  or  to  any  other  point,  is  the  same 
with  the  moment  of  their  resultant.  For  the  point  upon  which  the 
forces  act  tends  to  move  in  the  direction  of  their  resultant,  with  a 
force  equal  to  'tis  intensity,  and  its  moment  is,  therefore,  the 
measure  of  the  tendency  to  motion. 

90.  The  moment  of  a  force,  with  reference  to  a  line  p',  is 
equal  to  its  moment,  with  reference  to  a  parallel  Hue  p,  increased 
by  the  moment  of  an  equal  and  parallel  force,  acting  at  any  point 
of  the  line  p.  For  the  distance  of  the  original  force  from  the  line 
p',  is  equal  to  its  distance  from  the  line^,  increased  by  the  distance 
from  J?'  of  the  parallel  force  passing  through^. 

91.  Heticc  the  remltant  moment  of  imi//orceg,  n-ith  reference  to  a  line 
p',  k  ecptal  to  their  remdtunt  moment,  wUh  reference  to  a  parallel  line  p, 
increased  by  the  moment,  V'ith  reference  to  p',  of  etpial  and  parallel  forces 
acting  at  any  point  of  tlte  line  p. 

92.  The  remUard  moment  of  any  forces,  ivUh  reference  to  a  point  (/, 
is  egual  to  i/ieir  resultant,  with  reference  to  a  point  0,  increaged  by  the 
moment,  toiih  reference  io  (/,  of  equal  and  parallel  forces  acting  at  0.  For 
this  proposition  is  true  for  each  pair  of  the  parallel  axes  of  two 
parallel  ayetems  of  three  rectangular  axes,  of  which  the  points  0 
and  t/  are  the  respective  origins. 

93.  A  couple  of  forces  is  a  system  of  two  parallel  and  equal 
forces  which  act  in  different  lines. 

94.  The  monieiU  of  a  couple  of  forces  has,  for  every  point  of  »pace, 
the  same  value,  which  is  equal  to  tlte  moment  of  om-  of  them  for  any  point  of 
the  otiier.  For  two  forces,  equal  and  parallel  to  thera,  applied  at  any 
point,  destroy  each  other's  action,  and  their  resultant  vanislies. 

95.  The  tendency  of  a  couple  of  forces  to  produce  rotation 
about  a  point,  is  the  same  aa  that  of  any  system  of  forces,  when  its 
moment  is   equal   to    the   j-esultant   moment   of  the  system,  with 
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reference  to  the  point.  But  the  couple  has  no  tendency  to 
produce  a  translation ;  whereas  the  resultant  of  a  system  of  equal 
and  parallel  forces,  acting  at  the  point,  has  all  the  tendency  of  the 
system  to  produce  translation,  but  none  to  produce  rotation  about 
the  point.  Hence,  the  three  forces j  of  which  one  is  the  resultant  of  the 
equal  and  paraBel  forces  acting  at  a  pointy  and  the  other  ttvo  consiittUe  a 
couple,  'of  which  the  moment  is  the  same  with  the  resultant  moment,  vnth 
reference  to  the  point,  fully  represent  any  system  of  forces  in  their  tendency 
to  produce  rotation  and  translation. 

96.  Since  the  position  of  the  couple  of  forces  is  quite  arbi- 
trary, one  of  the  pair  may  be  taken  to  act  at  the  same  point  with 
the  resultant  of  all  the  forces  j  and,  by  combining  it  with  the 
resultant,  the  system  of  three  forces  may  be  reduced  to  two. 

97.  A  point  can  always  be  found  in  space,  for  which  the 
moment  of  a  given  force  has  any  assumed  magnitude,  and  any 
direction  which  is  perpendicular  to  the  force.  Because  the  distance 
of  the  point  from  the  force,  which  is  one  of  the  factors  of  the 
moment,  may  vary  from  zero  to  infinity,  and  its  direction  from  the 
force  may  be  that  of  any  perpendicular  to  the  force. 

Hence,  if  the  resultant  moment,  with  reference  to  a  point  0, 
of  any  system  of  forces,  is  decomposed  into  two  moments,  of  which 
one  has  the  same  direction  with  the  force,  and  the  other  is  per- 
pendicular to  it,  another  point  (/  can  be  found,  for  which  the 
moment  of  the  resultant,  acting  at  0,  is,  in  amount  and  direction, 
the  negative  of  that  component  of  the  resultant  moment  for  0, 
which  is  perpendicular  to  the  resultant.  For  the  point  (/,  there- 
fore, the  resultant  moment,  coincides  in  direction  with  the  result- 
ant itself;  and  of  the  three  corresponding  forces  which  represent 
the  tendency  of  the  system  to  produce  rotation  and  translation,  the 
plane  of  the  couple  is  perpendicular  to  the  direction  of  the  result- 
ant. 

6 


L.' 
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98.  If  all  the  forces  lie  in  the  same  plane,  for  any  point  of  the 
plane  the  moment  of  each  of  the  forces  is  perpendicular  to  the 
plane,  and,  therefore,  the  resultant  moment  is  perpendicular  to  the 
plane.  But  the  resultant  of  the  parallel  and  equal  forces  acting  at 
the  point  must,  if  it  does  not  vanish,  lie  in  the  same  plane,  and  be 
perpendicular  to  the  resultant  moment.  If,  then,  the  resultant  does 
not  vanish,  a  point  of  the  plane  can  be  found  for  which  the  result- 
ant moment  vanishes. 

99.  If  all  the  forces  are  parallel,  the  moment  of  each  of  them, 
for  any  point,  lies  in  the  plane  which  is  drawn  through  the  point 
perpendicular  to  the  forces.  But  the  resultant  of  the  parallel  and 
equal  forces,  acting  at  the  point,  has  the  same  common  direction 
with  them,  and  is,  therefore,  perpendicular  to  the  resultant  moment. 
If,  then,  the  resultant  does  not  vanish,  a  point  can  be  found  for 
which  the  resultant  moment  vanishes. 

Hence,  if  all  the  forces  of  a  system  Ue  in  the  same  plane y  or  if  they  are 
aU  'parallel  to  each  other ^  their  tendency  to  produce  translation  or  rotation  is 
equivalent y  either  to  thai  of  a  single  force ^  or  to  that  of  a  couple  of  forces. 

100.  If  of  any  system  of  forces,  and  for  a  point  0 

M  is  the  resultant  moment, 

R  the  resultant  of  equal  and  parallel  forces  acting  at  0, 
Mp  and  R^  the  projections  of  M  and  R  upon  the  direction 
of;?, 

and  if  the  same  letters  accented  denote  the  same  quantities  for  the 
point  (/j  and  if 

a?,  y,  and  z  are  the  rectangular  coordinates  of  (/  with  reference 
to  0, 

the  value  of  the  moment  of  the  forces  for  either  of  the  axes 
passing  through  (/  is, 

M'^  =  M,  —  zR,^yR,. 
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But  if  the  direction  of  the  axis  of  £;  is  assumed  to  be  the  same  with 
that  of  a,  these  moments  become 

M;,  =  My  —  xR, 

The  coordinates  of  the  points,  for  which  the  resultant  moment  has 
the  same  direction  with  the  resultant,  are 

101.  The  number  of  forces  which  is  required  to  produce  any 
of  the  special  eflFects  of  a  given  system  of  forces,  is  usually  much 
less  than  the  whole  number  of  those  which  actually  concur  in 
their  production.  The  mode  of  analysis,  by  which  the  requisite 
forces  may  be  appertained,  is,  in  most  cases,  quite  as  simple  as  that 
by  which  the  eflFects  of  rotation  and  translation  have  been  investi- 
gated 

III. 

GRAVITATION,  AND   THE   FORCE   OF   STATICAL   ELECTRICITY. 

102.  Gravitation  is,  among  all  the  forces  of  nature,  conspicuous 
for  its  universality,  and  the  grandeur  of  the  scale  upon  which  it  is 
exhibited. 

Each  particle  of  matter  is  an  elementary  centre  of  action  for  the  force 
of  gravitation^  and  all  the  level  surfaces  for  each  particle  are  sphe7ical 
surfaces y  of  which  the  particle  is  the  centre.  The  value  of  tJie  potential  for 
any  particle^  is  inversely  proportional  to  the  distance  from  the  particle^  and 

for  different  particles  it  is  proportional  to  the  mass  of  the  particle. 

» 

103.  Another  force  which  seems  to  be  equally  universal  with 
gravitation,   and   of  which  gravitation   has  been,  perhaps  justly. 
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regarded  as  a  reRidiial  force,  and  which  is  subject  to  the  same  law, 
in  respect  to  distance  from  each  elemuntary  centre  of  action,  is  that 
of  aloHcal  electricity.  This  force,  however,  is  endowed  with  dualif^, 
and  consists  of  two  forces,  of  which  one  has  a  positive^  atid  the  other  a 
negative  potential.  Both  forces  are  usually  combined  with  equal 
intensity,  in  the  same  centre  of  action,  so  as  to  neutralize  each 
other's  influence,  and  thus  lie  dormant.  With  each  of  these  the  poten- 
tial is  positive  in  reference  to  ciectricitj/  of  Urn  other  kind,  and  negative  with 
reference  to  that  of  the  same  Jcind.  The  tendency  to  motion,  arising 
from  one  kind  of  electricity,  ia  exactly  equal  and  opposite,  then,  to 
that  which  arises  from  the  action  of  an  equal  intensity  of  the  other 
kind,  distributed  in  the  same  way. 

104.  The  action  of  electricity  upon  the  mass  of  a  particle 
is  indirect ;  the  direct  action  is  upon  the  electricity  associated 
with  the  mass.  In  most  bodies  the  electricity  yields  with  more  or 
less  facility  to  this  action,  leaves  the  particle  with  which  it  is 
originally  combined  for  another  particle,  and  finally  assumes  such  a 

form  of  distribidion  teUidii  and  vpon  the  lody,  that  the  tendency/  to  motion 
sliaU  nou'/iere  exceed  the  resistance  to  motion.  Bodies  in  whicli  there  is 
no  resistance  to  the  motion  of  electricity  are  caWcd  perfect  conductors; 
while  those  in  which  the  resistance  is  infinite  are  called  perfect  non- 
conductors. 

105.  Let 

dm  denote  the  mass  of  a  particle  of  matter  in  the  case  of 
gravitation,  or  the  value  of  its  potential  at  the  unit  of 
distance,  in  the  case  either  of  gravitation  or  elec- 
tricity ; 

da,  the  element  of  volume  of  the  mas-s ; 

k,  the  density  of  the  matter,  in  the  case  of  gra\'itation,  or 
the  intensity  of  the  force  of  electricity,  compared 
with  the  unit  of  intensity; 
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/,  the  distance  from  the  particle ; 
dS2,  the  value  of  the  potential  for  the  particle  ; 

the  expression  of  the  potential  for  the  particle  is 

,  /-I         dm        kd(j 

da  =  -^  =  -j- 

The  general  value  of  the  potential  for  the  whole  body  is 


106.    With  reference  to  a  system  of  three  rectangular  axes, 
let 

2?,  y,  Zy  be  the  coordinates  of  the  point  in  space,  for  which  the 

potential  is  /2,  and 
5,  ij,  ?,  those  of  the  particle. 

Adopt  also  the  functional  notation 
The  derivatives  of/  and/""^  are 

x),/  =  COSy  =  —J- . 

^xj  —  p  ~     f     '  ■ 


.l,Dlf-\-^,iD,f) 


Hence 


—  l-f-3co8'j? 


ff=\ 


r 

1        — 34-32;co8«?        „ 


and,  therefore, 


This  last  equation,  which  is  called  Laplace's  equatioiu  only 
applies  to  that  extent  of  space  for  which  the  derivatives  of  the 
potential  are  continuous  functions,  that  is,  where  there  are  no 
centres  of  action  ;  but,  where  there  are  centres  of  action,  it  requires 
a  modification  which  will  soon  be  investigated.  The  integration  of 
this  equation,  combined  with  peculiar  considerations  in  special 
cases,  gives  the  value  of  the  potential  for  all  the  problems  of 
gravitation  or  statical  electricity. 

107.  The  iende3}cy  to  motion,  resulting  from  the  gravUaling  or 
eledrical  action  of  a  particle  of  mailer,  hdng  normal  to  the  level  tnnface,  is 
directed  iii  the  straight  line  drawn  to  the  ^xirtick.  Its  intensity  is  the 
derivative  of  the  potential,  and  expressed  by  the  equation. 


Dfdll  =  — 


P' 


The  force  of  the  gravitating  or  electiical  action  of  a  particle  of  maUer, 
is,  therefore,  inverselg  proportional  to  the  square  of  the  distance  from  the 
partick.  It  is  attraction  in  the  case  of  gravitation,  or  between  electricUies 
of  opposite  ItindSf  and  repulsion  bdweai  electricities  of  tltc  same  kind. 


108.  The  investigation  of  the  potential  of  a  lamina  of  uniform 
density,  and  included  between  two  infinitely  extended  planes,  is 
simplified  by  the  consideration,  that  it  must  have  the  same  value 
for  all  points  of  space  which  are  at  the  same  distance  from  either 
surface  of  the  lamina.  Because  all  such  points  are  similarly  situ- 
ated with  reference  to  the  lamina,  on  account  of  its  infinite  extent 
Hence,  if  either  surface  of  the  lamina  is  adopted  for  the  plane  oi  gz, 
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the  derivatives  of  the  potential,  with  reference  either  to  y  or  z^ 
must  vanish,  and  Laplace's  equation  becomes 

The  integral  of  this  equation  gives  the  value  of  the  potential, 
for  a  point  external  to  the  lamina,  or  upon  its  surface, 

in  which  A  and  B  are  arbitrary  constants. 

109.  The  level  surfaces  are  the  planes  determined  by  the 
equation  (iTj),  when  i2  is  the  constant  value  of  the  potential  for 
the  level  surface. 

110.  The  action  of  the  lamina  upon  any  external  point,  is  in 
a  direction  perpendicular  to  either  surface,  and  Ub  force  of  attraction 
or  repukion  is  constant  upon  aU  points,  for  it  is  given  by  the  equation 

111.  The  values  of  A  and  B  in  any  special  case  must  be 
ascertained  by  direct  integration.  The  integration  indicated  in 
(ISs),  gives  an  infinite  value  of  the  potential,  whereas  the  integra- 
tion of  its  derivative,  with  reference  to  x,  gives  A  itself,  in  a  finite 
form,  which  shows  that  the  infinite  portion  of  the  potential  belongs 
to  B.  The  integration  for  finding  the  derivative  of  the  potential  is 
efiected  by  putting 

9=/sin^, 

=  the  projection  of/  upon  the  plane  of  t/z. 
a  =  the  thickness  of  the  lamina ; 
whence 

/=(a?  — ?)sec^, 

Q  =  (2:  — 5)  tan  J, 
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do  =  Qd(>d^di, 


0       0       0 

=  — 27iak  =  A. 

This  value  of  A  corresponds  to  a  positive  value  of  x,  but  for  a  nega- 
tive value  of  X  its  sign  must  be  reversed. 

112.  For  a  point  situated  within  the  lamina,  a  plane  may  be 
drawn  through  it  parallel  to  the  superficial  planes,  and  dividing  the 
lamina  into  two  partial  laminaa,  of  which  the  thicknesses  are  x  and 
a  —  X.    Hence,  the  value  of  the  derivative  of  the  potential  is 

D^S2  =  —  2nkx-\-2nk(a  —  x) 
=  2nk{a  —  2x). 


poisson's  modification  op  Laplace's  equation  for  an  interior  point. 

113.  The  modification  which  is  required  of  Laplace's  equa- 
tion, in  order  that  it  may  be  applicable  to  any  point  of  an  acting 
mass,  must  be  the  same  fo^  all  cases.  For  it  would  not  be  needed, 
if  the  point  of  action  were  contained  within  any  extent,  however 
small,  of  void  space.  It  depends,  therefore,  exclusively  upon  the 
infinitesimal  portion  of  matter  at  the  point,  and  is  unaflFected  by 
any  variations  in  the  form  and  extent  of  the  acting  body.  It  need 
be  investigated,  then,  in  only  a  single  case.  Now  the  derivative 
of  (48i6)  gives 

Din  =  — ink, 

which  substituted  in  Laplace's  equation  gives  for  an  internal  point 
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of  the  infinite  lamina, 

which  is,  therefore,  the  required  modification  of  this  equation. 
This  modified  equation,  in  which  ^o^  denotes  the  value  of  k  at  the 
point  of  action,  is  applicable,  as  remarked  by  Sturm,  even  when  the 
point  is  exterior  to  the  body.  This  same  geometer  has  observed 
that,  by  supposing  the  value  of  Tc  gradually  to  shade  off  from  its 
value  wiUiin  the  body  to  zero,  this  graduation  occurring  within  an 
infinitely  small  extent,  so  as  not  sensibly  to  interfere  with  the 
actual  phenomena  of  nature,  the  potential  and  its  differential  coeffi- 
cients may  become  continuous  functions.  It  must  be  further 
observed,  however,  that  this  imaginary  graduation  must  extend 
throughout  all  space,  although  Tc  must  have  an  infinitesimal  value 
where  there  is  no  portion  of  active  force ;  for  if  it  were  to  vanish 
throughout  any  finite  portion  of  space,  however  small,  the  reason- 
ing of  §  69,  would  prove  that  all  the  derivatives  of  the  potential 
were  not  finite  and  continuous. 


ATTRACTION    OF   AN  INFDnTE   CYLINDER. 


114.  The  investigation  of  the  potential  of  an  infinite  cylinder 
is  simplified  by  the  consideration  that  its  value  must  be  the  same 
for  all  points  situated  upon  the  same  straight  line  parallel  to  one  of 
the  sides  of  the  cylinder.  If  this  direction  is  adopted  for  the  axis 
of  z^  the  derivative  of  the  potential,  with  reference  to  ^r,  must 
vanish,  and  Laplace's  equation  becomes 

The  integral  of  this  equation  is 

7 
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in  which  ^  and  SF^  are  arbitrary  functions,  and  must  be  determined 
for  each  case  by  special  considerations. 

115.  The  level  surfaces  are  the  cylindrical  surfaces,  of  which 
(49go)  is  the  general  equation,  if  i2  has  the  constant  value  belonging 
to  that  surface. 

116.  The  attraction  in  the  direction  of  the  axis  of  a;  is 

in  which  the  accents  denote  the  derivatives  of  the  functions,  with 
reference  to  their  explicit  variables. 

The  attraction  in  the  direction  of  the  axis  of  ^  is 

2),i2  =  iW{x  +yvCI)  -  ^i{x  -yvCDlvCi. 

The  whole  action  is,  then, 

117.  When  the  point  of  action  is  so  far  from  the  cylinder  that  the 
square  of  the  linear  dimensions  of  the  base  can  he  neglected^  in  comparison 
vriih  the  square  of  the  least  distance  of  the  point  from  the  cylinder y  the 
problem  can  be  greatly  simplified. 

Find  in  this  case  a  line  parallel  to  the  axis  of  Zy  of  which  the 
coordinates  a  and  i,  with  reference  to  the  axes  of  x  and  y,  are 
determined  by  the  equations 


am 


fjl-a)  =  0  =fj  - 

J(V — b)  =  0=l  rj  —  bm. 

Tliis  line  may  be  called  the  aods  of  gravity  of  the  cylinder,  and 
its  position  is  wholly  independent  of  the  directions  of  the  axes  of 
X  and  y.    For  the  conditions  by  which  this  axis  is  determined  will 


or 
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give,  with  regard  to  any  other  axis  of  Xj  with  reference  to  which 
the  notation  is  distinguished  by  the  subjacent  numbers, 

£(l,-»0=X(l -«)o< +/.&-*)<><»?=  0. 

If  the  axis  of  gravity  is,  then,  assumed  for  the  axis  of  z^  the 
equations  (5026.26)  become 

118.  Since,  from  the  nature  of  the  cylinder,  the  functions 
which  are  here  to  be  integrated  are  independent  of  ^,  these 
equations  give 

119.  Let  the  perpendicular  from  the  point  of  action  upon  the 
axis  of  z  be  assumed  for  the  axis  of  rr,  and  let 

/q  be  the  distance  of  the  point  of  action  from  the  projection  of 

any  particle  of  the  cyUnder  upon  the  axis  of  z, 
q  the  distance  of  the  particle  from  the  axis  of  z. 

The  conditions  of  the  problem  under  consideration  give 

J         Jo  ^  Jo/         Jo         Jo 


—  52  — 

so  that  the  potential  is  the  same  as  if  aU  the  particles  of  the  cylinder  were 
united  in  their  projections  upon  the  axis  of  gravity ,  when  the  point  is  at  a 
sufficiently  great  distance  from  the  cylinder. 
120.    By  letting 

K  denote  the  mtensity  of  the  action  concentrated  upon 
each  point  of  the  axis  of  gravity  when  the  cylinder 
is  projected  upon  it ; 

the  value  of  the  whole  action  of  this  axis  is 


00     00 


^'^  =  ~X^=  -^i]wT¥) 


—00  —00 

in 


K  C        X              2K 
= Iz  COS  ^  = , 

^t//o        Jo  ^ 

—  iff 

or  the  potential  is 

n  =  —  2JnogX'{-By 

in  which  the  arbitrary  constant  B  is  infinite. 

121.  When  the  base  of  the  cylinder  is  the  space  which  is  contained 
between  two  concentric  circles^  the  axis  of  gravity  coincides  with  the 
geometrical  axis,  the  potential  is,  from  the  symmetry  of  the  figure, 
the  same  in  all  directions  from  the  axis,  and  its  value  only  depends 
upon  the  distance  from  the  axis.  Let  the  axes  be  the  same  as  in 
§§117  and  119,  except  that  the  point  of  action  is  in  the  plane  of 
X  y,  but  not  in  the  axis  of  Zy  and  let 

r  =  the  radius  vector  of  the  point  of  action,  and 
c  =  the  base  of  the  Naperian  system  of  logarithms. 

The  potential  is  a  function  of  r,  and  does  not  involve  the  inclination 
of  r  to  the  axis  of  x.    Hence 
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whence 

2>x/2  =  L9^'W       /re?       —W\rc         )rc         JvCi  =  0; 
and 

W\rc      he      =.Wi\rc         )rc 

But  the  two  members  of  this  equation  are  functions  of  two  different 
and  independent  variables^  which  are 

re        and  re         ' 

and,  therefore,  neither  can  be  contained  in  the  value  of  the  other, 
so  that  each  of  them  disappears  from  their  common  value,  which  is, 
therefore,  constant.  With  regard  to  any  variable  whatever,  there- 
fore, this  equation  gives 

rWr=irWir  =  A^ 
Wr  =  9^[r  =  ^', 

T 

and,  by  integration, 

9^r  =  illogr-[-5, 

9^ir  =  illogr  +  A- 

The  value  of  the  potential  is,  then,  if  the  two  constants  are  com- 
bined in  one, 

i2=illog\r(?       f-\-A\og\re         )'\-B2 
=  2illogr-f  ^2, 

and  the  action  upon  the  point  is  in  the  direction  of  r,  and  its 
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value  is 

^  r 

122.  When  the  point  of  action  is  upon  the  axis,  it  is  plain, 
from  the  symmetrical  nature  of  the  cylinder,  that  the  action  is 
cancelled  in  each  direction,  and  in  this  case 

A^  =  — =  0, 
whence 

For  every  point  tvUMn  the  inner  cyUndrical  houndart/  of  tJda  cylindrical 
shell,  the  acftoUy  therefore,  vanishes,  and  the  potential  is  constant. 

123.  When  the  point  of  action  is  without  the  cylinder,  the 
constants  are  found  by  the  condition  that  when  the  distance  is  very 
great,  the  value  must  be  the  same  as  that  of  (52]3).    Hence 

that  is,  the  action  upon  every  point,  tvithout  the  circular  cylinder,  is  the 
same  as  if  the  whole  mass  of  the  cylinder  were  concentrated  upon  Us  axis. 

124.  No  other  case  of  the  infinite  cylinder  is  of  sufficient 
interest  to  divert  the  current  of  the  work  from  the  finite  masses 
of  nature. 

KELATION   OP  THE   POTENTIAL   TO   ITS   PARAMETER. 

125.  The  varying  value  of  the  potential  from  one  level 
surface  to  another,  depends  upon  the  law  of  the  change  of  surface, 
and  may  be  represented  as  a  function  of  a  variable,  which  may  be 
called  its  parameter.    Let 

X  denote  the  parameter  of  the  potential,  and  adopt  the  func- 
tional notation 


—  55  — 
The  derivative  of  the  potential  gives 

which  is  a  transformation  given  by  Lame. 

126.    For  a  point  of  void  space,  this  equation  gives 

^  =  Z),(logA^)=-g, 
by  which  the  potential  may  be  determined  for  given  forms  of  X. 


ATTRACTION  OF  A  FINITB  POINT  UPON  A  DISTANT  MASS.      CENTBB  OP  GRAVITY. 

127.  In  every  finite  mass  there  is  a  point  called  the  centre 
of  gravity^  of  which  the  coordinates  are  determined  by  equations,  for 
each  axis,  which  are  similar  to  (5026_26)«  This  point  is  independent 
of  the  positions  of  the  axes,  for  these  equations  give  for  any  other 
axis 

X({,-«.)=^.(X.«-«)co4,)  =  0. 

If  the  centre  of  gravity  is  adopted  for  the  origin  of  coordinates, 
these  equations  are  reduced  to  (Slg-io). 

128.  When  the  point  of  action  is  so  far  from  the  attracting 
mass,  that  the  squares  of  the  linear  dimensions  of  the  mass  may  be 
neglected  in  comparison  with  the  square  of  the  distance  of  the 
point  from  the  mass,  the  formula  becomes 

=  r^  +  q^  —  2,{2xl)=r^  —  S,{2xl) 
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that  is,  the  potential  of  a  finite  point,  for  a  mass  which  is  so  remote  thai 
the  square  of  the  linear  difnensions  of  the  hody  may  he  neglected,  in  comparv- 
son  t(;ith  the  square  of  the  distance  of  the  point  from  the  body,  is  the  same  as 
if  the  hody  were  concentrated  at  its  centre  of  gravity. 


ATTRACTION  OF  A  SPHERICAL  SHELL. 

129.  In  the  case  of  a  shell  of  homogeneous  matter,  contained 
between  the  surfaces  of  two  concentric  spheres,  the  value  of  the 
potential  must,  from  the  S3rmmetry  of  the  figure,  depend  exclu- 
sively upon  the  distance  from  the  centre ;  and  for  the  same  reason 
this  centre  is  the  centre  of  gravity.  If  the  centre  is  adopted  for  the 
origin  of  coordinates,  the  parameter  may  be  assumed  to  be  the 
radius  vector,  or  any  function  of  it.     Putting,  then, 

X  =  r^  =  2^z\ 
derivation  gives 

Hence,  (SSg)  becomes 

A(logZ),i2)  =  -A. 

The  integral  of  this  equation  is,  by  the  introduction  of  the  arbitrary 
constants  A  and  B, 

n  =  B—4-,  =  B—-. 

yX  r 
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130.  When  the  point  of  action  is  at  the  origin,  the  value  of 
the  potential  is  easily  obtained  by  direct  integration.  Let  in  this 
case 

Qo  and  Qi  be  the  internal  and  external  radii  of  the  spherical 
shell, 

m^  and  Wi  the  masses  of  two  homogeneous  spheres  of  the  same 
density  with  the  shell,  and  of  which  the  radii  are  respect- 
ively ()q  and  Qi ;  and 

dip  the  elementary  solid  angle  of  which  the  vertex  is  at  the 
point  of  action. 

The  mass  of  the  Bhell  is 

m  =  mi  —  mo=:4i7ik{Qi  —  qI), 

and  the  element  of  mass 

dm=:k(>^dtfjdQ. 

The  value  of  the  potential  is,  therefore, 

131.  When  the  point  of  action  is  in  the  interior  void  space  of  the 
shell,  the  constants  of  (568o)  must  have  the  same  values  as  at  the 
origin,  where  r  vanishes.     Hence,  for  this  space,  the  constants  are 

^  =  0, 

The  vahie  of  the  poteniiai  in  the  interior  void  space  is,  therefore, 
constant,  and  there  is  no  tendency  to  motion  in  any  direction. 

8 
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132.  For  an  exterior  pointy  the  potential  vanishes  when  r  is 
infinite,  while  for  a  point  at  a  great  distance  from  the  origin,  its 
value  is,  by  §  128,  the  same  as  if  the  whole  mass  were  concentrated 
at  the  origin.     The  value  of  the  constants  in  this  case  are  then 

5  =  0, 

-4  ==  —  m ; 
and  the  potential  is 

i2  =  ^. 

r 

Am/  exterior  point  is,  then,  attracted  hy  a  homogeneous  spherical  sliell, 
precisely  as  if  the  whole  mass  of  the  shell  were  concentrated  upon  Us  centre 
of  gravity. 

ACTION    AND    REACTION    OF    A    SURFACE    OR    INFINITELY    THIN    SHELL 

OF    FINITE    EXTENT.      CHASLESIAN    SHELL. 

133.  An  infinitely  thin  shell  may  be  reduced  to  either  of  its 
surfaces,  upon  which  all  its  acting  force  may  be  concentrated,  and 
the  intensity  of  the  action  at  each  point  of  the  surface  will  be  the 
product  of  the  corresponding  intensity  of  the  force  of  the  shell, 
multiplied  by  the  thickness  of  the  shell,  and  the  element  of  the 
surface  must  be  substituted  for  the  element  of  volume  of.  the  shell. 
Let  then, 

da  be  the  element  of  the  surface, 

N  the  exterior  direction  of  the  normal  to  the  surface, 

k  the  concentrated  intensity  of  action  at  any  point  of  the 

surface, 
d\\f  the  elementary  solid  angle  subtended  by  the  element  of  the 

surface  at  the  point  of  action ; 

the  expression  of  the  element  of  the  surface  is 

do=:f^drff&ecJf^. 
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The  second  member  of  this  equation  denotes  the  action 
exerted  by  each  element  of  the  surface  in  a  direction  normal 
to  the  surface,  and  towards  the  interior  of  the  surface.  If,  there- 
fore, the  intensity  of  action  is  constant  over  the  surface,  the  action 
normal  to  the  surface  is  proportional  for  each  element  of  the 
surface,  to  the  solid  angle  subtended  by  the  element,  and  the  total 
amount  of  the  action^  Twrmal  to  the  surface,  exerted  hy  any  continiums  extent 
of  the  mfface,  is  proportional  to  the  whole  solid  angle  subtended  by  the 
boundary  of  the  surface. 

134.  If  the  surface  is  a  plane,  the  direction  of  the  normal  is 
invariable,  and  the  total  amount  of  normal  action  exerted  by  any 
portion  of  the  plane  is  the  same  with  the  projection  of  the  whole  action 
of  this  portion  of  the  plane  upon  the  perpendicular  to  the  plane,  ivJiich  is 
therefore  proportional  to  the  soUd  angle  subtended  by  the  portion  of  the 
plane  at  the  poiiit  of  action. 

135.  If  the  surface  returns  into  itself  so  as  to  include  a  space,  which 
is  called  a  closed  surface,  and  if  the  point  of  action  is  situated  within  the 
inclosed  space,  the  whole  angle  subtended  is  the  entire  extent  of  four  right 
angles  ;  whereas,  if  the  point  of  action  is  exterior  to  the  closed  surface,  the 
whole  angle  vanishes ;  but  it  is  two  right  angles  when  the  point  is  upon  the 
surface.  For,  however  the  point  of  action  is  situated,  if  a  line  is 
drawn  from  it  so  as  to  cut  the  surface  more  than  once,  the 
successive  angles  which  the  line  makes  with  the  exterior  normal, 
will  be  alternately  obtuse  and  acute  as  the  line  cuts  into  the 
surface  or  out  from  it.  The  last  angle,  or  that  of  which  the  vertex 
is  most  remote  from  the  point  of  action  will  always  be  acute.  The 
normal  actions  of  two  successive  elements,  therefore,  upon  the  same 
line,  and  which  subtend  the  same  solid  afigle,  are  equal,  but   of 


opposite  signs,  so  that  they  cancel  each  other's  effect  in  the  total 
sum  of  the  normal  forces.  But  if  the  point  of  action  Is  without  the 
surface,  the  first  angle  is  obtuse  upon  each  line,  and  as  the  last 
angle  is  acute,  the  whole  number  of  intersections  is  even,  and  each 
normal  elementary  action  is  cancelled  by  another,  and  the  whole 
sum  vanishes.  If  the  point  of  action  is  within  the  surface,  the  first 
angle  is  acute,  if  there  is  more  than  one;  and  there  are  an  odd 
number  of  intersections  for  every  direction  in  which  a  line  can 
be  drawn ;  for  each  direction,  therefore,  one,  and  only  one,  normal 
action  remains  micancelled,  which  is  proportional  to  the  elemen- 
tary solid  angle ;  and  the  whole  sum  is  that  of  the  entire  extent 
of  four  right  angles.  But,  if  the  point  of  action  is  upon  the 
surface,  and  a  tangent  plane  to  the  svirface  is  drawn  through  it; 
every  line  which  is  drawn  from  the  point  upon  the  exterior  side  of 
the  plane  must  cut  the  surface  an  even  mmiber  of  times,  if  it  cuts 
at  all,  precisely  as  if  it  were  drawn  from  an  exterior  point;  but 
every  line  which  is  drawn  upon  the  interior  side  of  the  plane  cuts 
the  surface,  as  il'  it  were  drawn  from  an  interior  point ;  the  total 
sum,  then,  of  the  uncancelled  elementary  solid  angles  includes  those 
for  all  directions  which  are  upon  the  inner  side  of  the  plane,  that  is, 
it  is  equal  to  two  right  angles.  This  elegant  theorem,  given  by 
Gadss,  is  expressed  analytically  in  the  form 


X 


/' 


4 «  for  a  point  interior  to  a  dosed  Burfkce, 
3«  for  ft  point  upon  llic  surface, 
0  for  on  exterior  point. 


136.  The  expression  (59|j)  represents  the  component  in  the 
direction  of  the  external  normal  to  a  surface,  of  the  action  upon  the 
element  of  the  surface  of  a  mass  k  concentrated  at  the  point  which, 
in  that  expression,  was  the  point  of  action.  The  integral  of  this 
expression  is  the  whole  amount  of  such  resolved  action,  and  by 
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(60^)  its  value  is 


•/.^'*=-//= 


—  ^Ttk  when  the  mass  k  is  interior  to  the  surface, 
—  2^^  when  the  mass  k  is  upon  the  surface, 

0  when  the  mass  k  is  exterior  to  the  surface. 


Neither  of  these  values  depends  upon  the  position  of  the  acting 
mass  further  than  it  is  interior  or  exterior  to  the  surface  or  upon 
the  surface.    li^  then^ 

Mi=Q\l  the  mass  interior  to  the  surface, 

Jl/j,  ==  all  the  mass  upon  the  surface, 

JK^  =  all  the  mass  exterior  to  the  surface ; 

the  expression  for  the  total  action  of  the  sum  of  all  the  masses  upon  a  closed 
surface^  resolved  for  each  element  in  the  direction  of  the  external  normal^  is 

—  4:7tMi  —  27tM„; 

and  if  aU  the  masses  are  exterior  to  the  surface^  this  sum  vanishes.  If  the 
closed  surface  is  one  of  the  level  surfaces  of  the  system  of  bodies^  this  sum 
expresses  the  total  attraction  of  the  masses  upon  the  surface.  This  impor- 
tant theorem  is  due  to  Gauss,  and,  independently  to  Chasles,  in 
almost  its  full  extent,  as  well  as  most  of  the  following  deductions. 
It  is  applicable,  even  if  the  surface  have  sharp  angles,  because  the 
extent  of  surface  occupied  by  such  angles  is  zero. 

137.  If  the  closed  surface  is  one  of  the  level  surfiices  of  a 
system  of  bodies,  but  not  the  outer  boundary  of  a  space  in  which 
the  potential  is  constant,  the  potential  must  at  each  point,  by  §  67, 
increase  in  passing  from  the  interior  to  the  exterior  or  the  reverse, 
so  that  in  this  case  the  sum  (Glig)  does  not  vanish.  But  the  term 
of  this  sum,  which  depends  upon  the  mass  at  the  surface,  may  be 
neglected  at  will ;  for  the  whole  mass  of  a  true  geometrical  surface 
is  absolutely  nothing.     Hence,  every  level  surface  must  inclose  masses  of 


maUer,  unless  it  he  Urn  oidir  mtilmul  honndur'/  of  a  space  in  which  the 
potential  is  comtant. 

138.  When  any  ma'<ses  lie  npon  the  closed  surface,  the  geo- 
metrical surface  may,  as  Gauss  observed,  be  arbitrarily  assumed  as 
being  just  exterior  or  interior  to  the  masses,  or  passing  through 
them.  If,  therefore,  all  the  incases  are  so  distributed  tipon  a  surface  tliat  U 
becomes  iiself  a  level  surface,  the  potential  is  constaiU  for  all  the  inclosed 
space,  and  there  is  no  toideiiei/  to  motion  thrmiffhout  this  space. 

139.  Around  every  point  of  maximum  or  minimum  potential 
a  level  surface  of  infinitesimal  dimensions  may  obviously  be  drawn ; 
aud,  therefore,  ei'ery  point  of  maximum  or  miiumum  potential  must  he  itself 
a  centre  of  action,  and  cannot  be  a  void  space. 

la  an  inclosed  space,  i/ierefore,  no  point  can  he  found  for  which  the 
value  of  the  poteniial  exceeds  the  limits  of  value  which  arefotind  vj>on  the 
iuchsing  material  surface ;  and  in  no  point  of  unhounded  space  Juts  ike 
potential  so  great  a  value  as  its  greatest  value  vpon  t/ie  exterior  atirface  of 
thcfnite  masses.     This  inference  was  drawn  by  Gauss. 

140.  In  a  si/stem  of  bodies,  of  which  (/ravltation  is  the  only  force, 
there  can  he  no  point  of  absolute  minimum  poteniial.  For  if  about  a  point 
of  maximum  or  minimum  potential,  as  a  centre,  an  infinitesimal 
sphere  is  described,  there  can  be  no  point  within  the  sphere,  either 
of  maximum  or  minimum  potential,  with  reference  to  the  matter 
external  to  the  sphere.  But,  with  reference  to  the  matter  of  the 
sphere  itself,  the  centre  must  be  a  point  of  maximum  potential,  and, 
therefore,  cannot  be  a  point  of  minimum  potential,  with  reference 
to  the  combined  action  of  all  the  masses. 

This  theorem  is  equally  applicable  to  an  aggregation  of  elec- 
tricity, all  of  which  is  of  the  same  kind,  that  is,  which  is  homogeneous 
when  the  point  of  action  is  assumed  to  be  of  the  opposite  kind  of 
electricity. 

141.  If  any  extent  of  level  surface  is  assumed  at  will  as  a 
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base,  and  if  trajectories,  like  those  of  §  68,  are  drawn  through  eax^h 
point  of  its  perimeter,  their  union  forms  a  canal.  The  same  canal 
cuts  a  base,  like  the  assumed  base,  from  each  level  surface  which  it 
intersects.  Of  any  canaly  theiiy  which  is  not  extended  so  far  as  to  include 
portions  of  the  attracting  masses^  the  attractions  upon  aU  the  bases  are  equal 
For  the  whole  amount  of  action,  resolved  in  the  direction  of  the 
external  normal,  at  each  point  of  action  upon  the  closed  surface, 
formed  by  the  faces  of  the  canal  and  the  two  terminating  bases, 
vanishes,  because  there  is  no  included  mass.  But  there  is  no  action 
perpendicular  to  the  faces,  that  is,  in  the  direction  of  the  level  sur- 
faces ;  whereas  the  whole  action  upon  the  bases  is  normal  to  them. 
The  actions  upon  one  base  are  in  the  directions  of  its  external 
normals,  while  those  upon  the  other  base  are  in  the  directions  of 
the  internal  normals ;  but  these  actions  balance  each  other  in  the 
algebraic  sum,  and,  therefore,  their  absolute  values  must  be  the 
same.  This  theorem  belongs  to  Chasles,  but  the  brief  demonstra- 
tion  is  original 

142.  In  the  following  simple  view  of  this  whole  subject,  many 
of  its  propositions  are  condensed  into  a  small  compass.  Each  centre 
of  action  may  be  regarded  as  a  fountain  from  which  a  stream  is 
perpetually  flowing  in  every  direction,  with  an  amount  of  discharge 
proportioned  to  the  intensity  of  the  action.  The  quantity  which 
flows  from  each  centre,  for  an  instant,  through  any  given  elemen- 
tary surface,  may  easily  be  shown  to  be  in  exact  proportion  to  the 
force  with  which  the  surface  is  attracted  by  this  centre  perpendicu- 
larly to  itself  and  against  the  current ;  and  that  which  is  true  for 
each  centre  is  also  applicable  to  the  combined  action  of  all  the 
centres.  Upon  a  space,  then,  in  which  there  is  no  spring,  the 
amount  which  is  flowing  out  must  constantly  be  equal  to  that  which 
is  flowing  in ;  while  from  a  space  which  contains  springs,  the  amount 
which  is  discharged  must  exceed  the  inward  flow  by  all  which  is 
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supplied  by  the  fountains.  These  propositions  are  equivalent  to 
those  of  §  136,  and  it  may  be  shown  by  an  eiisy  argument  that 
Laplace's  equation,  with  its  modification,  is  merely  the  same  propo- 
sition applied  to  the  element  of  space. 

By  the  additional  hypothesis,  that,  to  preserve  the  uniform 
flow  of  the  stream,  its  density  must  decrease  in  each  clement  of 
the  stream  with  the  distance  from  the  origin,  so  as  always  to  be 
inversely  proportional  to  the  distance  from  the  centre,  the  potential 
represents  the  density  of  the  combined  streams,  and  the  level 
surfaces  become  surfaces  of  equal  density.  The  aggregate  current 
of  the  combined  streams  is  also  equivalent  to  a  single  current  in  a 
direction  perpendicular  to  the  level  surfaces,  and  having  a  velocity 
proportionate  to  the  rate  of  decrease  of  density.  But  this  in  the 
well  known  law  of  the  propagation  of  heat,  when  there  is  no 
radiation,  and  hence  arise  the  analogies  between  (he  level  and 
isothermal  surfaces,  and  the  identity  of  the  mathematical  investi- 
gations of  the  attractions  of  bodies  and  of  the  propagation  of  heat 
which  have  been  developed  by  CnAsixa. 

143,  ^  an  infinitely  thin  Jmyiogmemis  shell  is  foniied  ujx/n  each  kiiel 
surface  of  a  system  of  hodies,  hairing  at  each  point  a  thickness  proportviital 
to  t/te  attraction  at  that  point,  tfie  poj-lion  of  either  of  these  skelig,  which  is 
incluiled  in  a  canal  fanned  hy  trajectoiies,  bears  the  same  ratio  to  the  whole 
shell,  which  the  portion  of  another  s/ielt  vwludcd  in  the  same  canal  bears  to 
that  sJictt,  provided  there  is  no  mass  included  het^ween  ilte  shells.  For  if  the 
bases  of  the  canal  are  infinitely  small,  they  must  be  reciprocally 
proportional  to  the  intensities  of  the  actions  upon  them,  because  the 
whole  amount  of  action  upon  the  different  bases  is  the  same.  But 
the  thicknesses  of  the  shells  are  proportional  to  the  intensities  of 
action,  and,  therefore,  the  products  of  the  bases  multiplied  by  the 
thicknesses,  or  the  volumes  of  the  portions  of  shell  included  in  the 
same  canal,  bear  a  constant  ratio  to  each  other.    Since  the  ratios 
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are  constant  the  infinitesimal  volumes  may  be  added  together,  and 
their  sums,  which  are  the  volumes  included  in  a  finite  canal,  are  in 
the  same  ratio,  and  these  sums  may  even  be  extended  so  as  to 
include  the  whole  of  each  shell.  Hence  the  volume  of  each  portion 
is  the  same  fractional  part  of  the  volume  of  the  shell  to  which  it 
belongs ;  and,  as  each  shell  is  homogeneous,  the  mass  of  each  por- 
tion is  the  same  fractional  part  of  the  mass  of  the  whole  shell.  The 
conception  of  these  shells,  and  the  investigation  of  their  acting  and 
reacting  properties  was  original  with  Chasles,  and  it  will  be  con- 
venient, as  it  is  appropriate,  to  designate  them  as  Chaslesian  shells. 

144.  The  volume  or  mass  of  a  Chaslesian  shell  has  a  simple 
ratio  to  the  attracting  mass  included  within  it,  dependent  upon  its 
own  density  and  thickness.  For  each  infinitesimal  element  of  its 
volume  or  mass  is  proportional  to  the  product  of  the  element  of  the 
surface  multiplied  by  the  thickness  of  the  shell,  and  the  thickness  at 
each  point  is  proportional  to  the  attraction  at  that  point.  The  sum 
of  all  the  elements,  therefore,  of  either  volume  or  mass,  that  is,  the 
whole  volume  or  mass,  is  proportional  to  the  sum  of  all  the  attrac- 
tions upon  the  whole  surface.  But,  by  §  136,  the  sima  of  all  the 
attractions  upon  the  surface  is  proportional  to  the  included  mass,  if 
there  is  no  mass  at  the  surface.    If,  then, 

ft  is  the  volume  of  the  shell, 
k  its  density, 

h  the  modulus  of  its  thickness,  or  the  thickness  which  corre- 
sponds to  the  unit  of  attraction ; 

this  ratio  is  included  in  the  equation 

-^  — -^— 4;r 

145.  If  a  Chaslesian  shell  which  is  wholly  external  to  the  acting 
masses  of  the  system  is  assumed  to  be  itself  the  attracting  mass  ; 

9 
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1.  The  potential  of  the  shell  is  constant  for  all  interior  points,  there 
is  no  tendency  to  motion  within  U,  and  Us  own  outer  surface  is  its  level 
surface  ; 

2.  Ms  external  level  surfaces  are  the  same  as  those  of  the  original 
masses  of  the  system,  and  the  attraction  of  the  shell  upon  a  point  external  to 
itself  has  the  same  direction  as  the  attraction  of  the  original  mousses. 

To  demonstrate  these  propositions,  let 

i2,  be  the  potential  of  the  shell  for  any  point,  and 
£1  the  potential  of  the  original  masses  for  each  point  of  the 
shell ; 

the  value  of  the  element  of  the  potential  of  the  shell  is 

Hence, 

In  passing  along  the  canal  of  the  trajectories  to  another  shell, 
the  ratio  of  d^i  to  fi  is,  by  §  143,  constant,  whence 

But 

DJ  =  Dj,ND^f=  —  D^NcoBj, 

dfi  =  hdo  DjfS2; 
and,  therefore, 

diiDjJ=^  —  hda D]^£l Dj^NcoB  f  =•  —  hdaD^£2coSf, 
The   integral  of  this  equation  for  the  whole   surface   of  the 
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shell  is 

1.     For  an  internal  point  this  equation  becomes,  by  §§  135 
and  144, 


the  integral  of  which  is 


to  which  no  constant  need  be  added,  because,  when  the  dimensions 
of  the  shell  are  infinite,  S2  and  SI,  both  vanish,  since  all  the  points 
of  action  are  infinitely  remote  from  the  centres  of  action.  This 
equation  expresses  that  the  potential  of  each  shell  has  the  same 
value  for  all  internal  points,  and,  therefore,  there  is  no  tendency  to 
motion  within  the  shell,  and  the  surface  of  the  shell  must  be  level, 
with  reference  to  its  own  action. 

2.    For  an  external  point,  the   equation  (672)  becomes,  by 
§135, 


2?.— '  =  0. 


Hence,  by  integration. 


SI 

— '  =z=  a  constant, 

which  constant,  however,  depends  for  its  value  upon  the  position  of 
the  points  of  action ;  but  since  it  has  the  same  value  for  all  the 
shells  to  which  the  point  is  external,  the  potential  is  constant  for 
the  same  series  of  points  external  to  one  shell  for  which  it  is 
constant  through  the  action  of  another  shell ;  that  is,  all  the  shells 
have  the  same  external  level  surfaces.  But  the  external  level 
surface,  which  is  nearest  to  any  shell,  differs  infinitely  little  from 


—  G8  ■ 


the  level  surface  of  the  shell  itself,  and,  therefore,  the  surface  of 
each  shell  is  a  level  surface  for  every  included  ahell.  Hence,  the 
external  level  surfaces  of  a  shell  are  the  same  with  those  of  the 
origiual  masses,  and  the  attraction  of  a  shell  upon  an  external  point 
has  the  same  direction  with  the  attraction  of  the  original  masses, 
and  is  normal  to  the  level  surface  passing  through  the  point.  This 
theorem  is  due  to  Chaslis. 

146.  Every  infinilely  thin  shell,  of  lehieh  the  surface  is  level,  from  ihe 
aclion  of  tlie  shell  Uself,  must  be  a  Cliaslemm  shell.  For,  if  anotlier  shell 
is  constructed  upon  this  level  surface,  which  is  the  negative  of  the 
Chaslesian,  one,  namely,  which  is  repulsive,  instead  of  being  attrac- 
tive, or  the  reverse,  and  the  wliole  mass  of  which  is  equal  to  that  of 
the  given  shell,  the  two  shells,  having  the  same  level  surfaces, 
exactly  cancel  each  other's  action  throughout  all  space.  The 
elements  of  mass  of  the  two  shells  must  then  be  absolutely  equal, 
but  of  opposite  signs  at  every  point  For,  if  they  were  unequal  at 
any  point,  that  point  might  be  made  the  centre  of  an  infinitely  thin 
circular  eleraeut  of  the  combined  shells.  From  the  8_ymmetry  of  its 
figure,  a  level  surface  for  the  action  of  this  element  alone  might  be 
made  to  pass  through  its  perimeter,  and  which  could  inclose  no 
other  mass  than  the  element  itself.  But  such  surface  cannot  be 
level  for  the  remainder  of  the  combined  mass  of  the  two  shells,  and, 
therefore,  the  value  of  the  potential  upon  this  surface  for  the 
combined  masses  of  both  shells,  including  the  circular  element, 
cannot  be  constant.  This  want  of  constancy  in  the  potential  is 
contradicted  by  the  fact  that  the  shells  balance  each  other's  action 
everywhere.  There  cannot,  therefore,  be  any  such  want  of  con- 
stancy, nor  any  point  for  which  the  element  of  mass  of  the  given 
shell  is  not  absolutely  equal  to  that  of  the  Chaslesian  shell,  although 
it  is  of  a  contrary  sign.  But  revei-sal  of  the  sign  of  the  action  of 
the  mass  does  not  interfere  with  the  Chaslesian  characteristic  of  the 
sliell. 
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147.  Two  Chaslman  shells y  which  are  constructed  upon  the  same 
surface^  only  differ  in  their  densitf/  and  their  modulus  of  thicJcness.  For 
the  density  of  either  of  thein  may  be  increased  or  decreased  until 
the  value  of  its  potential  at  the  common  surface  shall  be  equal  to 
that  of  the  other  shell.  If,  then,  its  action  be  reversed,  the  value 
of  the  potential  for  the  combined  shells  will  be  zero  both  at  the 
surface  and  at  an  infinite  distance  from  the  surface ;  and  it  cannot 
have  any  other  value  in  the  intermediate  space,  otherwise,  there 
would  be  points  or  siu:faces  of  maximum  potential  exterior  to  the 
acting  masses.  The  combined  surfaces  have,  therefore,  neither 
external  nor  internal  action,  and  the  reasoning  of  the  preceding 
article  demonstrates  that  the  component  shells  are  identical,  except 
in  regard  to  then-  signs. 


ATTRACTION    OF    AN    ELLIPSOID. 


148.  An  infiivUely  thin  homogeneous  shelly  of  which  the  inner  and 
outer  surfaces  are  those  of  similar ^  and  similarly  placed^  conceittric  ellipsoids^ 
is  a  ChasUsian  shell.  For,  if  upon  the  longest  axes  of  these  ellipsoids, 
as  diameters,  two  concentric  spheres  are  constructed,  each  sphere 
may  be  compressed  into  the  corresponding  ellipsoid,  by  reducing 
all  the  coordinates  from  the  centre,  as  origin,  parallel  to  either  of 
the  two  shorter  axes  of  the  ellipsoid  in  the  ratio  of  the  longest  axis 
to  this  shorter  axis.  But  all  points,  which  are  originally  in  the 
same  straight  line  remain  upon  a  common  straight  line  after  this 
uniform  compression ;  and  all  distances  which  are  measured  in  the 
same  direction  are  reduced  in  a  common  ratio.  But  the  thick- 
nesses of  the  spherical  shell,  measured  upon  any  straight  line  at  the 
two  points  where  this  line  cuts  the  shell  are  equal ;  so  that  the 
thicknesses  of  the  ellipsoidal  shell,  measured  at  the  two  points 
where  the  reduced  line  cuts  this  shell,  are  also  equal.     If,  then,  at  a 
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point  fissumed  at  will,  as  the  vertex,  witliin  the  ellipsoidal  shell,  an 
iniinitcsimal  cone  is  coustructed  and  extended  in  each  direction 
from  the  vertex,  till  it  intersects  the  shell,  the  relative  masses  of  the 
two  included  portions  of  the  shell  are  proportional  to  the  squares  of 
their  distiinces  from  the  vertex;  and,  therefore,  their  attractions 
upon  the  vertex  are  equal,  but  in  opposite  directions.  Hence,  the 
action  of  any  portion  of  the  shell  upon  an  internal  point  is  halanced 
hy  the  action  of  the  opposite  portion,  and  there  i;*,  consequently,  no 
tendeucy  to  motion  within  the  shell  from  its  own  action.  The 
surface  of  the  aliell  is  thus  proved  to  be  a  level  surfiice,  in  respect  to 
its  own  action,  and,  by  |  146,  it  can  be  no  other  than  a  Chaelesian 
shell. 

149.  This  proposition  may  be  enlarged  to  a  theorem  given  by 
Newton,  for  a  finite  shell,  of  which  the  inner  and  outer  surfaces  are 
those  of  similar  and  similarly  placed  concentric  ellipsoids.  Such  a 
shell  may  be  called  a  JVae/oman  shell,  so  that  the  infinitely  thin 
Newtonian  shell  is  a  Chaelesian  ellipsoidal  shell.  But  the  New- 
tonian shell  may  be  subdivided  by  similar  and  similarly  placed 
concentric  ellipsoidal  surfaces  into  an  mfiuite  number  of  Chaslesian 
ellipsoidal  shells,  each  of  which  is  inactive  with  reference  to  an 
internal  point.  Hence,  Ute  ivhole  Kcidomuii  s/icli  cxerl8  no  adion  vjxm 
an  tiUemal point. 

150.  An  cllip.soid  may  bo  converted  into  any  other  similar, 
and  sunilarly  placed,  concentric  ellipsoid  by  a  process  similar  to  that 
by  which  the  sphere  in  §  148  waa  changed  to  an  eUip-soid  ;  that  is, 
by  increasing  or  decreasing  the  coordinates  of  each  point,  taken 
from  the  centre  as  origin,  and  parallel  to  either  axis,  in  the  ratio  of 
the  corresponding  axes  of  the  two  ellipsoids.  The  points  of  the  two 
ellipsoids,  which  correspond  in  this  process,  have  been  called  by 
Ivory  corresponding  points.  By  this  process,  any  Newtonian  shell 
may  be    converted  into    another   concentric    and   similarly  placed 
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Newtonian  shell,  and  at  the  corresponding  points  there  will  be 
corresponding  elements  of  volume. 

151.  The  corresponding  elements  of  volume  or  mass  of  two  corre- 
sponding Newtonian  shells  are  proportional  to  the  volumes  or  masses  of  the 
shells.    For  if 

Aj,y  Ayj  A^  are  the  semiaxes  of  the  outer  ellipsoidal  surface  of 

one  shell, 
B^yByy  B^  those  of  its  inner  ellipsoidal  surface, 
o  its  volume, 
m  its  mass,  and 
n  the  ratio  of  either  axis  of  the  inner  surface,  divided  by  the 

corresponding  axis  of  the  outer  surface ; 

and  if  the  sajne  letters  accented  denote  the  same  quantities  for  the 
corresponding  shell,  the  construction  of  the  shells  gives  for  each 
axis 

B^=^nA^^ 

X  a/ 

and 

and  by  differentiation. 


A 

A'. 

n: 

-n'; 

dx 
daf 

Ar 
A', 

The  volumes    and   masses  are    by  well-known  theorems  of 
geometry 

m  =  ka=z^7ik{A^AyA^  —  B^ByB^) 
=  |7r^(l  —  n^)A^Aj,A,y 

m'  =  ^a'=|7r>t'(l  — w8)^U;^;. 
The  ratios  of  the  elements  of  volume  and  mass  are,  then, 

d<s  dxdydz   A^A^A, <t 
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dm  hda  ka  m 

dm^        J:d(/        k</        mf  * 

152.  ^  the  Older  surfaces  of  two  corresponding  Newtonian  shells  have 
the  samefociy  their  inner  surfaces  must  also  have  the  same  foci.     For  if 

£2  is  the  diflFerence  of  the  squares  of  the  corresponding  axes  of 
the  outer  surfaces, 

the  condition  of  the  identity  of  foci  gives  the  equations 

t     J±^ J±^   Jly Jly    J±g J±g  . 

Hence,  for  each  axis,  there  is  the  equation 

SO  that  the  foci  of  the  inner  surfaces  are  also  identical. 

153.  ^  the  radius  vector,  from  the  centre  of  am/  point  of  an  ellipsoid, 
is  projected  upon  the  radius  vector  of  another  ellipsoid  which  has  the  same 
fociy  and  if  the  radius  vector  of  the  corresponding  point  of  the  second  ellipsoid 

is  projected  upon  thai  radium  vector  of  the  first  ellipsoid^  which  corresponds  in 
direction  to  the  projection  in  the  second  ellipsoid,  the  two  projections  are 
inversely  proportional  to  the  radU  vectores  upon  which  they  are  projected. 
For  if 

q  is  the  radius  vector  of  the  first  ellipsoid  upon  which  the 

projection  is  made,  and 
5,  ij,  t,  are  the  coordinates  of  the  extremity  of  q  ; 

the  equations  of  the  corresponding  points  give,  for  each  axis. 


whence 


1     r   X 

Agg                      Ag,            Agg 

1    r 

X      V 

73 


or 

But  if 

p  is  the  projection  of  /  upon  Qy  and 
jt?'  the  projection  of  r  upon  p', 


these  projections  are 


/ 


rcos  /  =  -2:^-7-  =    "\'^  =  -^V^ J 


whence 


154.  2%^  difference  of  the  squares  of  the  radii  vector es  from  the 
centre^  of  two  corresponding  points  upon  the  surface  of  two  ellipsoids  which 
have  the  same  foci^  is  equal  to  the  difference  of  the  squares  of  their  semiaxes. 
For  the  equations  of  these  surfaces  are 


—  —  1    S  —  —  1 


The   difference   of   the   squares  of   two   corresponding  radii 
vectores  for  points  at  the  surface,  is 


2 


Ai  —      -'A- 


155.  The  distance  of  any  point  upon  the  surface  of  an  eWpsoidj 
from  a  point  upon  the  surface  of  another  ellipsoid  which  has  the  safnefociy 
is  equal  to  the  distance  of  the  two  corresponding  points  of  the  eUipsoids  from 
each  other.    For  if 

10 
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/  is  the  distance  of  the  point  of  which 

X,  y,  z,  are  the  coordinates,  from  the  point  of  which 

?',  •»;',  C'>  are  the  coordinates,  and 

f  the  distance  of  the  corresponding  points ; 

the  values  of  these  distances  become,  by  (73».jo)  and  (732i), 

/2  =  r2  +  ()'2  — 2^)'/ 

=>a  _  £«  _|_  ^,'2  _[_  £  2  _  2  ^)y 
whence 

156.  The  external  level  surfaces  of  an  ellipsoidal  Cliaslesian  slieli  are 
those  of  ellipsoids  which  have  the  same  foci  wUh  tlie  outer  surface  of  the 
Chaslesian  shell.     For  if 

S2^  is  the  potential  of  the  given  shell  for  any  point  of  the 
external  ellipsoidal  surface  of  the  same  foci,  and 

/2^  the  constant  value  of  the  potential  of  the  corresponding 
Chaslesian  shell,  constructed  upon  the  external  ellipsoidal 
surface,  for  any  internal  point,  and,  therefore,  for  any 
point  of  the  surface  of  the  given  shell ; 

the  equations  (72i)  and  (74:^)  give 

J  m'J        J  minj         mjfnj         m 

The  value  of  i2^  is,  therefore,  constant  for  all  points  of  the 
surface  of  the  external  ellipsoid,  so  that  this  is  one  of  the  level 
surfaces  of  the  given  shell. 

157.  The  attractions  of  two  corresponding  Newtonian  shells,  which  have 
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the  samefociy  upon  an  external  pointy  have  the  same  direction j  and  are  propor- 
tional to  the  masses  of  the  shells.  For  the  infinitely  thin  shell,  this 
proposition  is  a  simple  corollary  from  (7426).  But  the  finite  shells 
can  be  subdivided  into  corresponding  infinitesimal  shells,  and  the 
masses  of  the  corresponding  elementary  shells  will  be  proportional 
to  the  masses  of  their  respective  finite  shells.  The  attractions  of 
the  corresponding  elementary  shells  upon  an  external  point,  there- 
fore, coincide  in  direction,  and  are  proportional  to  the  masses  of  the 
shells;  and,  therefore,  the  components  of  all  the  corresponding 
attractions  have  the  same  common  ratio,  and  coincide  in  direction. 
But  the  components  of  all  the  elementary  attractions  constitute  the 
attractions  of  the  finite  shells  themselves.  Several  special  cases  of 
this  theorem  were  first  given  by  Maclaurin,  but  the  general  form 
was  first  demonstrated  by  Laplace,  and  afterwards  more  rigorously 
by  Legendre,  and  it  includes  the  case  in  wMch  the  inner  surfaces  are  reduced 
to  the  central  pointy  and  the  shells  become  ellipsoids j  having  the  same  foci. 

158.  The  attraction  of  any  Chaslesian  shell  upon  a  point  at  its 
surface  is,  from  its  construction,  perpendicular  to  the  surface,  and 
proportional  to  the  thickness  of  the  shell  at  that  point.  The  attrac- 
tion upon  the  whole  surface  is,  therefore,  proportional  to  the  mass 
of  the  surface,  which  corresponds  to  §  136.     Hence,  if 

dN  is  the  thickness  at  any  point,  and 

p  the  perpendicular  from  the  centre  upon  the  tangent  plane  at 
that  point, 

the  attraction  of  the  ellipsoidal  Chaslesian  shell  at  the  point  is 

^7iJcdN=:^  4:7tkdrco8  ^ 

r 

=  4ink — rcos  *" 

r  p 


—  76  — 
The  component  of  this  action  in  the  direction  of  the  axis  of  a:  is 

4inkp -7^ cos  J,. 

If,  moreover,  the  equation  of  the  ellipsoid  is 

£  =  2,^-1  =  0, 

the  general  theory  of  contact  gives 


COS 


X       VO^)       £.(xD,L) 


Hence, 


D^L  =  -^jj 


\UL 


x« 


^x 


^.a:2>,Z=2^,^.=  2, 


,2 

A 


X 


JV       px 


'■X 


and  the  attraction  in  the  direction  of  the  axis  of  x  of  the  ellipsoidal  Chaste- 
sian  shell  upon  a  point  at  its  surface  is 

4i7iJcp^x-^. 

159.  The  attraction  of  an  ellipsoidal  Chaslesian  shell  upon 
any  external  point  is  obtained  by  describing  the  corresponding 
Chaslesian  shell,  for  which  this  point  is  upon  the  outer  surface,  and 
the  attractions  of  the  two  shells  for  this  point  have  the  same  direc- 
tion, and  are  proportional  to  their  masses ;  so  that  the  attractions 
in  any  direction  are  proportional  to  the  masses.  If,  then,  the 
accented  letters  refer  to  the  outer  shell,  the  attraction  of  the  inner 
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shell  is 


^nh'Lp'^/^^^nhxY^}^^. 


160.     The  condition  that  the  outer  surface  of  the  exterior  shell 
passes  through  the  attracted  point,  is  expressed  by  the  equation 


x^  ,„        x^ 


'Ji^  'Al  +  e^ 


1. 


This  is  an  equation  of  the  third  degree  when  it  is  reduced  to 
its  simplest  form.  But  there  are  two  other  surfaces  which  can  be 
drawn  through  the  given  point,  and  which  depend  for  their  defini- 
tion upon  the  solution  of  the  same  equation.  They  are  two 
hyperboloids,  both  of  which  have  the  same  foci  with  the  outer 
surface  of  the  inner  shell,  one  of  which  is  a  bipartite,  and  the  other 
an  imparted  hyperboloid.  For  each  of  the  hyperboloids  €^  is 
negative,  and  its  absolute  value,  independent  of  its  sign,  is  contained, 
in  the  case  of  the  imparted  hyperboloid,  between  the  squares  of  the 
mean  and  least  axes  of  the  given  ellipsoid,  and,  in  the  case  of  the 
biparted  hyperboloid,  between  the  squares  of  the  mean  and  greatest 
axes. 

161.  The  points  in  which  aU  the  ellipsoids,  tvMch  have  the  samefoci, 
are  cut  ly  the  common  intersection  of  the  two  hyperboloids  which  Mve  the 
same  foci,  are  corresponding  points.    For  if 

t'^  is  the  value  of —  t^  for  either  hyperboloid, 

the  equation  of  the  hyperboloid  for  the  points  of  intersection  with 
the  ellipsoid  is 

=    1. 


X^ 


Al-,'^ 


If  the  equation  (TTy)  of  the  ellipsoid  is  subtracted  from  this 
equation,  the  remainder  divided  by  e^  +  e'^  is 
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in  which  af,  y\  and  /  are  accented,  in  order  not  to  interfere  with 
the  notation  which  has  been  adopted  for  the  corresponding  points, 
and  which  gives  for  each  axis 


X 


7f 


The  substitution  of  these  equations  in  (78i)  reduces  it  to 


x^ 


7ix  =  0; 


the  product  of  which  by  fc'^,  added  to  (76e),  is 

^'Al{A%  —  H'^)—^^Al  —  f!^—^' 

which  expresses  that  the  point  {x^y^z)  is  upon  the  surface  of  the 
hyperboloid,  and,  therefore,  all  the  corresponding  points  are  upon 
the  surfaces  of  both  hyperboloids. 

162.  The  hyperbohids  and  ellipsoids  wMch  have  the  same  foci^  vtter- 
sect  each  other  perpendicularly.  The  conditions  that  two  surfaces  of 
which  the  equations  are 

X=0,  andi'=0, 

intersect  each  other  perpendicularly  is  expressed  algebraically  by 
the  equation  for  each  point  of  the  line  of  intersection, 

But  for  the  hyperboloids  of  equation  (TTas)  and  the  ellipsoid  of 
equation  (76e)  this  condition  becomes 

4:2 =0 

which  is  the  same  with  the  equation  already  given  in  (78io).     This 
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same  demonstration  may  be  applied  to  the  condition  of  the  perpen- 
dicularity of  the  hyperboloids,  if  Al  is  diminished  by  t'^,  and  e'^  is 
changed  into  the  difference  of  the  squares  of  the  semiaxes  of  the 
two  hyperboloids. 

163.  It  follows  from  these  two  theorems,  which  are  derived 
from  Chasles,  that  each  iwrmal  transversal  to  the  ellipsoidal  surfaces  of 
level  is  the  Uiie  of  intersection  of  two  hyperhohids  tvhich  have  the  same  foci. 

164.  The  lines  of  intersection  of  these  three  surfaces  are,  upon 
each  surface,  the  lines  of  greatest  and  least  curvature,  for  they  are  a 
special  case  of  the  theorem  demonstrated  geometrically  by  Dupin, 
that  the  intersections  of  three  surfaces  which  cut  each  oilier  at  right  angles 
at  and  infinitely  near  their  common  point  of  intersection^  are  their  lines  of 
greatest  and  least  curvature  at  this  point.  To  demonstrate  this  theorem, 
let  the  three  normals  to  the  three  surfaces  at  the  common  point  of 
intersection  be  assumed  for  the  axes  of  rectangular  coordinates,  and 
let 

be  the  equation  of  the  surface,  which  is  perpendicular  to  the  axis  of 
X.    This  condition  gives  for  either  of  the  other  two  axes 

in  which  equation  a:,  y,  and  z  may  be  mutually  interchanged,  except 
that  the  same  axial  letter  must  not  be  repeated  in  the  equation. 
Those  equations  satisfy  of  themselves  the  condition  (7825)  of  per- 
pendicularity of  these  surfaces  at  the  point  of  intersection.  But  the 
intersection  of  any  two  of  these  surfaces  coincides  with  the  axis 
which  is  the  intersection  of  their  tangent  planes  for  an  infinitesimal 
distance,  and  the  two  surfaces  are  perpendicular  to  each  other  for 
this  distance.  Hence,  each  pair  of  surfaces  gives  an  equation  of  the 
form 
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which  is  reduced  by  (79h))  to 

The  other  surfaces  give  the  corresponding  equations 
D^L^nl^L,  +  D,L,Dl,L^  =  0, 

The  sum  of  the  products  obtained  by  multiplying  the  first  of 
these  equations  by  D^L^,  the  second  by  —  D^L,,  and  the  third  by 
D,L^  ia 

and  the  corresponding  similar  equations  are  obtained  hy  advancing 
each  letter  to  the  following  letter  of  the  series.  a:,y,  s,  and  ;r.  But 
the  factors  D^L^,  B^L^,  and  D^L^,  are  not  zero,  and,  therefore, 
these  equations  may  be  reduced  to 

which  are  the  well-known  conditions  that  the  directions  of  the  axes 
oix,7/,  and  e  respectively  coincide  with  those  of  the  lines  of  greatest 
and  least  curvature  of  the  three  surfaces  at  the  origin. 

1G5.  The  remarkable  relations  of  these  surfaces  might  be  still 
further  extended,  and  if  it  were  worth  wliile  to  investigate  the 
attractions  of  masses  of  infinite  extent,  it  might  be  shown  that  upon 
each  series  of  orthogonal  transversal  surfaces,  Chaslcsian  shells  of 
infinite  extent  might  be  constructed.  The  level  surfaces  of  these 
shells  would  be  the  orthogonal  transversal  surfaces  of  the  same 
series,  while  their  orthogonal  transversal  surfaces  would  be  the  level 
surfiices  of  the  original  Chaslesian  shells  and  the  other  series  of 
orthogonal  transverwil  surfaces. 

1G6.  To  investigate  the  attraction  of  an  ellipsoid  upon  an 
external  point,  it  may  be  supposed  to  be  divided  into  an  infinite 


f 
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series  of  elementary  Chaslesian  shells.     Let  then 

A^f  A^y  A^,  be  the  semiaxes  of  the  ellipsoid, 
a^y  Uyy  a^y  those  of  the  outer  surface  of  either  of  the  elementary 
Chaslesian  shells,  and  let 

Ox  «v  2t 

A^  Ay  Aji 

If,  moreover,  x,  y,  z,  are  the  coordinates  of  the  attracted  point, 

A^y  Ayy  A^y  tuxQi  the  semiaxes  of  the  ellipsoid,  which  has  the 
same  foci  with  the  given  ellipsoid,  and  whose  surface 
passes  through  the  attracted  point, 

a^,  ay,  a^,  the  semiaxes  of  the  ellipsoidal  surface,  corre- 
sponding to  the  outer  surface  of  the  Chaslesian  shell, 
and  passing  through  the  point  of  action, 

E^  =  AJ'  —  Alyfindi 
eH^  =  d^  —  a\  =  d^  —  AW ; 

the  values  of  E  and  e  are  the  roots  of  the  equations 


ar« 


:'2  ^9 


x^  1    ^  X^ 


The  attraction  of  the  Chaslesian  shell  upon  the  external  point 
in  the  direction  of  the  axis  of  a:  is  by  (772) 

in  which  the  value  of  p'  is,  by  equations  (769.18),  given   in   the 
form 

P 


UL 

-2 

{A\ 

x^ 

11 

\+^'y 
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The  dij0ferential  of  (8I21)  after  it  is  multiplied  by  w^  is 


whence  by  (8131) 


^x 

2x*ede 

2) 

2  dn ; 

dn 

de 

• 

This  value  reduces  the  attraction  of  the  shell  in  the  direction 
of  the  axis  of  x  to 

nkx    ,IJ  ,  tde=  —  27r^a:  " 


The  integral  of  this  expression  is  the  attraction  of  the  whole 
ellipsoid.  The  limits  of  integration  correspond  to  the  values  of  t, 
for  one  of  which  the  shell  is  evanescent,  and  for  the  other  its  surface 
coincides  with  the  surface  of  the  ellipsoid.  But,  when  the  shell 
vanishes,  n  is  zero,  and  «  is  infinite ;  and  when  its  outer  surface 
coincides  with  that  of  the  ellipsoid,  n  is  unity,  and  «  becomes  E. 
Hence,  the  expression  for  the  attraction  of  the  ellipsoid  in  the 
direction  of  the  axis  of  x  is,  if 

31  is  the  mass  of  the  ellipsoid,  and 
K  its  mean  density. 


00 


DM  =  '-^f 


By  advancing  each  letter  in  the  series  Xj  y,  z,  and  x  to  the  follow- 
ing, the  corresponding  expressions  are  obtained  for  the  attractions 
in  the  directions  of  the  other  two  axes. 
167.     By  the  substitution  of 


83 


the  equation  (82ai)  becomes 


00 


^  ^ sMx  r  _^ k 


168.     By  the  substitution  of 


ti=-j^y  and 

A 

U  —  —  • 


A 


X 


the  equation  (BSg)  becomes 


0 

which  formula,   with  transformations  similar  to   the   following,   is 
given  by  Legendre. 

169.     If  ^^  is  assumed  to  be  the  greatest  of  the  semiaxes  of  the 
ellipsoid,  and  A^  the  least,  let 

A2  A2 

sin^  =  sin  {'sin  9, 

sin0  =  sin/sin^; 

and   let  the  first  and   second   forms  of  the   elliptic   integrals  be 
expressed  by  the  notation 

6 

3f.f/;  =:  I  seed. 


S,y  =  icosd. 
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These  equations  give 

c^sin^y  =  Alcos^ip  —  Aly 
{Al-{-e^)sm\  =  Al  —  Al-^{Al  —  Al)sin^(p  =  {Al  —  Al)cos^6, 
{Al-\-e^)8m^(p  =  Al  —  Al, 
(Al  +  t^)sin^(p  =  {Al  —  Al)cos^(p ; 

Bm^(pd.t^  =  —  {Al-\-t^)d.8m^(p  =  —  {Al  —  ^f)cosec^yrf.sin^y, 
rf.  £  ^  =  —  2  {Al  —  Al)  cosec^y  cosy  dip ; 

which,  substituted  in  (8224),  reduce  the  expression  for  the  attraction 
in  the  direction  of  the  axis  of  :r,  when  the  ellipsoid  is  homogeneous, 
to  the  form 


the  attraction  is 

The  same  substitution  gives  the    attractions  parallel   to   the 
other  axes  in  the  forms 

D^Sl  =Py  I  sin^ysec^^, 

0  ^ 


DJ2  =  P^  rtan^ipsecd. 


But  the  diflferential  of  the  logarithm  of  (83.21)  is 

cot^2?^ri  =  coty, 
and,  therefore, 

I)^&  =  tan^coty , 
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DJtan(pcos&)  =  sec^ycos(3  —  sin^dsec^ 

=  sec(3(sec^ycos^d  —  sin^d) 
=  sec  6  sec  ^(p  —  sec  d  sin  ^  d  (sec  ^  y  -f- 1) 
=  sec^sec^y  —  secdsin^^(tan^y  -f-  sin^y) 
=  sec 6  -|-  cos^isec^t<an^y  —  sec^sin^^ 
=  cosd  -|-  cos  ^  I  sec  ^  tan  ^y, 

rx  /  »  A\        -Da  (tan ^ COS  qp)        cos  op  cot  qp  sec ^^  tan  ^  —  tan  ^ sin  op 

//^(smcpcoscpsecd)  =    ^     .   . — ^  =  — - — 7—. 

=  cos^y  sec^d  —  sec^sin^9 
=  —  cos ^ /sin ^y  sec ^^  -f-  (1  — sin^ysin^/)sec^^ 
—  secdsin^9 

,  =  —  cos^tsin^y  sec^d  -f-  sec  6  (1  — ^^^.) 

=  —  cos  ^  I  sin  ^0)  sec  ^d  -4-  -r^-.(cos^^  —  cos^/) 
=  —  cos^/sin^ if  sec^6  —  cot^/sec^  -|"  cosec^i cos6 . 

These  equations  reduce  the  attractions  to  the  forms 

T\  f^         rk     r  Tsec^tcos^  —  sec^  a-n  /  •  a\^ 

Dyll=^  Py  I  I .  J. sec^e/?^(sinycosysecfl)  I 

0  ^ 
=  P^(^cosec*2e  S,4>  —  cosec^t3^,4>  —  sec^2fsin*cos4>sec0), 

D^il  =  sec^iPz  f  [Z>. (tan 9 cos 6)  —  cos6] 

0  ^ 
=  sec^iP2r(tan*cos0 —  ^t*)- 

170.    The  following  values  are  derived  from  (8323.24)  and  (8I15); 

cos   ^  — ^«_^^a  — ^/i? 

Ai J  a  ^'2 A'i 

bin   ^_^,^_^^,,_        ^,,      , 

>I2  A2  Af2 J'2 

fAn^f) ^'  —  ^«^ ^-^         ^y 

sm  ^  — j^_|_^»i—       j-i      ? 
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2  a  _  Al  +  E*  _  J^ 
COS  t;_^,_^^,_^,,, 

At  Jt  A't A't 

Sin    2  =  --j-j  jj  =  -77i  j72> 

COS  I ^a        ^a  —  ^^2       j[/"2* 


The  equations  of  the  attractions  give,  by  means  of  these  values, 
that  of  P  and  (8I15), 


"     =  2-2',Z>,«i2  =  sec*ePsin*sec*sec0(cos^0  —  cos^^^) 


X 


X 


This  simple  equation  is  due  to  Legendre,  and  the  first  of  the 
two  following  equations  which  are  obtained  by  the  same  process  of 
reduction. 


^  X 


171.     By  putting 


OD 


OD 


,-»V[(^J+«*)(^J+«')(^!+«")]"~2v/(^i-J0 

the  attractions  may  assume  the  form 

X  ' 

D^il  =  —  ZMyDj,^  L, 

in  which  the  diflferentiations,  relatively  to  A\y  ilj,  and  A\^  are 
performed  without  regard  to  the  changes  of  E^  dependent  upon  the 
formula  (8I15). 
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172.     The   equation    (8I19)  may,  by  means  of  the  equations 
(842.7)  be  written  in  the  form 

x^-^-y^sec^Q  -f-  0^sec^*  :=  {Al  —  Al) coscc^</% 

or  by  the  substitution  of  the  value  of  0  from  (8824), 

g'  +  z'sec^CP    I  y^  1 


A%  —  Al       '    Alcos^0-\-Al8in^0-^Al        sm'<Jj' 

173.  When  the  attracted  point  is  upon  the  surface  0/  tlie  ellipsoid^  E 
vanishes,  and  the  vahie  of  ^  becomes 

Ax 

174.  Wlien  the  attracted  point  is  toithin  the  eUipsoidy  the  Newtonian 
shell,  of  which  the  outer  surface  is  that  of  the  ellipsoid,  and  the 
inner  surface  passes  through  the  point,  exerts  no  action  upon  the 
point,  and  the  attraction  is  reduced  to  that  of  an  ellipsoid  similar  to  the 
given  elUpsoidy  and  of  which  the  surface  passes  through  the  attracted  point. 

175.  When  the  density  of  the  ellipsoid  varies  in  its  interior, 
in  such  a  way  that  each  of  its  component  Chaslesian  shells  is  homo- 
geneous, A:  is  a  function  of  £,  and  after  its  substitution  (8224)  may  be 
integrated. 

176.  When  the  ellipsoid  is  a  homogeneous  oblate  ellipsoid  of  revolution 
the  various  formulaB  become 

Aj.  =   Ayy 

x^^ff^^^^^^^tein^€p  =  {Al  —  Al){l'^cot^4>), 
;?2tan**  +  (r^  —  Al  +  Al)  tan^*  =  Al  —  Al; 


D,£l  =  Pxf  sin^y  =  |Pa:(2*  —  sin2*), 


0 


Z>,i2  =  PyJ  sin^y  =  \Py{2<P  —  sin  2*), 

0  • 
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♦ 


0  ' 

177.      When  ike  ellipsoid  is  an  Jiomogaieous  p'olale  ellipsoid  of  revolu- 
tion^  the  formulaB  become 

Dx'ii  =  Px  I  sin^y secy 

0  ^ 

=  Pa:  [log  tan  (I  TT  +  2*)  —  sin</*] , 

Dy£l  =.  Py  j  sin^ysec'y 

0  ^ 
=  2Py[sin*sec^*  —  logtan(-]  n:  -f-  >  *)], 

D^£l  =  Pz  j  sin^ysec^y 

=  IPz  [sin^sec^*  —  log  tan  (|  n  -f-  J  *)] . 


ATTRACTION    OP   A    SPHEROID.      LEGENDRE's    AND    LAPLACE's    FUNCTIONS. 

178.  The  investigation  of  the  attraction  of  a  spheroid  is 
greatly  facilitated  by  the  introduction  of  certain  functions  which 
were  first  conceived  and  investigated  by  Legendre,  but  which 
became  so  fruitful  in  tiieir  more  general  form,  given  in  the  subse- 
quent researches  of  Laplace,  that  they  are  usually  designated  by 
the  name  of  the  latter  geometer.  A  method  will  be  pursued  in 
their  development  and  discussion  which  is  similar  in  some  respects 
to  that  given  by  Jacobi. 


—  80  — 
179.    Let 

»==v/-i, 

JB'=coH(p  -f- 2  sin  9  COS  i;, 

and  if  any  power  of  J3^  denoted  by  «,  is  developed  in  a  series  of 
terms  arranged  according  to  the  cosines  of  the  multiples  of  rj,  let 
any  one  of  the  terms  be  denoted  by 

in  which  [m]  denotes  the  number  of  accents  of  4^.  The  required 
power  has  then  the  form 

JJ"  = -i:^(z'"*L'"Jcoswiij). 


—  00 


180.  The  value  of  JJis  not  changed  by  reversing  the  sign  of 
r]y  and,  therefore,  the  series  remains  unchanged  by  this  reversal  of 
sign,  which  gives 

or  €pi-fn]  _.  _|.  (p[m]  __.  ^ —  1)'«4>J,'"^; 

in  which  the  upper  sign  corresponds  to  the  even  values  of  w,  and 
the  lower  sign  to  the  odd  values  of  m.  The  equation  (89u)  may 
also  be  written 


OD 


JT»  =  ^„  -f-  2-2:^(t'"*|r^coswi;). 

181.     The  integral  of  the  product  of  (8 9^)  by  cos mrj  is,  by  a 
well  known  theorem 

27r 


/  (Jy^cosmi;)  =  27ti"'4>^;^\ 


The  derivative  of  this  equation,  relatively  to  9,  reduced  by  the 
condition 

D^  H=  —  sin  9  +  e cosy  cost} , 

12 
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becomes 

2n- 


2ni*^D^4^^JI^^  =  n  I  [-ff'*""^cosm7j( — siny  -j-ecosq)cos7j)] 

0     ' 


2t 


whence,  by  (SOgy), 

182.  The  derivative  of  (8922),  relatively  to  ij,  reduced  by  the 
condition 

P^n=.  —  e  sin  9  sin  1; 
becomes 

zwi^^-^sinysinTj  =  22^[mi'^^^^^mimri). 
The  integral  of  the  product  of  this  equation  by  sin  mi;  is 

inmi(f  I  (i7*"~^sini;sinw2i;)  =  2nmi'"4^^JI^\ 

0    ' 

or 

zwsiny  /    [i7'"~^(Jcos(m  —  l)i;  —  -|~cos(m  +  1)^)]  =  27rme'"4>^"'^; 

which  becomes  by  (8937) 

m  *[r^  =  |-  w  sin  9  ( ^/^L*"-!^^  +  *L -"*i^0  • 

183,  The  equation  (8927)  may  assume  the  form 

27r 

/  [i7"~Xcos9cos»2i;  -f"*^'s^"y(^oK^+l)^+(^^s(^^ — l))]=2ni*"<f>[^'"^, 

which,  reduced  by  (8927),  gives 

*[;"i  =  cosy^Srli  +  lsin9(*L-V'  —  *L-"*i^^). 
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184.     The  remainder,  if  (OOg)  is  subtracted  from  the  product 
of  (9O24),  multiplied  by  cot  9,  is 

«cosy*|rLV^4"^sin9^;li=mcoty*Jr^ — D^^^^^=i — sin'^yZ)^^-^ 

=  sin'~+^a)J9eo«.-T=V- 
The  sum  of  (9O24)  ^^^d  n  times  (OOai)  is 

wcosy^Jrli  4"  wsin9<J^5riri^^  =  (w  -f-  rn)<P^^\ 

the   first  member  of  which  becomes  identical  with  that  of  the 
previous  equation,  when  m  is  increased  by  unity.     Hence, 

8in"»9  n  +  w  +  l     ^sin'-g)        n  +  m+l     "^^sin-g)' 

or,  if  m  is  diminished  by  unity 


If  the  sign  of  m  is  reversed  in  this  equation,  it  becomes  by 
(89„) 

185.     It  will  be  found  convenient  here  and  elsewhere  to  adopt 

the  functional  notation 

1 

rh=£{-iog.xy, 

0 

which  gives,  by  a  familiar  formula,  or  by  simple   integration  by 
parts,  when  h  is  positive,  and  k  an  integer,  which  is  less  than  h  -|-  1, 

1 

rh  =  h{h  —  l){h  —  2) (A_^  +  l)r(_loga;)*-* 

0  * 

=  h{h  —  i){h—2) (A— ;t  +  i)r(A— ;t). 
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and 

/,(A_l)(A-2)....(A-A+l)  =  ;p;^. 

When  h  is  an  integer,  and  h  the  next   smaller  integer,  this 
formula  becomes 

1.2.3 h  =  rh. 

With  this  notation,  Taylor's  theorem  assumes  the  form 

186.     The  equations  (Olig)  and  (9I20)  give,  by  successive  sub- 
stitutions in  each  other,  and  the  use  of  the  preceding  notation, 

(—  l)'"r(w  — m)sin'"9*w  =  (—  l)'~'r(«  — w')i?^;""(sin'«'y*lr'0 ; 

in  which  negative  diflFerentiation  must  be  interpreted  to  be  integra- 
tion ;  in  the  former  equation,  when  n  is  negative,  m'  -|-  w  -|-  1  and 
m  -f-  w  -f-  1  must  be  positive ;  while,  in  the  latter  equation,  w, 
n  —  m-\-\y  and  n  —  m'  -|-  1  must  all  be  positive.  When  n  is  posi- 
tive, but  n  —  w  -|-  1,  and  n  —  m'  -f- 1  are  negative,  the  equation  to 
be  substituted  for  (92i5)  is 

r{m  —  n  —  \)  r{rn'  —  n  —  \)      ' 

which  equation  is  also  to  be  used  when  n  is  negative.  When  n  and 
n  —  wz  -f- 1  are  positive,  but  n  —  m'  -f- 1  is  negative,  the  combina- 
tion of  (92i5)  and  (9223)  gives,  by  representing  by  n',  the  greatest 
integer  contained  in  w  -f-  1, 

/•(«  —  n!)  r{m'  —  n—\) 

When  w,  7j  -|-  m'  +  1,  and   n  -f"  ^  "I"  1  ^^®   ^^  negative,   the 


.  Ai. 
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equation  to  be  substituted  for  (92is)  is 


I\—  1—n  —  m)  siii'»9         l\—l—n  —  m')      ^^     sin*"'  (p ' 

When  n  and  w  -f-  ^'  4"  1  ^^e  negative,  but  m  -f-  w  +  1  ^^  P^^^" 
tive,  the  combination  of  (92i8)  and  (QSg)  gives,  by  representing  by 
n'j  the  greatest  integer  contained  in  —  1  —  w, 

i-(n-f.n')8m-g)  r(—l  —  n  —  m')  ~"^     8in«> 


/    • 


n 


There  are  peculiar  considerations  which  simplify  the  investiga- 
tions, when  n  is  integral,  whether  it  be  positive  or  negative ;  and 
these  are  the  cases  to  which  most  of  the  subsequent  investigations 
are  limited. 

187.  By  reducing  m  or  m'  to  zero,  the  equations  of  the  pre- 
ceding section  give,  for  positive  values  of  w, 

_/      -iw  rnr(m-n  —  l)  p    ^ 

—  V      ^)     r(»  — n')r(n'  — »  — l)8m'"g)Jcoa^      "' 

and  for  negative  values  of  n 

4>[m]_      r(m-n-l)       p    ^ 
"    ~  r{—l—n)sm^(pJcosi^     * 

(— l)-'jr(— 1— n  — nOr(n  +  w')   .   „.     r^n     ^ 

=       V(;+»)r(-i-n)       ^«^""y^»^..- 

188.  When  n  is  zero,  it  is  easily  seen  that 
and  that,  for  all  other  values  of  m 
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189.  WJien  n  is  a  positive  integer^  and  h  is  also  a  positive  integer, 
the  equation  (9l8)  gives 

(2»  -f-  A)*lr"^*^  =  wcos94>[;+/^  -f-  wsin9*[:"i^+*i. 

If,  then,  the  terms  of  the  second  member  vanish  for  any  value 
of  iiy  they  will  also  vanish  for  the  next  higher  value  of  n.  But  they 
vanish,  by  the  preceding  section,  when  n  is  zero,  and,  therefore,  they 
vanish  for  every  positive  integral  value  of  n. ;  that  is, 

or  the  series  is  finite  for  positive  hvtegral  values  of  w,  and  contains  only 
n-\-\  terms. 

190.  The  substitution  of  the  preceding  equation  in  (9l8)  gives 

4>w  =  1  sin9*lr"i'^  =  (isin9))-*L"rr^ 
=  (i  sin9))~*o  =  g^sin^y. 

which  equation,  substituted  in  (93ie),  gives 

*n  =  ^"i>S-^(*?^sin>)  ===  2^i?S.^(- sm 


hy  wMch  the  coefficients  of  the  devehpment  are  obtained  when  nis  a  positive 
integer. 

191.     When  nis  the  negative  of  unity,  the  equation  (89.27)  gives 

0 
But  the  value  of  JST  gives 
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1  1  cosg)  —  t  sing)  cos  jy 

//        cos  9)  -f-  *  sin  g)  cos  jy         cos ^ g)  -f-  sin  '-^  g)  cos '^ij 

f  sing)  cos  17         ^^  cosg) 


+ 


1 — sin^g^sin^jy    '    cos*jy-j-cod^g)sin*i7 

J» sing) cos  17  Jising^cosjy  ^^      cos g^ Z>^ tan jy 

1  -j-8ing)8in^         1  — sing)8injy    '     1  -j-cos^g-tan^jy ' 

the  integral  of  which  is 

J  77  =  —  ^ilog,  +^|"y^|"?   I    tan^""^^(cosa)tanij). 
^11  ^       °  1  —  sm  g*  sin  jy    '  ^        '  '  ^ 

Hence,  by  passing  to  the  limits 

When  n  and  m  vanish,  equation  (OOai)  becomes 

^0=  cos94>_i  —  siny^^i, 
whence 

^  _  l-cosqp  ^  _ ^^^ 

^  sing)  "^ 

Equation  (92i8)  gives,  then, 

^-i—       2r(m  — 1)^~-^  ^^^  29- 

192.  When  n  is  any  negative  integer,  it  is  more  convenient  to 
write  the  formulaa  with  the  sign  of  n  reversed.  With  this  change, 
the  sum  of  the  product  of  (OOai)  multiplied  by  ( — wsiny),  that 
of  (OOg)  multiplied  by  cosy,  and  that  of  (9O24)  multiplied  by 
( —  cosecy)  becomes 

n*[!"(t|^)  =  cosy  i?^*w  —  (nsiny  -f-  £^)*^i 

= ^^<4-^-irri ((2w — l)smq)H ^ )*_i; 

secgj        ^sin^^gj         \^  /        t     1  g^g)      /         "' 

which,  when 

m=-n  —  1 , 
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is  reduced  to 

w*w,«+,)  =  siW-^tpcoatpB^^i^  —  (2n  —  1)  sin  (f><P^l7'^. 

The  successive  substitution  of  1,  2,  3,  &c.,  for  n,  gives,  by  means 
of  (91j2) 

4^1\„^,,  =  _  ?I^sin9*[!r"  =  -  '-^^P-'^siny  *!!7^' 
The  substitution  of  this  value  in  (OSa)  gives,  by  (942o), 

and,  therefore,  for  all  values  of  m  less  than  n  -j- 1> 

^[^'l,^,,  =  (-  l)-^^^8in-9  J?S+-(-  sin>r 

The  equation  (91^)  gives,  when  m  —  n  vanishes,  by  (969), 

*[!^?jli)  =  —  cot9*[!^{,+a)  =  2?^,(— siny^^ 
whence,  by  (9O24) 

4^^ltn1i)  =  —  2cosec9)*[!l^„  —  ^^l^n'U- 

From  this  equation  the  successive  values  of  4>[!L^„  may  be  deter- 
mined by  successive  substitution  of  1,  2,  3,  &c.,  for  w,  or  they  may 
be  determined  by  the  equation  derived  from  (9I20)  and  (969), 


COS0 

4it»  +  r,  ,^  _  (2n  +  l)r(2n)       1        P      ._   •    ,    x. 


—  97  — 

The  remaining  coefl&cients,  in  which  m  is  greater  than  «,  are 
then  to  be  determined  by  the  equation  derived  from  (92i8) ; 


^"^ ft    — —     -m^/  ..  --\  -^CSAA. 


afi\ 


193.  In  order  to  apply  the  preceding  investigations  to  the 
problem  of  attraction,  it  is  requisite  to  introduce  the  form  of  polar 
coordinates,  of  which  zenith  distance  and  azimuth  is  the  familiar 
instance.     For  this  purpose  let  the  following  notation  be  adopted : 

9y  is  the  angle  which  a  line/  makes  with  the  axis, 
6y  is  the  angle  which  a  plane,  drawn  through  the  axis,  parallel 
to  /,  makes  with  the  primitive  plane. 

The  distance  /,  between  two  points,  of  which  the  radii  vectores 
are  r  and  ^,  is  given  by  the  equation 

/^  =  r^  -[-  ^^  —  2rQ  (cosy^cos^p  -[-  sin  9^  sin  9^  cos  (^^  —  6^)) 

=  r^-f-Q^  —  2Qrcos^. 
Hence  the  notation 

»  =  v/-i, 

ffy.  =  co8(pf  -f-  *  sin  (fj^coH  {rj  —  6j) , 
gives 

+ffff  =  +/COS  9y  +  if  sin  ^y  cos  {rj  —  6jr) 

=  r cosy^  —  Q<^08(pp  -f- tcosrj (rsiny^cos^^  —  ^ sin 9  cos ^p) 

-f-  i8mrj{rAn(prSin6^  —  Qsiny  sin^^) 

=  rffr  —  (}ffpi 

in  which  the  upper  sign  is  to  be  used  when  r  is  greater  than  q,  and 
the  lower  sign  when  r  is  less  than  q. 
But  it  follows,  from  §  191,  that 

13 
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Ztt  27r 


in  which  the  upper  sign  corresponds  to  r,  greater  than  ^,  and  the 
lower  sign  to  r,  less  than  ^,  and  the  series  represented  by  the  fourth 
member  corresponds  to  the  former  of  these  two  cases,  while  the 
series  represented  by  the  last  member  corresponds  to  the  latter 
case. 

194.     If,  in  the  development  of  the  preceding  series, 

Q^  is  the  coeflBcient  of  -^,  and 


r" 


^,  is  that  of  ^; 


the  series  become 


The  values  of  the  coeflBcient  in  these  series  are  determined  by 
the  equations 


2ff 
0 


V 

If  the  additional  notation  is  adopted,  corresponding  to  (897) 


00 


J3?=  [r],  +  2^«.(t"'[r]Wcos»»(i?  — 6,)), 


1 

the  values  of  the  coefficients  become 


00 


Qn  =  M»  H-(»+i)  +  2:s:„((-  l)-  [q]^ [r-]%+,,cosm{&^ -  6,)), 


00 


C:  =  W,  [(>]-(»+i,  4-  2 ^„((-  !)•" [r]lr' [.Ql%+iCoam{6^  -  6^)) . 
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Hence,  by  (96i8)  and  (93i8), 


Q,=  ^.=  [r],M,+2^.(^^"-^]f^f+'">  [r]lr'  ML""  coswa  (d^  -  ^,)) 
195.     The  equation  (458)  gives  for  the  value  of  the  potential, 

Hence,  by  the  notation 
the  potential  becomes 

0       '  0 

With  the  notation  of  (5828_27)  and  (97io)  these  values  become 
da  =  Q^dipdQ  =  ()^mi(ppd(ppd6pdQy 


^^~JjpQ'''~J'fpJopJp 


kQ^sm^p 


The  first  form  of  i2  in  {^%)  is  to  be  used  for  all  values  of  9 
less  than  r,  and  the  second  form  for  all  values  of  q  greater  than  r. 

If,  then,  k  is  supposed  to  vanish  for  all  points  of  space  in  which 
there  is  no  attracting  mass,  the  limits  of  integration  for  the  value  of 
U^  must  include  all  the  attracting  mass  for  which  q  is  less  than  r, 
while  those  for  Z7^  must  include  all  the  attracting  mass  for  which  q 
is  greater  than  r. 
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196.  By  substituting  in  (9921-28)  the  values  of  Q^  given  in 
(992)  the  resulting  values  of  U^  and  U^  have  the  same  form  with 
Q^  so  far  as  the  elements  of  the  direction  of  r  are  involved ;  so  that 
the  value  of  the  term  of  U^  which  depends  upon  the  angle  m6^  has 
the  form 

[r][r'  (ilJr'cosmfl^  4"  -B^r'sinwfl^), 

in  which  A!^^  and  £!^^  are  independent  of  the  form  of  the  body, 
and  the  number  of  such  constants  included  in  the  most  general 
value  of  ZT;,  is  2»  -f- 1. 

197.  It  is  expedient  to  introduce,  at  this  point  of  the  discus- 
sion, some  important  properties  of  Legendre's  functions.  The 
following  theorem,  given  by  Poisson,  is  of  especial  use  in  facilitating 
their  investigation. 

If  Np  denotes  am/  function  of  the  elements  of  direction  of  q,  and  ify 
after  the  performance  of  the  integration  expressed  in  the  second  member  of 
the  following  equation^  9  is  made  equal  to  r,  tohich  condition  is  intended  to  be 
denoted  by  the  subsequent  parenthesis^  the  second  member  will  be  reduced  to 
the  first  member y  that  is^ 


'=hf;'''9^i^^r2, 


0 


To  demonstrate  this  theorem,  it  is  to  be  observed  that  all  the 
elements  of  the  integral  vanish,  except  those  for  which 

/=o, 

that  is,  for  which 

If,  then, 

71  denotes  the  angle  which  the  plane  of  r^  makes  with  any 
assumed  fixed  plane  passing  through  r. 
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the  integral  becomes,  by  (OTie), 


47r  SjT     IT 


0  ^  0    '0 

27r     fl- 


0       0 

198.    The  equation  (97i6)  gives,  by  means  of  the  first  form  of 
(98„), 

r'  -  9^  =  -P  +  r/2?,/=  -P  ()  +  r2?,i) 

=/»i((2»  +  l)<2«;£-,), 

which  substituted  in  (IOO20)  reduces  it  to 


by  adopting  the  notation 

47r 


^!-'  =  '-^/,(«-^')' 


in  which  it  must  be  observed  that  when  n  is  zero  it  must  be 
retained  in  the  written  expression  to  avoid  confusion.  It  may  also 
be  remarked  that,  from  the  comparison  of  the  forms  of  (99i2)  and 
(lOla),  the  most  general  form  of  N}^'^  is  the  same  with  that  given  in  §  196 

199.    If  the  given  function  is  such  that,  for  every  value  of  n' 
different  from  n 
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the  equations  (IOI17.21)  give 

Nr = m'\ 

0  ^ 

47r 

0  ^ 

The  theorems  expressed  in  the  last  two  equations  are  of  fundamental 
importance,  and  were  given  hy  Laplace. 

200.  The  theorem  (IO27),  not  being  limited  to  any  special 
direction  of  r  is  true  for  all  directions ;  and,  therefore,  the  most 
general  form  may  be  substituted  for  Q^  which  can  be  obtained  by 
combining  all  its  special  values  in  any  linear  function.  Any  such 
general  form  would  be  the  same  with  that  of  NY^,  and  if  it  is 
denoted  for  distinction  by  M^^y  the  theorem  (IO27)  assumes  the  more 
general  form  given  ly  Laplace, 

47r 


J  {Mjr'W}r^)  =  o. 


201.     In  considering  the  attraction  of  a  spheroid  upon  an  external 
point,  which  is  so  remote  that  r  is  greater  than  any  value  of  q  let 

u  be  the  value  of  q  for  the  surface  of  the  spheroid,  and 


0  t/P 


the  function  which  is  denoted  by  the  second  member  of  this  equa- 
tion being  developed  in  the  form  of  a  series  of  terms  of  Legendre's 
functions,  by  means  of  (lOla).     The  equation  (992i)  becomes,  by 
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means  of  (102g), 


and  the  potential  is 


*         2  n  +  1 


^^  —  ^^  (r2n-4-nr-+^^^V* 


0  ^  \(2n+l)r- 

202.  If  the  point  is  so  remote  that  the  squares  of  the  linear 
dimensions  of  the  body  may  be  neglected  in  comparison  with  the 
square  of  the  distance  of  the  attracted  point,  it  has  been  shown  in 
§  128  that  the  attraction  is  the  same  as  if  the  body  were  condensed 
upon  its  centre  of  gravity.  In  this  case,  therefore,  if  the  origin  is 
assumed  to  be  the  centre  of  gravity,  the  potential  becomes,  as  in 

(56.), 

In  all  cases,  then,  in  which  the  origin  is  the  centre  of  gravity,  this  equor 
tion  gives  for  an  external  point  which  is  so  remote  that  r  is  greater  than  (), 

Uo  =  m, 

203.  A  homogeneous  ellipsoid  can  always  be  founds  of  which  the 
potential^  for  any  external  poini^  developed  in  the  form  (1032o)j  will  he  idenr 
Heal  with  this  expression  in  its  two  first  terms.  To  demonstrate  this 
proposition,  and  develop  the  mode  of  investigating  the  ellipsoid  in  a 
given  case,  it  may  be  observed  that,  if  the  centre  of  the  ellipsoid 
coincides  with  the  centre  of  gravity  of  the  given  spheroid,  and  if 
the  mass  of  the  ellipsoid  is  the  same  with  that  of  the  spheroid,  the 
potential  of  the  ellipsoid,  for  an  external  point,  has  the  form  (1032o) 
with  the  same  first  term.  The  difficulty  of  the  demonstration  and 
investigation  is  thus  reduced  to  the  consideration  of  the  second 
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term.     The  general  form  of  this  term  is,  by  (994)  and  (lOOe), 

^JJ  =  A{cos^(pr  —  i)  +  sin  9,  cos  9,  (J?  cos  ^,  +  ^sin^,) 

+  sin2y,(67cos2^,+  (r&m26,) 

=  —  ^^  +  ^cos^^  +  <^(cos^^  —  ^^^^y) 

-}-  J?COS^COS^  -|-  ^COS^COSy  -}-  2  (/cOS^jCOSy 

=  -2:,  (  67,  (cos^^  —  i)  +  J?xCOSy  cos^) ; 

in  which  last  form  the  arbitrary  constants  C^y  (7y,  C^,  B^^  Byy  and 
B^  are  introduced,  for  the  sake  of  symmetry,  and  in  which  the  six 
constants  are  only  equal  to  five,  by  reason  of  the  equation 

-SajCOS^ar^^  1- 

In  the  especial  case  of  Q^,  these  constants  become,  for  the  axis 
of  ;r, 

jB^=  ScoSyCOs^, 
C::=8cos»^; 

and  similarly  for  the  axes  of  y  and  z. 

The  equation  (76e)  of  the  homogeneous  ellipsoid,  of  which  the 
axes  are  the  given  rectangular  axes,  gives,  for  the  surface  of  this 
ellipsoid, 

If,  therefore,  K  is  the  density  of  the  ellipsoid,  the  equation 
( 10227)  becomes,  in  this  case. 


—  105 
and  hence^  by  (1082), 

in 


To  obtain  the  value  of  t^  it  must  be  observed  that,  by  (104i7), 

47r 


J^K^.)  =  0, 


because,  from  the  symmetrical  form  of  the  ellipsoid,  the  value  of  u 
is  not  altered  by  changing  either  of  the  angles  upon  which  it 
depends  into  its  supplement,  while  the  sign  of  B^^  is  reversed. 

The  remaining  terms  of  the  integral  contained  in  (1062)  have 
the  form 

4  TT  Iff  4  ff 

J  (u«C:)  =  f  J   (w«  cos^  P)  =  -ij  {u'co^^tfp). 

0  ^  0  ^  0   ** 

But,  by  the  equations 

cos  ^  =  sin  y^  cos  ^^ , 
cos^  =  sin9^sin^^, 

if 

( 10435)  becomes 

1  cos '(jTp    I    sin^gppcos^^p    ,   ,sin'<)r'p8in^^p 

^^~     A\    "I  Ai  I  A\ 

by  putting 

14 
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V  —  1.  —  1. 

The  integral  (lOSig)  is,  therefore, 

'  TT  2  TT  TT 


f/^(«'cos>r>)  =  f/^p  J    (""cos'ypsinyp) 


0  0 

Sir        IT 


g  /*      r      COS* q pern  qp 

~~  V  tfp  J  ()P„  (o  +  6cos',)rp)«  • 


But 

J*       COS  ^  qpp  sin  (]pp      — cos'qrp 
q>p  (a-f  6coa^<^p)^        3a(a-f  ^cos-^g^)^ ' 

r       cos^qrpsinqrp      2  2Jl 

0     ' 

r  i_r  J_=r  \ 

JOpO       J2ep2a      Jie^a'  +  h'oMiep 

^(a'«— y*)  V(«'^  — *'0 


These  values,  with  that  of  the  mass  of  the  ellipsoid,  reduce 
(lOGg)  and  (lOSj)  to 


4ir 

I J  {u'cos^(pp)  =  2nA,A,Al, 


b 


U^^\nKA,A,A,2,  (^'cos^^-i^^) 
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=  ^m2:,(Alcos^l  —  iAi). 


If  the  axes  of  the  ellipsoid  are  not  those  oixyy^z,  but  oix  ^y  ^z^ 
this  expression,  by  means  of  the  equation, 

COS^/  =  COS  ^  COS  ^^  -|-  cos  COS  ^^  -f-  COS  ^  COS  ^, 

becomes 

tTa  =  ^%m-5:^[(7;'(cos2^  —  j)  +  ^'cosJJcos^J; 

in  which 

c::'=:s^(^i^os^^), 

^;'  =  2-2'^(il^cos^cos^). 
This  value  becomes  identical,  therefore,  with  that  of  (1048),  if 

rffr 2^  n 

204.  If  the  potential  and  its  component  functions  for  the 
ellipsoid  are  denoted  by  the  letter  e  written  beneath  them,  the 
potential  of  the  spheroid  for  an  external  pointy  for  which  r  is  greater  than  ^>, 
becomes 


00 


i2  =  i2  +  ^„  [( Z7.  -  tr„)r-'-+^'] . 

e  8  e 

205.  A  transformation  of  coordinates,  which  is  the  reverse  of 
that  by  which  the  equations  (lOTn)  were  obtained  from  the  reference 
of  the  ellipsoid  to  the  axes  of  the  spheroid,  would  bring  the  equa- 
tion (104i9)  to  the  form  (lOTie).  Ffom  the  forms  of  the  expression  it 
is  obvious  that  this  transformation  is  identical  with  that  by  which 
the  general  equation  of  the  second  degree  in  space  is  referred  to  the 
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axes  of  the  surface.  Hence,  if  8^,  S^y  and  S^f,  are  the  three  roots  of 
the  equation 

{cr:-S){cr;-S)(cr-S)-{-2B':B';B':-:s,iK^{cr:-S)-\  =  o, 

they  are  the  squares  of  the  semiaxes  of  the  ellipsoid.  But  it  must 
be  observed  that  the  mass  of  the  ellipsoid,  being  the  same  with  that 
of  the  spheroid,  gives  the  equation 

^xf  Sy,  S^  =  [j^f  . 

The  condition  (104i4),  however,  shows  that  the  values  of  C^,  Cy, 
and  C^,  in  (1048),  may  be  increased  or  decreased  by  the  same  quan- 
tity, without  changing  the  value  of  (1048).  The  values  of  C^',  Cy', 
and  C^^  may,  in  like  manner,  be  increased  or  decreased  by  the  same 
quantity,  which  change  will  produce  the  opposite  effect  upon  the 
roots  of  (lOSa),  until,  at  length,  they  may  satisfy  the  equation  (IO89). 
This  common  increase  or  decrease  of  all  the  roots  of  (1 083)  corre- 
sponds to  the  performance  of  the  same  operation  upon  the  squares  of 
the  semiaxes  of  the  ellipsoid,  that  is,  to  a  change  of  the  ellipsoid, 
given  by  (1083)  into  another  ellipsoid,  which  has  the  same  foci  and 
the  required  mass.  The  change  of  mass  is,  however,  more  simply 
accomplished  by  an  increase  or  decrease  of  the  density  of  the  ellip- 
soid ;  and,  in  this  view  of  the  case,  it  is  requisite  that  the  value  of 
the  density  be  determined  by  equation  (IO89). 

206.  If  the  point  is  without  the  spheroid,  but  near  its  surface, 
it  Ls  generally  necessary  to  combine  the  forms  of  the  potential  given 
in  (99ie).     Thus,  with  the  notation 

/   =  the  integral  for  all  directions  of  u  greater  than  r, 
/    =  the  integral  for  all  directions  of  u  less  than  r. 
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whence 

47r 


the  value  of  the  potential  may  be  expressed  in  the  form 
in  which 


J}b  Jp  Q 


But  it  may  be  observed  that,  by  (1092), 

4?r       «  «  r 


'^•=(XX-XX+X7>*«-^-"*) 


0^0 
Air     •» 


0    '   0 

whence,  by  putting 


(IJ-fJM<-'''^- 


•       r  r 


and  using  U^  in  the  signification  of  (99i2),  the  potential  assumes  the 
form 


Si=2.{^-f(r^<i.)). 


207.    A  similar  investigation  may  be  extended  to  the  ellipsoid 
of  §  204,  and  if 

S2'  is  the  value  of /2  of  (IOTm) 
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the  value  of  the  potential  for  a  point  which  is  near  the  surface  of  the  spheroid 
may  assume  the  form 


n  —  a' 


0      «/  Y>  e 


208.  J^  the  farm  of  the  spheroid  diners  but  little  from  an  ellipsoid 
tvhich  has  the  same  foci  with  the  preceding  elHpsoidy  and  if  it  has  a  constant 
density  for  all  that  portion  for  which  if  is  greater  than  r,  a  combination  of 
two  homogeneous  ellipsoids  mag  be  substituted  for  the  single  ellipsoid^  both  of 
which  Ivave  the  same  foci^  while  one  coincides  very  nearly  toith  the  spheroid  in 
form  and  density  throughout  the  portion  exterior  to  r  ;  and  the  other j  being 
much  smaller  J  has  the  requisite  positive  or  negative  density  to  give  the  alge- 
braic sum  of  the  masses  of  the  two  ellipsoids  equal  to  that  of  the  spheroid. 
The  combination  of  the  two  ellipsoids  upon  any  external  point  is 
the  same  with  that  of  the  single  ellipsoid,  and  the  larger  of  the  two 
may  be  substituted  for  it  in  the  values  of  Kin  (llOa). 

If,  in  determining  the  values  of  V  for  the  spheroid  or  the  ellip- 
soid from  ( 10922),  u  is  supposed,  for  every  direction  in  which  the  solid 
is  contained  within  the  sphere,  of  which  radius  is  r,  not  to  refer  to 
the  surface  of  the  solid,  but  to  coincide  with  r,  the  value  of  V  van- 
ishes for  any  such  direction,  and  it  becomes  a  continuous  function, 
of  which  the  derivatives  are  discontinuous.  The  equation  (IOI22)  is 
applicable  to  such  a  function,  for  the  argument  by  which  it  was 
established  was  independent  of  this  condition.  With  this  modifica- 
tion, therefore,  the  accent  may  be  omitted  in  the  integral  sign  of 
( 10927)  or  (llOs),  and  the  limits  of  integration  extended  to  every 
possible  direction,  and  the  result  may  be  simplified  by  means  of 
(IOI22). 

In  the  present  case,  in  which  k  is  constant,  equation  (IO922) 
becomes 

yr    _       h     /M»+«  — r»  +  %    , ^r    r*  2I 


Ill 


whence 


If;  then,  it  is  assumed  that 


z'  =w  —  r 


the  binomial  theorem  gives 


and  if  w  is  changed  into  —  (n  -f- 1) 


These  values,  substituted  in  (Ilia),  give 

This  value  may  be  substituted  in  (llOs),  and  the  result  reduced 

by  means  of  (IOI22). 

209.  If  the  spheroid  is  mt  very  different  from  a  sphere^  and  if  the 
difference  in  form  between  it  and  the  larger  of  the  two  combined  ellipsoids  is 
so  small  thaty  in  consideration  of  the  large  divisors^  the  terms  of  (III20)  w«y 
be  negkdedy  in  which  m  is  greater  than  3,  (lllao)  is  reduced  to 

Fp^  — rp„  =  (2n+l)Tr„ 

e 

if 
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and,  by  (llOa,), 

But  the  value  of  the  potential,  derived  from  (llOs),  becomes  in 
this  case  by  (lllag)  and  (IOI22), 


0 

00 


=  n'  —  A7i2,  TFW  =  i2'  —  Wr 

0 

so  that,  in  this  case,  the  form  (lOTa*)  ^  appUcahle  to  every  external  point. 
This  conclusion,  and  the  mode  of  investigation,  includes  Poisson's 
analysis  of  the  spheroid,  which  differs  but  little  from  a  sphere  by 
which  it  was  suggested. 

210.     The  formula  (lOTai)  gives,  for  the  attraction  in  the  direc- 
tion of  the  radius  vector,  the  expression 


00 


Ai2=A^2  +  ^,[(«  +  i)(^.  — rr.)r-'-+»>]. 


0 


Hence,  the  equation  is  obtained 


Ai2  +  l:i2  =  Ai2  +  I:^  +  ^.l,[(2«  +  l)(r.-t^,)r-<-+^)], 


8  « 


which,  by  (1082),  is  reduced  to 

D,il  +  ^i2  =  D,£i  +  yi  +  27il»  [(^t:^  -  J?[:')r-<-+'')] ; 
or 


00 


A  {}jr{n  —  i2)]  =  2  7t  v^r-T.  [(i?!:'  —  i?J:')r- <»+*>] . 


8  e 


211.     If  the  spheroid  is  homogeneous^  having  the  same  density 
with  the  ellipsoid,  the  equation  (1048i)  gives 
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By  assuming,  then,  the  values 

'  e  e 

£2' =  £2  —  12; 

the  equation  (11228)  becomes 

212.  J^  the  attracted  point  is  upon  the  surface  of  the  spheroid^  the 
preceding  equation  becomes,  if  S2q  is  the  potential  at  the  surface  of 
the  spheroid, 

D,S2',  +  li2i  =  —  27t  iTrl.  F]."'. 

213.  Jf  the  spheroid  differs  so  little  from  the  ellipsoid  that  the  square 
of  the  distance  between  the  surfaces  of  these  two  solids  may  he  neglected^  the 
notation 

y  =  z  —  z, 

gives 

214.  If,  moreover,  the  ellipsoid  differs  so  little  from  a  concentric 
sphere,  that  the  product  of  the  difference  between  the  radius  vector 
of  the  ellipsoid  and  the  radius  of  sphere,  multiplied  by  the  distance 
between  the  surfaces  of  the  ellipsoid  and  the  spheroid,  may  be  neg- 
lected, the  preceding  equation  is  reduced  to 

15 
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and  (llSi;)  becomes 


In  this  last  form,  the  sum  of  the  terms  in  the  second  member  is 
extended  to  include  the  whole  series,  because  the  first  terms  which 
vanish  in  the  exact  formula,  may  become  sensible  in  the  approxi- 
mate form.     But, 

0 

and,  therefore,  if  ^  is  the  radius  of  the  sphere, 

215.    If,  again, 

S2q  =  the  potential  of  the  ellipsoid  at  its  surface, 

e 

£2q  =  the  potential  of  the  ellipsoid  at  the  surface  of  the 

e 

spheroid, 
Q" /2' X2  • 

*i«5Q   '^'^0 i^^O  , 

e  «  e 

the  general  equations 


00 


give 


i2  =  47r-S,((2w+l)-^i?I;V-^"+^>), 

e  0  « 

Since  the  second  members  of  these  equations  are  multiplied  by 
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y„  the  values  of  the  other  factors  may  be  reduced  to  those  which 
belong  to  the  sphere.  Hence,  R^  becomes  a  constant  quantity, 
and,  therefore, 

i?i:i  =  0, 

for  all  values  of  n  except  zero,  in  which  case, 

R^  =  ^R»  =  iffoi  J 

and  the  above  values  become 

e 

which  give 

DrSr^-\-^Sl'o'^27iKRffr.  ' 

The  sum  of  this  equation  and  (114i2)  is,  by  (llSg)  and  (1142o), 


Ai2o  +  ^i2o  =  2?,i2o  +  2-^i2o. 


216.    If  the  elKpsoidis  itself  the  sphere,  the  equation  (583)  gives 

£2^=zinKR^ 

e 


^''?o  +  ^-7o  =  — t^JTi?; 


which,  substituted  in  (llSn),  gives 

This  is  the  equation  given  by  Laplace  for  a  spheroid  which 
differs  but  little  from  a  sphere,  and  is  the  fundamental  theorem  of 
his  investigations  upon  this  subject 
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217.  If  the  attracted  point  is  mthin  the  spheroid^  and  at  such  a  dis- 
tance from  the  surface  that  r  is  less  than  tlie  value  of  «,  the  formula  for 
the  potential  is,  by  §  195. 


i2  =  f.(;:ST+tCr-), 


in  which 


47r      r 


^■=XX  <*«•''■">' 


0     '0 

An    « 


0   ^  r 

It  may  also  be  shown  by  the  method  of  §§  208-209,  that  tftis 
same  formula  is  applicablcy  if  the  point  is  quite  'near  the  surface^  and  if  the 
spheroid  differs  so  little  from  a  sphere  that  the  square  of  the  difference  may 
he  neglected. 

218.  The  important  discussions  in  regard  to  the  convergency 
of  the  series,  derived  from  Legendre's  functions,  are  deferred,  on 
account  of  their  great  length,  to  the  volumes  which  will  be  devoted 
to  the  application  of  the  Analytic  Mechanics. 


IV. 

ELASTICITY. 

219.  The  laws  by  which  the  elementary  forces  oi  cohesion  and 
affinity  vary  with  the  mutual  distance  and  direction  of  the  particles 
and  atoms  are  undetermined ;  and,  therefore,  the  delicate  inquiries 
involved  in  the  constitution  and  crystallization  of  bodies  are  not  yet 
subject  to  the  control  of  geometry.  But  it  is  sufl&ciently  apparent 
that  these  forces  are  insensible  at  sensible  distances^  and  that  there  are 
peculiar  laws  of  mechanical  action  corresponding  to  the  three  states 
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of  ffosseSy  UquidSy  and  solids.  The  peculiarity  of  these  states  consists, 
principally,  in  the  facility  with  which  the  particles  can  be  moved 
relatively  to  each  other,  and  in  the  phenomena  which  arise  from 
such  motion,  but  especially  in  those  of  the  disruption  of  solid  bodies. 
As  long,  however,  as  the  relative  positions  of  the  particles  are  so 
little  disturbed  that  they  return  to  their  initial  state  when  the  dis- 
turbing cause  is  removed,  the  precise  law  of  molecular  action  is  not 
required  for  the  investigation  of  the  small  changes  which  the  consti- 
tution of  the  body  undergoes,  and  which  are  treated  as  phenomena 
of  elasticity. 

220.     To  analyze  the  changes  of  form  of  a  system  of  material 
points  which  constitute  a  body,  let 

u  be  the  distance  by  which  a  point,  of  which  the  coordinates 
are  a:,  y,  and  ar,  is  moved  from  its  initial  position, 

J  the  increment  of  a  function  for  another  point  of  the  body 
which  is  near  the  former  point, 

p  the  distance  of  the  second  point  from  the  former  point ; 

the  notation  of  (42i2)  gives 

p^  =  Jx=pcos^y 

^Px  =PxDxUx  -\-pyDyU^  -\-p^D^u^. 

Hence,  if 

p'=p-\-//p, 


Ap 


e  —  — , 


€  is  the  linear  expansion  of  the  body  in  the  direction  of  p  ;  and 
its  value  is  given  by  the  equation 


(i+.).=0=x.(f) 
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^y  theriy  the  reciprocal  ofl-^-tia  laid  off  from  the  origin  upon  a  Kne 
dratvn  parallel  to  py  its  extremity  tviU  be  upon  the  clUpsoidy  of  which  the 
equation  is 

221.  The  expansions  or  contractions  which  correspond  to  the 
axes  of  this  ellipsoid  may  be  called  the  principal  expansions  and  con- 
tractions^  and  one  of  these  is  a  maximumy  another  is  a  mmmuniy  and 
the  third  is  a  maximum  in  some  directions  and  a  minimum  in  others. 

If  the  ellipsoid  is  referred  to  its  axes^  the  expression  for  the 
expansion  is,  if  c^^,  Cy,  and  e^  are  the  values  of  c  for  the  axes, 

80  that  for  these  directions  the  values  of  «,,  n,,  u^,  are  such  that 
(1  +  D.uJ)D^u,  +  i?.tt,(l  +  i?,«,)  +  D,u,D,u,  =  0. 

(1  +  «,)«  =  (1 + D^u^y  +  (D,u,y  +  {D^u^y. 

222.  The  notation 


/ 


P 


gives 

cosy  =  -SrJ  cos^cos^  ) ; 

sin^y  =  1  —  cos^9 


=2,'>'^.^p 


cos'^^.^S'^cos''^  —  [^,(cos^cos^)J 


■V  /     p     p'  p     p'Y 

=  ^x(coSyCos^  — COS ^  cos  y  I  ; 
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(l-|-€)^sin^9  =  -a-2rjgH?'coSyCOs^  — ycos^coSy  ) 


=t^^-(p-^^^^ — Pv^^^iy 


=  -2,[-2:,(cos^2?j(w,cosJ  — Wycos^)]  , 

in  which  the  derivatives  are  only  applicable  to  u^,  Uy^  and  u^. 
Hence,  if  the  reciprocal  of  the  square  root  of  {1 -\- 1)  mitp  is  laid  off  from 
the  oriffiny  upon  a  line  dratm  parallel  to  p,  its  extremity  is  upon  the  surface 
of  the  fourth  degree ^  of  which  the  equation  is 

1  =  -5:,[-5:,(xA)(y««  —  zwy)]^ 

223.  When  the  axes  are  those  of  the  ellipsoid  of  §  221,  and 
the  disturbance  is  such  that  for  each  axis  the  equations  (II819)  and 
(II829)  become 

(l-j-c)^sin^y  =  -2*,  I  cos^  cos^  {Dz'^z  —  -^y^y)  I 

=,  -2*^ [cos^ cos ^ (e,  —  €y) J  . 

224.  To  determine  the  rotative  effects  of  the  disturbance 
about  the  axes,  let 

and 

(Pg  =  the  projection  of  the  angle  9  upon  a  plane  perpendicular 

to  the  direction  of  j'. 
Hence 

9x  =  Wx  —  W'y 
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,  />,  COS? 

^  *        Pj,       cos  J 


X  /  \^„\  P± i>^^,COS;  +  i)yM,C08;  +  (1  +  Am«)  cos? 

^an  Vy^  -T  rxj  —  jt,;  ~"  D^u,co8i  +  (1  +  i)^u^)cosJ  +  Aw^cosf  * 

225.  If  the  axis  of  x  is  perpendicular  to  p,  the  equations  are 

y  —  2  Jr       « 

tanfo)    I   ^\  — A^.  +  a  +  At^.)tantft 

226.  If  the  axes  and  conditions  are  those  of  §  223,  the  equa- 
tion (1203)  becomes 

tan  (9,  + 1//,)  =  \\^lll  tany,. 

227.  The  whole  expansion  or  contraction  of  the  body  at  any 
time,  is  derived  from  the  consideration  that,  by  the  definition  of  c  in 
§  220,  any  very  minute  portion  of  the  body  which  is  originally  a 
sphere,  becomes,  in  the  disturbed  state,  an  ellipsoid  similar  to  that 
of  §221.    If,  then, 

6  =  the  expansion  of  the  body  ; 

the  sphere  of  which  the  radius  is  e,  becomes  an  ellipsoid,  of  which 

the  axes  are  e(l -j-c^),  i(l -f- «y)?  ^(1  H~^«)?  ^^^9  therefore,  its  vol- 
ume becomes 

|7t»»(l  +  ^)  =  |;i,3(l +  .,)(! +e,)(l+e,), 
and 

l  +  d  =  (l  +  e.)(l  +  e,)(l  +  e,). 

228.  When  the  disturbance  is  so  small  that  the  squares  of  the 
expansions  may  be  neglected,  which  is  the  ordinary  case  of  elas- 
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ticity,  the  equation  (119e)  becomes 

^  =  ^x  [cos^^Z?^!/^  +  cos^cos^(Z?yt/,  +  Awy)] 
=  -2'^(cos^Z?,)-2:,(cos^w,). 

229.  ^y  then,  the  reciprocal  of  the  square  root  of  the  linear  expamion 
in  am/  direction  is  laid  off  from  the  origin  upon  that  direction^  as  the  radius 
vector  of  a  surface,  the  resulting  surface  is  a  surface  of  the  second  degree,  of 
wldch  the  equation  is 

or  l=:S',(xA):S',(xw,). 

230.  If  the  axes  are  those  of  the  principal  expansions  and 
contractions,  the  formula  for  expansion  becomes 

£  =  -5:,(cos2^«J; 

and  the  equations  of  §  221  become 

D^Uy  -f-  DyU^  =  0, 

^^  =  D^u^. 

231.  If  the  principal  expansions  and  contractions  are  all  of 
the  same  name,  that  is,  if  all  are  expansions,  or  if  all  are  contrac- 
tions, the  surface  of  §  229  is  an  ellipsoid.  But,  in  other  cases,  in 
which  neither  of  the  principal  expansions  is  zero,  the  surface  is  the 
combination  of  two  hyperboloids,  of  which  one  is  one-parted,  and 
the  other  is  bi-parted.  Both  these  hyperboloids  have  the  same 
axes  and  the  same  asymptotic  conical  surface ;  and  the  asymptotic 
conical  surface,  corresponding  to  the  directions,  in  which  there  is 
neither  expansion  nor  contraction,  divides  the  directions  in  which 
the  solid  is  expanded  from  those  in  which  it  is  contracted. 

16 
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If  one  of  the  principal  expansions  is  zero,  the  surface  is  reduced 
to  a  cylinder ;  and  if  .two  of  the  principal  expansions  are  zero,  the 
surface  is  reduced  to  two  parallel  planes. 

232.  In  the  present  case,  the  formula  of  §  227,  for  the  expan- 
sion of  the  solid,  is  reduced  to 

233.  The  formula  (I2O9)  for  the  rotation  about  the  axis  of  z 
becomes, 

tan  (9,  + 1/0  =  ten  1//  +  -^ 

=  (1  -|- Aw,  —  i?yWy)tani//  —  i?,t/y tan^i//  -\-  D^u^y 
9'x=KA«^*— AtO+KAWx+AWy)cos2y+-|(Aw*— A«y)sin2i/; 
=  77^  +  T^cos2(i/;  —  rj^)  ; 

in  which 

r^cos27;^  =  1  {D^u,  -\-  D^Uy) , 

234.  The  maximum  rotation  about  x  corresponds,  then,  to 

and  is  y^,  =  11^  -\-  x^ ; 

and  the  minimum  rotation  corresponds  to 

i//  =  ij,  +  7r, 
is 

9x  =  ^x  — ^x; 

and  11^  is  the  mean  rotation.     When  the  maximum  and  minimum 
rotations  have  opposite  signs,  there  are  two  intermediate  rotations 
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which  vanish,  corresponding  to 


cos2(y— ij,)=— ^= 


X 

X 


235.  There  are  similar  formulaB  for  rotations  above  the  axes 
of  y  and  sfy  and  the  combinations  of  the  mean  rotations  give  a  great- 
est mean  rotation,  represented  by 

the  direction  of  which  is  determined  by  the  equations  represented 
by 

n     J7, 

236.  If  the  axes  are  those  of  §  230,  the  equations  of  §  233 
become 

9x  =  ^x  +  -2-  (Aw,  —  i?y  t/y)sin2i//. 

237.  When  the  disturbance  is  such  that,  for  each  of  the  prin- 
cipal axes,  there  is  the  equation 

the  equations  of  the  preceding  section  become 

J7,  =  77=0, 

9x  =  M  A  Wx  —  A  Wy)  sin  2 1/; ; 

so  that,  in  this  case,  there  is  compression  vnthovi  any  mean  rotaiion. 

238.  When  the  disturbance  is  such  that  for  each  of  the  princi- 
pal axes 


—  124  — 
the  equations  for  compression  and  rotation  becomes 

so  that,  in  this  case,  there  is  rotaiimi  tmthout  compression. 

All  the  preceding  investigations  upon  the  internal  changes  pro- 
duced by  the  disturbance  of  the  form  of  a  body  are  taken  from 
Cauchy. 

239.  The  elastic  force  which  is  developed  by  any  small  dis- 
turbance of  the  internal  condition  of  a  body  is  proportional  to  the 
amount  of  disturbance,  and  has,  therefore,  the  same  general  form 
with  that  of  the  disturbance  itself  But  the  special  discussion  of  the 
relative  values  of  the  coefficients  involves  the  consideration  of  the 
laws  of  equilibrium,  and  must  be  reserved  to  a  subsequent  chapter. 


V. 

MODIFYING    FORCES. 

240.  Among  the  forces  of  nature,  those  which  produce  the 
equations  of  condition  deserve  peculiar  consideration.  Being 
merely  conditional,  they  do  not  augment  or  decrease  the  power 
of  a  system,  but  merely  modify  its  direction  and  distribution.  They 
may,  therefore,  be  called  modifying  fences  ;  and  may  be  divided  into 
two  classes  of  stationary  and  moving. 

241.  Stationary  modifying  forces  are  perpendicular  to  fixed  sur- 
faces or  lines,  and  constitute  the  action  by  which  certain  material 
points  of  a  system  are  restrained  to  move  upon  those  surfaces  or 
lines.    A  force  of  this  nature,  being  perpendicular  to  the  motion  of 
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its  point   of  application,  does  not  increase   or  diminish  the   total 
power  of  the  system,  but  modifies  its  elements  of  direction. 
Thus  the  equation  of  condition, 

Z=Oy 

between  the  coordinates  of  a  point,  involves  the  idea  of  a  force, 
acting  in  the  direction  iV  of  a  normal  to  the  surface  represented  by 
this  equation.  When  it  is  combined  with  its  multiplier,  it  is  equiva- 
lent, by  (27i8),  (275),  and  (548i),  to  a  modifying  force,  of  which  the 
magnitude  is 

242.  This  force  may  be  decomposed  into  three  forces,  which 
are  parallel  to  three  rectangular  axes,  either  of  which  is  represented 
by 

while  the  point  of  application  moves  through  the  elementary  arc 
dsy  its  advance  in  the  direction  of  the  axis  of  2:  is 

rf^cosj. 

The  amount  of  power  added  to  the  system,  by  the  component 
force  in  the  direction  of  the  axis  of  Xy  is 

Xcls^{\ZlI^)  cos^cosi , 

and  there  is  a  consequent  increase  or  diminution  of  force  in  this 
direction.  But  the  mutual  perpendicularity  of  iVand  s  is  expressed 
by  the  equation 

JS'^(cosf  cosi)  =  0. 

The  whole  augmentation  of  power  arising  from  the  three  com- 
ponents is,  therefore. 
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which  agrees  with  the  fundamental  conception  of  a  stationary 
modifying  force,  and  illustrates  its  mode  of  action. 

243.  Moving  modifying  forces  are  perpendicular  to  moving  sur- 
faces, which  surfaces  are  themselves  portions  of  the  moving  system, 
and  the  points  of  application  are  restrained  to  move  upon  these 
surfaces.  In  this  case,  the  motion  of  each  point  of  application  may 
be  decomposed  into  two  parts,  of  which  one  part  is  perpendicular, 
and  the  other  is  parallel  to  the  moving  surfaces.  The  modifying 
force  has  the  same  relation  to  the  motion  which  is  perpendicular  to 
it,  which  has  been  already  discussed  in  reference  to  the  stationary 
surface  ;  put  by  its  relation  to  the  other  component  of  the  motion, 
it  commimicates  power  to  the  point  of  application,  or  the  reverse. 
But  the  power  which  is  thus  con^municated  to  the  point  is 
abstracted  from  the  surface,  and  through  it  from  the  other  por- 
tions of  the  system ;  and,  therefore,  the  whole  amount  of  power  of 
the  system  is  neither  increased  or  decreased.  Although  for  the  pur- 
poses of  theoretical  speculation,  it  is  convenient  to  regard  the  sur- 
face and  the  point  of  application  as  parts  of  one  system,  it  is  often 
the  case  in  the  useful  arts  that  this  transfer  of  power  is  of  the 
highest  practical  importance,  and  is  the  basis  of  the  theory  of  the 
turbine  wheel. 

In  a  rigid  system  of  bodies,  these  forces  constitute  the  bonds  of 
union. 


f 
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CHAPTER  VI. 

EQUILIBRIUM  OF  TRANSLATION. 

244.  The  conditions  to  wMch  any  combination  of  forces  must  be  sub- 
jectj  in  order  they  may  not  tend  to  produce  translation  in  the  system  of 
material  points  to  which  they  are  applied^  are  readily  investigated.  It 
follows  immediately  from  §§18  and  20,  and  with  the  notation  of 
those  sections,  that  the  algebraic  condition  that  the  system  has  no 
tendency  to  move  in  the  direction  of  jt?  is 

-T'lWZijPiCOS/nziO. 

But  each  term 

mi  Fi  cos^ , 

is  the  projection  of  the  force  m^Fi  upon  the  direction  of  p,  and, 
therefore,  if  the  algebraic  sum  of  the  projections  of  aU  the  forces  upon  any 
direction  vanishes,  there  is  no  tendency  to  translation  in  that  direction. 

245.  It  also  follows  from  the  combination  of  translations, 
given  in  §  23,  that  if  there  is  no  tendency  to  translation  in  tivo  different 
directions,  wluch  are  not  parallel,  there  is  no  tendency  to  translation  in  the 
plane  of  these  two  directions ;  and  if  there  is  no  tendency  to  translation  in 
three  directions,  which  are  not  in  the  same  place,  there  is  no  tendency  to 
translation  in  any  direction. 

By  means  of  rectangular  axes  the  algebraic  conditions,  which 
are  necessary  and  sufficient  to  produce  equilibrium  in  respect  to 
translation,  are  combined  in  the  formula 

-5:,[^;(mi^icos;)]2  =  o. 

This  formula  is  independent  of  the  situation  of  the  points  of  the 
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system,  except  so  far  as  the  elements  of  position  are  implicitly  con- 
tained in  the  expressions  of  the  forces  and  their  directions;  it  would 
remain  unchanged,  therefore,  if  all  the  points  were  condensed  into 
one,  without  any  variation  of  the  magnitude  and  direction  of  the 
forces.  The  conditions  of  equilihrium  are,  tlien,  the  same  as  if  all 
the  forces  were  applied  at  a  single  point. 

246.  If  one  of  the  points  uf  the  i^ystem  were  subject  to  the 
condition  of  being  confined  to  a  lixed  surface  or  line,  the  conditions 
of  equilibrium  of  translation  would  simply  be  reduced  to  the  condi- 
tion that  the  resvliaid  of  all  the  other  forces  would  he  perpcjidwular  to  tlm 
surface  or  line,  and  the  modifying  force  hy  tvfiich  the  poiiU  was  restrained 
would  be  equal  and  oj^posUe  to  this  resultant. 

If  a  point  of  the  system  was  absolutely  fixed,  or  if  three  difier- 
ent  points  were  restx-ained  to  move  upon  three  fixed  surfaces,  there 
would,  in  general,  he  no  possibiliff/  of  tratislafioJt,  M  the  resultant  of  all  the 

forces  applied  to  the  system  iconld  be  equal  and  opposite  to  thai  of  the  modi- 

fying  forces  hy  which  thepoiiUs  were  confned. 

247.  The  theory  of  the  equiUbrium  of  a  point  is  wholly 
included  in  that  of  its  tranylation.  But  since  every  system  is  a 
mere  combination  of  points,  the  complete  theory  of  equilibrium  can 
easily  be  evolved  from  that  of  translation.  This  mode,  however,  of 
arriving  at  the  conditions  of  equilibrium  is  neither  luminous  nor 
instructive. 

248.  The  conditions  of  the  equilibrium  of  translation  of  a  sys- 
tem, which  is  free  from  the  action  of  all  stationary  modilying  forces, 
may  assume  the  form,  that  each  force  is  equal  and  opposite  to  tfie  rcsitU' 
ant  of  all  the  other  forces. 

If,  then,  there  are  only  two  forces,  they  must  be  equal  and  oppo- 
site ;  and  if  there  are  three  forces,  they  must  all  lie  in  the  same 
plane,  and  be  represented  by  the  sides  of  a  triangle  formed  by  three 
lines  which  have  the  same  directions  with  the  forces ;  so  that  each 


—  129  — 

force  must  be  proportional  to  the  sine  of  the  angle  included  between  the  other 
two  forces.  Whatever  are  the  forces,  if  we  were  to  start  from  a 
point,  and  proceed  in  the  direction  of  either  of  the  forces,  through  a 
distance  proportional  to  the  intensity  of  that  force,  and  proceed 
again,  in  the  same  way,  from  the  point  at  which  we  arrived  in  the 
direction  of  another  force ;  and  so  on,  proceeding  successively  from 
each  new  station  in  the  direction  of  the  next  force,  through  a 
distance  proportional  to  that  force,  the  course  would  finally  termi- 
nate at  the  original  point  of  its  commencement. 


CHAPTER  VII. 

EQUILIBRIUM  OF  ROTATION. 

249.  The  conditions  to  tvhich  a  system  of  forces  must  be  subject,  in 
order  that  it  may  not  tend  to  produce  rotation  about  a  point  or  an  axis,  are 
directly  deduced  from  §§  84  and  88,  and  are  simply,  that  the  resuUa^it 
moment  of  aU  the  forces,  tvith  reference  to  the  point  or  the  projection  of  this 
resultant  moment  upon  the  axis,  must  vanish. 

250.  When  there  is  an  equilibrium  of  rotation  about  a  point, 
the  resultant  of  the  forces  may  not  vanish,  in  which  case  there  is 
not  an  equilibrium  of  translation.  About  any  other  point,  there- 
fore, which  is  not  situated  in  the  line  drawn  parallel  to  the  resultant 
through  this  point,  there  is  not,  by  §  100,  an  equilibrium  of  rota- 
tion ;  although  there  is  an  equilibrium  of  rotation  about  every  point  of  that 
line.     In  order,  then,  that  there  may  be  an  equilibrium  of  rotation  about  aU 
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pmnU  of  tpace,  or  even  about  three  pmda  not  in  tie  gimu  ttraighi  Uae^  there 
must  he  an  eqvU^am  of  iranthlimi  as  ttvB  as  tf  rotation. 

201.  In  the  same  way,  it  appears,  that  if  there  i$  an  egaUihrium  of 
rotalion  ahtnd  jmruOel  azes  l^iug  ia  the  tame  pliiae,  there  m  on  egm&rittin 
of  tramlalion  in  (he  direction  perpaidienlar  to  the  jtlaae  ;  aad  if  there  is 
eqvilitnum  of  rotation  advui  jMiraUet  OJres  tehich  are  not  ia  the  same  plane, 
there  is  an  equUihrium  of  traiulatioa  in  every  direetitiH  except  that  ff  the 
parallel  axes. 

252.  If  there  is  a  fixed  point  in  a  system,  it  is  ueeessarff  taul 
sttjicieiit  for  ilw  eqt'iUbriimi  of  rotiilion  that  the  resitltwit  motneiit  for  this 
jxnnt  should  be  noHiing  ;  and,  iu  this  case,  the  resultant  montcnt  vanishes  for 
ceeri/  point  <f  tlie  straigJd  line  trhich  is  drawn  tftrouyh  Ihe  fixed  point  par- 
allel to  t/ie  resultant,  and  also  for  every  axis  Klueh  is  in  the  same  plane  m'th 
this  slraiffhf  line. 

253.  If  there  are  two  fixed  points  in  a  system,  it  is  necessary 
aud  sjijicient  for  the  cquUitritim  of  rotation  l/uU  l/ie  mmnait  of  tlw  forces 
s/iould  vanish  for  the  Une  wliich  Joins  the  Uro  points. 

254.  If  all  the  forces  are  parallel  and  equal,  there  is,  hy  §  09, 
combined  with  §  250,  a  line  parallel  to  the  common  direction  of  the 
forces  for  which  the  resultant  moment  vanishes.  If  the  common 
direction  of  the  forces  is  assumed  for  that  of  the  axis  of  z,  the 
moment  of  the  force  acting  upon  a  particle  dm,  with  reference  to  an 
axis  drawn  parallel  to  that  of^  at  the  distance  a,  from  the  plane  of 
yz,\s 

(x  —  a)Fdm, 

and  the  whole  moment  of  the  system  is 

Jjx-a)F=l'Jjx-a). 
The  condition  therefore  that  the  moment  vanishes  for  this  axis  ia 


/.(^-'''= 
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and  the  plane  which  is  thus  drawn  at  the  distance  a  from  the 
plane  of  yz,  includes,  by  §  127,  the  centre  of  gravity.  Hence, 
the  axisj  for  which  the  resultant  tjionient  of  the  parallel^  and  equal  forces 
acting  upon  a  system  vanishes^  passes  through  the  centre  of  gravity  ;  and  if 
the  system  has  an  equilibrium  of  rotation^  and  if  there  is  a  fixed  point  in  ity 
the  centre  of  gravity  must  he  in  tlie  straight  line  which  is  draim  through  ttie 
fixed  point  in  the  common  direction  of  the  forces  ;  or^  if  there  is  a  fixed  axis, 
the  centre  of  gravity  must  lie  in  the  plane  wMch  includes  this  axis  and  the 
direction  of  the  forces.  It  is  also  apparent  that,  if  the  centre  of  gravity  is 
advanced  beyond  the  fixed  point  or  axis  in  the  direction  of  the  forces,  the 
equilibrium  is  stable  ;  but  if  the  centre  of  gravity  is  not  so  far  advanced  as 
the  fixed  point  or  axis,  the  equilibrium  is  unstable. 

The  ordinary  case  of  gravitation  at  the  surface  of  the  earth,  in 
which  its  variation  in  intensity  and  deviation  irom  parallelism  is 
insensible  for  the  small  system  of  bodies  discussed  in  the  usual 
investigations  of  mechanics,  is  the  familiar  type  of  this  species  of 
force. 

255.  In  the  motions  of  translation  and  rotation  there  is  no 
motion  of  the  parts  of  the  system  among  themselves.  There  is  no 
change,  therefore,  in  the  mutual  distance  of  the  origin  and  point  of 
application  of  each  of  the  forces  which  arise  from  the  action  of  the 
parts  of  the  system  upon  each  other.  The  origin,  regarded  as  a 
point  of  application  of  the  same  force,  acting  in  the  opposite  direc- 
tion, moves  just  as  far  in  the  direction  of  the  force  as  the  actual 
point  of  application ;  so  that  such  a  force  acts  precisely  as  a  moving, 
modifying  force,  and  has  no  tendency  to  affect  the  equilibrium  of 
translation  or  rotation.  All  the  forces,  therefore,  bettveen  the  different 
parts  of  the  system  may  be  neglected  in  determining  the  conditions  of  the  eqia- 
Ubrium  of  translation  or  rotation. 

This  mutual  relation  of  the  origin  and  point  of  application  of 
the  force,  by  which  either  may  be  regarded,  at  pleasure,  as  being 
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the  origin  or  the  point  of  application,  by  a  simple  reveraal  of  thel 
direction  of  the  force  without  any  change  of  its  intcn.sity,  is  i 
monly  expressed  by  the  proposition  that  action  and  reaction  are  cqiiaiM 


CHAFPER  VIII. 
EQUILIBItll'M  OF  EQUAL  AND  I'AKALLEL  FORCES. 


I. 

MAXIMA   AND   MINIMA   OP   THE   POTENTIAL. 

256.  In  order  to  give  precision  to  the  modes  of  expression, 
and  have  the  benefit  of  well-known  terms  and  forms  of  speech,  the 
force  considered  in  this  chapter,  is  assumed  to  be  the  typical  Ibrctt 
of  ffravilaiion  at  the  surface  of  the  earth,  acting  within  a  space  small 
enough  to  admit  of  tlie  neglect  of  its  variation  of  hUeitsity  and  deinaOon 

fro7H  parallelism. 

The  la'el  surfaces  of  this  force  are  horizontal  planes,  and  the  potcntiai 
decreases  unifomdy  with  the  increase  of  heiglit  above  t/ie  earth's  surface. 

257.  Let  the  three  rectangular  axes  be  so  assumed  that  the 
plane  of  zs  Is  horizontal,  the  axis  of  y,  the  upward  vertical,  that  of 
x,  the  northern  horizontal  line,  and  that  of  s,  the  western  Iiorizoutal 
line.    If,  then, 

ff  is  the  intensity  of  the  force  of  gravity, 

G  the  distance  of  the  centre  of  gravity  from  the  origin,  and 
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£2q  the  value  which  the  potential  would  assume,  if  all  the  points 
were  in  the  plane  ofxs  ; 

the  actual  value  of  the  potential  is,  by  the  property  of  the  centre  of 
gravity, 

£2  =  S2,-f  y  =  S2,-f  {^-G,-^G,) 
=  i2o— r  G,  —  n^  —  mG^. 

Hence  the  potential  is  a  maximumy  when  the  ImglU  of  iJie  centre  of 
gravity  is  a  rmmmuniy  and  such  a  position  of  the  system  corresponds^  hy  §  62, 
to  that  of  stable  equilibrium  ;  but  the  potential  is  a  minimum^  when  the  height 
of  the  centre  of  gravity  is  a  maxirnuniy  and  such  a  position  corresponds  to 
that  of  unstable  equilibrium. 

258.  Since  the  direction  of  gravity  is  the  same  for  all  the 
points  of  the  system,  there  cannot  be  an  equilibrium  of  translatio7iy  unless 
there  are  stationary  modifying  forces^  the  resultant  of  which  must  be  exactly 
equal  to  the  whole  weight  of  the  system^  and  have  a  vertical^  upward  direc- 
tion. 

259.  The  resultant  moment  of  all  the  forces  of  gravity  van- 
ishes for  the  centre  of  gravity ;  ajul^  therefore,  the  resultant  moment  of 
all  the  stationary  modifying  forces  must  vanish  for  the  same  point. 

260.  If  there  is  but  one  modifying  force  in  the  system,  it  must 
be  vertically  directed  upwards,  have  an  intensity  equal  to  the  whole  tveigM  of 
the  system,  and  its  line  of  action  must  pass  through  the  centre  of  gravity. 

261.  If  there  are  but  two  stationary  modifying  forces,  they 
must  lie  in  a  common  plane,  which  is  vertical,  and  includes  the  centre  of 
gravity,  their  resultant  must  have  an  upward  direction,  and  be  equal  to  the 
weight  of  the  system,  and  they  must  be  reciprocally  proportionai  to  the  dis- 
tances of  their  directions  from  the  centre  of  gravity.  This  last  condition  is 
involved  in  the  necessity  that  the  resultant  moment  must  vanish 
for  the  centre  of  gravity. 
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202.  If  tlio  intonsity  of  the  force  of  gravity  were  to  be 
increased  or  dimiuifbed.  tbe  conditions  of  the  poi^ition  of  equilib- 
riinu  woubl  not  bo  changed,  but  iutenwty  of  the  iriodifying  forces 
would  bo  proiiortiontilly  iiicreasod  or  diuiini^bcd.  Even  if  the  force 
of  gravity  were  to  be  made  negutive,  that  is,  if  the  direction  of  its 
action  were  to  be  reverfled,  the  conditions  of  the  position  of  equilib- 
rimn  wouhl  still  remain  unchanged,  provided  tliat  the  modifying 
foreeH  were  of  hucIi  a  nature  that  the  direction  of  their  action  would 
aI«o  be  reversed ;  but,  in  this  case,  the  position  of  stable  equilibrium 
becomes  that  of  unstable  equilibrium  and  the  oppoate.  This  rever^ 
mi\  of  the  direction  of  gravity  is  relatively  accomplished  by  the 
rotation  of  the  whole  svstem  about  a  horizontal  axia. 


THE    rCNtCPL-Ul    AND    TOE    CATESAKV. 

263.  When  the  points  of  application  of  a  system  of  force?  are 
united  by  a  single  continuous  chord  which  is  destitute  of  miua,  the 
polygon,  which  is  formed  iu  tlio  situation  of  equUibriumj  is  called  a 

/H?iicnlar.  The  general  conditions  of  snch  a  system  involve  a  mere 
ivi>elitiou  of  the  principles  of  equilibrium  ;  ami  the  present  discua- 
siun  is  limited  to  the  ca^,  in  which  the  points  of  application  are 
masses  acted  Ujion  by  gravity. 

264.  When  there  is  but  one  Bxcd  point  to  the  sj'stem  which 
mny,  without  any  e!i!«.nitial  loss  of  generality,  be  assumed  to  be 
either  extremity  of  the  choi'd,  in  erery  pomfiom  «f  egtaStnum  tie  dord 
HHiM  If  rrrticat 

But  if  the  idea  of  the  incomprcsahle  rod  is  supposed  to  be 
includiHl  in  that  of  the  iuestcn.<able  chord,  each  portion  of  the  chord 
included  between  two  successive  masses^  may  be  assumed  to  have  a 
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vertical  direction,  either  upwards  or  itowiiwanls ;  so  that,  if 
n  is  the  iiumher  of  masses, 
2"*  is  the  number  of  positions  of  equilibrium, 

all  of  these  positions,  except  that  one  in  which  every  portion  of  the 
cord  is  directed  do^rawards,  involves  an  element  of  instability,  and 
must,  therefore,  be  regarded  as  ahsolideltf  ximtuhle.  The  teimon  of  each 
portion  of  the  chord  u,  in  every  case,  equal  to  tfiat  of  all  the  weigM  tvhich  it 
has  to  sustain  ;  ikU  w,  io  the  sttm  of  all  tlie  sulse^tteiU  masses  which  He 
upon  the  portvni  of  the  chord  not  aftached  io  the  pffint  if  suspension. 

2G5.  When  there  are  two  fixed  points,  the  whole  included 
chord  must  hang  in  tlie  same  vertical  plane  with  these  two  points. 
The  tensions  of  the  various  portions  of  the  cht)rd  represent  modifying 
forces ;  and  the  surfaces  at  which  these  forces  act  are  those  of 
spheres,  all  the  centres  ofwhicliare  movable,  except  those  of  the 
t^vo  fixed  points.  In  the  position  of  equilibrium,  however,  all  the 
centres  become  stationary,  and  the  conditions  of  equilibrium  of  each 
mass  or  portion  of  the  chord  admit  of  independent  discussion. 

The  forces  which  act  upon  each  mass  are  gravity  and  the  ten- 
fflons  of  the  two  portions  of  chord  upon  each  side.  The  horizontal 
projections  of  these  two  tensions  must,  therefore,  be  equal  and  oppo- 
site in  order  to  balance  each  other  ;  so  that  tJu-  hoi-izontal  projection  of 
the  tetision  of  the  chord  is  tnvariable  throughotit  Us  whole  length,  and  equal  to 
the  horizonial projection  of  the  sustaimig  force  of  each  of  the  fixed  poiida. 

The  algebraic  sum  of  the  vpteard  vertical  projections  of  tlw  tenstons  at 
the  ittfo  extremities  of  any  portion  of  the  chord  mmt  be  equal  to  the  veight  of 
all  the  iiUeniiediate  masses  in  order  to  support  them  against  the  force 
of  gravity. 

266.  These  two  conditions  are  noce^sary  and  sufficient  to 
produce  an  equilibrium  of  translation  in  any  portion  of  the  chord, 
and,  therefore,  of  the  whole  chord.     The  condition  of  the  equilib- 
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rium  of  rotation  of  each  portion  of  the  chord,  although  included  in 
the  preceding  condltioni*,  is  an  interesting  and  useful  modification  of 
them. 

With  reference  to  the  centre  of  gravity  of  the  masses  of  each 
portion  of  the  chord,  the  moment  of  the  gravity  of  the  masses  is 
zero,  and  therefore  the  moment  of  the  tensions  applied  at  the 
extremities  mnst  also  vanish.  But  the  directions  of  these  tensions 
are  not  parallel,  and  therefore  their  lines  of  tension  produced  must 
meet  at  a  point,  at  which  hoth  the  tensions  may  he  regarded  as 
applied  without  affecting  their  tendency  to  produce  rotation.  At 
this  new  point  of  application  they  may  be  combined  into  a  result- 
ant, which  is  vortical,  because  the  horizontal  projections  of  the  ten- 
sions are  equal  and  opposite.  This  resultant  has  the  same  tendency 
to  produce  rotation  with  the  tensions  themselves,  and  therefore  it 
must  pass  through  the  point  for  which  this  tendency  vanishes, 
that  is,  through  the  centre  of  gravity  of  the  masses.  27/e  poiul  of 
meeting,  therefore,  of  the  Unes  of  extreme  tension  of  any  portion  of  a  chord 
is  ill  the  same  fcrticalvilh  tlie  centre  of  gravity  of  Dm  intermcdia/c  maasrs. 

2G7.  If  the  two  extremities  of  any  portion  of  tlie  chord  are 
in  the  same  horizontal  luie,  the  equal  horizontal  projections  of  the 
extreme  tensions  arc  exactly  opposed,  and  therefore  the  moments 
of  the  vertical  projections  of  these  tensions  must  be  equal  with 
reference  to  the  centre  of  gravity.  The  vertical  projeeHoin  of  Ike 
ea-trcmc  tamons  of  any  portion  of  the  chord,  of  which  the  extrewUiei  ar& 
upon  tlie  same  honzoiUal  line,  are,  then,  reciprocalfy  proj>ortiomi  to  i/u-ir 
distances  from  the  vertical  dratcn  Utrovyh  the  cenlre  of  graviiy  of  the  iiUer* 
mediate  masses. 

268.  Since  the  horizontal  projection  of  the  tension  of  the 
chord  is  the  same  throughout  its  whole  extent,  no  portion  of  the 
chord  can  become  vertiwil.  If  any  portion  of  the  chord  is  hori- 
zontal, the  vertical  projection  of  its  ten«on  vanishes,  and,  therefore, 
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the  vertical  projection  of  the  chord  at  any  other  point  is  equal  to 
the  sum  of  the  weights  of  all  the  masses  intermediate  between  this 
point  and  the  horizontal  portion.     If  then 

jTis  the  tension  of  the  chord  at  any  point, 

and  if  the  axis  of  rr  is  horizontal,  and  that  of  y  vertical,  directed 
upwards,  so  that 

T^  is  the  horizontal  projection  of  jT,  and 
T^  its  vertical  projection ;  and  if 
^  is  the  arc  of  the  chord  at  any  point,  and 
m  the  sum  of  all  the  masses  included  between  the  point  and 
the  horizontal  portion  of  the  chord  ; 

the  following  equations  express  the  preceding  conditions : 

rcos.'=2;, 

rcos;  =  2;=m, 

tan^^^. 

The  inclination  of  the  chord  to  the  horizon,  therefore,  increases 
as  the  distance  recedes  from  the  horizontal  portion. 

If  the  chord  has  actually  no  horizontal  portion,  the  preceding 
equations  are  still  applicable  by  assuming  for  /»,  such  a  value  as 
would  be  required  to  correspond  to  the  vertical  tension  of  any  given 
portion  of  the  chord. 

269.  If,  in  proceeding  from  the  horizontal  portion  in  either 
direction,  the  chord  is  everywhere  ascending  or  descending,  its  hori- 
zontal direction  must  also  be  away  from  the  extremity  of  the  hori- 
zontal portion  to  which  it  is  attached  so  as  to  form  a  portion  of  a 
convex  polygon,  which  cannot  be  intersected  more  than  once  by 
any  vertical  line.     Such  a  position  of  the  chord  corresponds  to  that 
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of  the  perfectly  stable  state,  or  to  that  of  the  most  unstable  state  ; 
and  each  state  is  always  possible. 

If,  in  proceeding  from  the  horizontal  portion,  the  direction  of 
motion  changes  from  ascent  to  descent,  or  the  reverse,  the  horizon- 
tal direction  must  be  reversed  at  the  same  time,  and  so  that  the 
subsequent  portion  of  the  chord  will  form  an  arc  of  a  polygon  which 
will  include  the  preceding  portion  within  its  concavity,  and  the  con- 
cavities of  both  portions  will  be  turned  the  same  way. 

270.  The  diflference  of  equation  (ISTw)  applied  to  two  differ- 
ent portions  of  the  chord  gives  the  following  equation  between  the 
intermediate  masses,  the  horizontal  tension,  and  the  directions  of 
tension  at  the  two  points, 

m'  —  m sin  (J.'  —  i) 

T^  cosi'cosi  ' 

271.  If  the  masses  are  infinite  in  number,  and  arranged  in 
unbroken  continuity  so  as  to  form  the  chord  itself,  the  curve  is 
called  the  catenary.    In  this  case,  if 

k  is  the  weight  of  an  xmit  of  length  of  the  chord,  the  mass 

of  an  element  is 
dm  =  kds;  and  if 
Q  =:  the  radius  of  curvature, 

the  equation  (ISSis),  applied  to  the  extremities  of  the   element, 
gives,  for  the  equation  of  the  catenary, 

Q^D^s  =  -^sec^;J. 

If  ^=§, 

this  equation  becomes 

/^5z=^  =  ilsec'*. 
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272.  If  the  chord  is  of  uniform  thichiess  and  density  throughout  its 
lengthy  k  and  A  are  constant,  and  the  integral  of  (ISSgi)  ia 

5^-4  tan  jj, 

to  which  no  constant  is  added,  because  the  arc  is  supposed  to  be 
measured  from  the  point  at  which  it  is  horizontal. 

273.  The  curve  of  the  imiform  chord  is  easily  referred  to  rec- 
tangular coordinates,  for  the  equations 

D^j  =  i>*  5sin^  =  ilsin^  sec^  J, 
D%x  ^  /?•  5Cosi  =  -4  sec  J ; 

give,  by  integration,  and  determining  the  constants,  so  that  the  ori- 
gin may  be  at  the  point  of  horizontality, 

y  =  il(secj  — 1), 
:r=:illogtan^-(^7r  —  ^) . 

These  equations  give,  by  elimination  and  the  use  of  the  nota- 
tion of  potential  functions, 

Sin^  =  tanJ  =  4, 


5=co=3-i=v'(^.+i)-i, 

=cos«5=e-±i)'=i+ii. 


J? 
A 


274.    The  vertical  tension  of  the  uniform  chord  is 
T,  =  sk  =  ^T,=  T,t^n;^=T,Sm^i 
and  the  whole  tension  is 
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275.  If  the  chord  were  required  to  he  of  such  a  variable  thickness  as 
to  assume  a  given  form  of  curve,  the  law  of  this  yariable  thickness  is 
given  by  the  equation 


k  = 


^cos*i* 


The  vertical  tension  is 


T^=zsk=   ^'' 


and  the  whole  tension  is 

JL  ^^^  JL  2  sec  2  • 

276.  If  the  thickness  of  the  chord  were  required  to  be  proportional  to 
Us  tension,  so  that 

the  following  equations  are  successively  obtained  by  easy  transfor- 
mations 

2?j5  =  ^seC;J, 

Sin^  =  tan^J  =  tan -^j 

J  =  log  sec  -|  =  log  Cos  J, 
(>  = -Bsec  J= -BCos^^  e?*', 
T=  2;sec'=  2;secJ=  ^;Cos-^=  T,c^. 

277.  Jjf  the  thickness  be  such  as  to  give  an  uniform  horizontal  distri- 
bution of  the  weighty  that  is,  such  a  distribution  that  the  weight  of  each 
portion  of  the  chord  is  proportional  to  its  horizontal  projection,  the 
equations  are 


ar« 
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y  =  K(sec^x  —  1)  =  Ktan^:;  =  f^; 

and  the  curve  is  a  parabola^  of  which  the  transverse  axis  is  vertical. 
278.  If  the  chord  were  compressible  and  extensible,  it  would 
be  compelled  to  assume  that  thickness,  in  which  it  would  have  the 
requisite  tension ;  and  the  form  of  the  curve  would,  with  this  condi- 
tion, be  the  same  as  if  it  were  incompressible  and  inextensible. 
Thus,  if  F  denotes  the  function  which  expresses  the  given  law  of 
the  relation  of  the  thickness  to  the  tension,  so  that 

A—  f1 

the  form  of  the  curve  is  given  by  the  equations 

Di8  =  q  = 


cos«'J^(8ec2;) 


a»\? 


7^  sin' 


Dix  = 


1 
cosiF(8ec^i)' 


279.  If  the  chord  or  any  portion  of  it  is  confined  to  a  given 
surface,  the  resultant  of  gravity  and  the  tension  of  the  chord  on 
each  point  must  be  normal  to  the  surface,  and  is  balanced  by  the 
modifying  force  by  which  the  point  is  fixed  to  the  surface. 

If,  then,  the  tangent  plane  to  the  surface  is,  at  each  point, 
assumed  as  the  plane  of  afy' ;  if  the  axis  of  2?'  is  horizontal,  and  that 
of  y  directed  upwards,  and  if 

()'  is  the  radius  of  curvature,  at  this  point,  of  the  projection  of 
the  chord  upon  this  plane  ; 

the  curve  and  tension  may  be  determined  by  means  of  the  equa- 
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tions 


Q'- 

T 

T^. 

i;  silly,  cos  {>        k 

COs'i.  COS  J.  ' 

_             n. 

—  QsecP,, 

^SiDy^COSy/COSj/ 

D,T. 

^  COS  J^  COS  J/ 

^co8^      hD^y, 

T- 

=r/- 

280.  The  pressure  upon  the  surface  is  determined  by  the  con- 
sideration that  it  must  exactly  balance  the  tendency  of  each  point 
of  the  chord  to  move  in  the  direction  of  the  normal  to  the  surface. 
But  the  tendency  of  the  tension  to  move  any  point  of  the  chord  in 
any  direction,  as  that  of  jt?,  is 

=  cos;D,T—  T&in;D,;. 

In  the  case  of  the  direction  Jf  of  the  normal  to  the  surface,  this 
expression  becomes,  because  8  is  perpendicular  to  iV, 

Tcost 

^-—  • 

in  which 

^>"  is  the  radius  of  curvature  of  the  projection  of  the  chord 
upon  the  common  plane  of  the  normal  to  the  surface,  and 
the  tangent  the  chord. 

Hence  the  pressure  sustained  by  the  surface  in  the  direction  of 

the  normal  is 

^^rcos^ 

281.     ^  the  chord  is  desiiiute  of  weight  upon  any  portion  of  the  sur- 
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Jace^  {/  becomes  injimtey  and  the  curve  is  that  of  the  sfiortcst  line  which  can 
he  drawn  upon  the  surface. 

The  tension^  in  this  case,  is  constant,  and  the  pressure  upon  the 

surface  becomes 

T 
9 

282.     In  the  case  of  a  cylinder^  of  which  the  axis  is  verticaly  the 
equations  become 

^ — 0 

T 


9  = 


ifcsinj^' 


^  — ^, 

so  that  the  curve  is  the  same  when  it  is  developed  with  the  cylinder  itUo  a 
planCy  which  it  assumes  when  it  hangs  freely. 

283.  In  the  case  of  a  surface  of  revolution  about  a  vertical  axis  and 
a  chord  of  uniform  thickness^  the  equations  become 

T=.k{y^y,), 

in  which  the  angle  which  y  makes  with  t/  is  determined  by  the 
meridian  curve  of  the  given  surface,  the  plane  oixe  passes  through 
the  lowest  point  of  the  curve,  and  y©  is  the  length  of  the  chord 
which  is  equal  in  weight  to  the  tension  at  the  lowest  point 

284.  A  special  solution  of  the  preceding  problem  is  given  by 
the  equations 

^  COS  J/ 

The  curve  is  the  circumference  of  the  circle  formed  hy  the  intersection 
of  a  horizontal  plane  toith  the  surface  of  revolution.     The  tension  of  the 
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chord  is  the  weight  of  a  length  of  the  same  chord  which  is  equal  to  the  dis- 
tance of  the  plane  of  the  curve  from  the  vertex  of  the  cone  dratoUj  through  the 
curve,  tangent  to  the  surface. 
285.     If 

y  is  the  angle  which  the  projection  of  y  upon  the  plane  of 

xz  makes  with  the  axis  of  :p,  and  if 
dx^j'  is  the  elementary  angle  which  two  successive  positions 

of  y  make  with  each  other, 

this  elementary  angle  and  the  radius  of  curvature  are  given  by  the 
equations 

Ji^'=:sinJ,rfi//, 

i=  — 2?/^  +  Av'=sinJ,Av^— A'^ 
=  sinj/2?,i//  —  cos  J/ 2?,,^  =  sinj^/?,!//  — r2?y,sinj/. 

If,  moreover, 

u'  is  the  length  of  the  tangent  drawn  to  the  meridian 

curve  at  any  point  of  the  chord,  and 
u  the  projection  of  w'  upon  the  axis  of  y, 

the  following  equations  are  obtained, 

sin^  =  w'.sinj,2?,i//  =:  u'D^Yy 

-,  =  ^^  —  2?y,sinJ,  =  sinJ,cos|;,( 2?ylogsinJ,  j ; 

which  substituted  in  (143i9)  gives,  by  dividing  by  sin  J,  cos  J^,  and 
transposing, 

i>ylogsin;,=  i 


^         y  +  yo* 

286.     In  the  case  of  the  right  cone,  with  the  circular  lose,  the  sum  of 
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y'  and  u'  is  constant ;  ii^  then, 

a  =  w  -f-  y  =  a'  COS  J^ ; 
the  curve  is  determined  by  the  equation 

=  —  2?^  log. sin. t/. 

The  integral  of  this  equation  is 

«;„* ^^^ ^^ 

Bin-'—        t^'CtZ-o'-yi;)— (a'  +  /«)»-(a'+yo-2u')» 

in  which  the  constant  is  determined,  so  that  w'  may  be  equal  to  o! 
when  the  chord  is  perpendicular  to  w'. 

The  chord  is  also  perpendicular  to  w',  when 

and  also  when 

«'=M«'+/o)  +  iv'[(a'+/o)*+4ayo]. 

When  VL  is  contained  between  ol  and  yj,  the  expression  for  the 
sine  of  the  angle  which  the  chord  makes  with  w'  is  less  than  unity, 
so  that  the  angle  is  real.  This  angle  is  also  real  when  w'  surpasses 
the  greater  of  the  roots  of  (1452i),  or  when  it  is  algebraically  inferior 
to  the  smaller  of  those  roots ;  but  the  angle  is  not  real  when  vl  is 
included  between  these  roots,  but  is  exterior  to  the  preceding  limits 
m'  and  ^.  The  curve  of  the  catenary  upon  the  vertical  right  cone  consistSy 
therefore^  of  three  distinct  portionSy  of  which  one  is  fimiey  and  included 
between  two  intermediate  poitUSy  at  which  the  curve  is  perpendicular  to  the  side 
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of  the  cone  ;  while  the  other  tioo  portions^  commencing  respective^  at  the  two 
pointSy  which  are  the  highest  and  lowest  of  those  at  which  the  curve  is  perpen- 
dicular to  the  side  of  the  conCy  extend  to  an  infinite  distance.  These  portions 
liave  two  of  the  sides  of  the  cone  for  their  asymptotes^  because  the  angle 
which  s  makes  with  u'  vanishes,  when  v!  is  infinite. 

287.     The  finite  portion  of  the  catenary  upon  the  vertical  right  cone 
may  be  investigated  by  adopting  the  notation 

sin^e=:cos2/iJ, 

__Bint  _^<^  —  t/Q 

sin  &  =  sin  t  sin  9  ; 

and  that  of  elliptic  integrals,  of  which  the  third  form  may  be  repre- 
sented by 


These  equations  give 

w'  =  ^  (a'  -[-^)  (1  —  sin  t  sec /5  sin  9 ) 
=  iK+/o)(l  — sec/?sinfl), 

^   co8d^(cos^d  —  2sin^jS) sint cos^cosg) 

COS^  ^^g,^_gjjj5,^  cos2<?  — sin^fl' 

tani,=  ^ 


sin  t  cos  ^  cos  9' 

D^u'  =  —  ^  (a'  4"  yo)  sine  sec  I?  COS  9, 

D  8  —  —  ^^  =  H^  +  yg)(cos«^  — sin«/9) 
^  cosi/  cosj3cos<? 

=  J(a'-f-yJ)(seci?cosd  —  tan/5sin/5secfl). 


[ 
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«  =  i  (a' +yo)  (sec/i  8,9  —  tan  I?  sin/?  9^^ 9) ; 

j^      , \9iX\*^fD^vS tan|3sin|?  tan/?sin^ 


^'  tt'  (1  —  6ec|3sin<?)cos^        (1 — nsin<)r)cos^ 
tanjSsin^sec^  ^^  sin t  tan ^|3 sin (p seed 


sm*g) 


tan/? 


V'  =  tan|9sm/?^,(-«»,9,)  +  tan'-'>^'; 


for  it  is  found,  by  differentiation,  that 


Z)  tant-^i?^  =  2>,tant-^)?i^li^ 

9  tan  03  9  cosd 


tan  qp  r  cos  6 

8ini8in()D(eos*d  —  sin*icos^qp) 

sint  tan  ^|3  sin  qp  seed 

1 — n^sin^q) 

288.  The  preceding  value  of  the  angle  1/^'  admits  of  geometri- 
cal expression  by  means  of  the  arc  of  the  spherical  ellipse  in  the 
form  given  by  Booth. 

A  spherical  ellipse  is  the  intersection  of  a  cone  of  the  second  degree  tvUh 
a  sphere  of  which  the  centre  is  the  vertex  of  the  cone.     Let 

a  and  (i  be  the  two  principal  semiangles  of  the  cone,  of  which 

a  is  the  greater,  and 
01  the  angular  distance  of  any  point  of  the  arc  of  the  ellipse 

from  its  centre ; 

and  its  equation  is  obviously 


tan^o)        tan^a    "^  tan'-*/:^' 


Adopt  the  notation 

o  =  the  arc  of  the  spherical  ellipse, 
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i  =  the  angle  which  the  perpendicular  to  either  of  the  cir- 
cular sections  of  the  cone  makes  with  the  axis,  which 
perpendicular  is  called  the  cyclic  axis, 
e  =  the  angle  which  the  focal  of  the  cone  makes  with  the  axis, 
T]  =  the  angle  of  eccentricity  of  the  elliptic  base  of  the  cone. 

If,  then,  through  the  centre  0  (fig.  2)  of  the  spherical  ellipse, 
the  axes  AOA  and  BOff  are  drawn,  and  -B  joined  to  the  foci  F 
and  Fj  the  sides  and  angle  of  the  spherical  triangle  BOF^  are 

BF=a,    BO  =  Py     OF=t, 
OB  F  =2  71,    BF0  =  ^7t  —  t, 

which  are  connected  by  the  equations 

cosa  =  cos /5  cose  =  cotijtant, 
sin  /?  =  sin  a  cost  =  cotij  cot  e , 

sine  =  sinasini}  =  tanttan/3, 
C0S1J  =  costcose  =  cotatan/iJ, 

sine  =  sinij cos/5  ^  cota  tane . 

Let  0  and  C  be  the  points  at  which  the  cyclic  axes  cut  the 
surface  of  the  sphere.  Draw  OP  to  any  point  of  the  ellipse,  OF 
perpendicular  to  (?P,  CjBT  perpendicular  to  CFy  0  J?"  perpendicular 
to  CHy  P'JT  perpendicular  to  Off;  take  F'K  equal  to  OCy  and 
draw  Zitf  perpendicular  to  0A\    If,  then, 

l  =  ffOC,    l!=OCE, 

the  following  equations  are  readily  obtained, 

cos/=  cos  00=2  cot  X' tan ^, 
tan  J  =  C0S2  tanX'  =  cos^ttan  X 

=  cos ^ e cose  tan y  =  cos e cos ij  tan  9 , 


—  149  — 
8ind  =  sint8incp, 

=  8ec^q>(coB^6  —  sin^ijcos^/sin^y), 
cos^oi  =  co8'acos*"(l  +  cos^'etan^cp)  = ; — 5 — f- — ^-^ — 2-7—1-  > 

2     cos*a(l -f-co8*ttan^g)) cos^acos^^ 

1 -f- cos*  17  tan*  9  1  —  sin^jysin^g)' 

.    9  8in*aco8*<p6ec*S 

Sin^ai  =  ^i .  .^.  ,  \ 

1  — 8in'i/8in'9  ' 

y^  ^ cos  17  cost  cos  *g cos  1/ cost  sin*  a 

0«  C08*g)  sm*ai(l — sin'jysin^g)^ 

j^       cos  *  a  sin  *  1/ sin  *^  sin  7)  cos  (p 

0  (1  —  sin*  17 sin* 9)* sin  CO  cos  01' 

j^      2 sin*^cos*j/sin*i7sin*i  6in*<j:>cos*a 

^^  cos*(9(l— rfn*J7sin*9)*        ' 

8in«a>i?,-»=        «^";^eos*iycos*g 

^"  co8*g)(l  —  sin*iy8m*g))' 

8in*/3coa*j/  /cos*^sin*iy8in*g)C08*^4"  ^'"^'^^'"'^X 

cos*^(l  — 8in*i7sing)*  \  cos*^sec*^  / 

sin*^CQ8*i7  /cos*6  —  sin*jyco8*tsin*()D\ 

cos*6(l — sin*i7sin*9)*  \  co8*g)sec*J  / 

8in*/3cos*jy 

cos*  6(1  —  sin*  17  sin*  9)*' 

j^      sin /?  cos  1/ sec  6 

9  1 — sin"jy8in*9' 

289.     In  the  particular  case  in  which 

this  equation  is,  by  (I4817),  reduced  to 

a  =  tan/5sin/5^i(— w^,  9), 


i 
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which  substituted  in  (l^Te)  gives, 

tan  6 


y'  =  a  +  tan^-^i 


tanqp 


290.  For  the  length  of  the  arc  of  the  chord  which  extends 
from  its  lowest  to  its  highest  point,  this  equation  becomes 

2i//i  =  2ai; 

and  if  the  magnitude  of  this  angle  is  commensurate  with  the  total 
developed  angle  of  the  cone,  the  chord  returns  into  itself ^  after  passing 
around  the  cone  once,  ttuiccy  or  several  times,  dependent  upon  the  maffniiud^ 
of  the  angle  of  the  cone. 

291.  To  investigate  the  infinite  portions  of  the  chard,  let 

t^  and  ti  be  the  roots  of  the  equation  (liSa), 
and  the  equation  gives 

^^  =  —  «'^. 
Adopt  also  the  notation  of  §  287  and 

smy  —  gint(a/_|.^_2uO~cos|3(a'  +  5^  — 2tt')  —  ^  +  «  — 2u" 

sin  6'=  sin /sin  y', 

and  the  following  reductions  are  obtained,  by  the  substitution  of 
cosec  (p'  for  sin  ^, 


w'  =  ^  (^  -|-  ^)  ( 1  —  sec  I?  cosec  y') , 

n    o—  wy    I    f/\ /^"i^^^"i^        sec£cosV\ 

=  -2-(^'+yo)[tan/5sin/?secd'-f-  sec/?cos^'-|-  sec/5/?^(cos^'cot9')] , 
s  =  I  (a'-^/o)  (sec/5  ^»y'+  tan/^sin/?  3«,9)'-|-  sec/?  cosd'cot^'), 
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j^       , sin'/?cos/?8in*<]p'sec6'  —  sin '|t?  sing)' sec  6' 

^  '  1  —  co8*/?8m*9' 

1 — cos^patirgi  '  '  >        y  cosqp  ' 

1/;'  =  tan/9sin/J3»i(—  cos^/^iy')  —  tan/?8in/5g?<9'  +  tan'-^i  ^. 

292.  The  term  of  the  preceding  value  of  i/^',  which  depends 
upon  elliptic  integrals  of  the  third  order,  may  be  constructed  by 
means  of  a  spherical  ellipse,  of  which  the  parameter  is  the  reciprocal 
of  that  employed  in  the  construction  of  the  similar  term  of  the  finite 
portion  of  the  chord.  The  parameter  of  the  spherical  ellipse  of 
§  287  being  sin^,  the  reciprocal  parameter  is 


sin  I 


: —  =  COSp, 

siniy  *  ' 


and  the  length  of  the  arc  of  the  corresponding  spherical  ellipse  for 
the  amplitude  9'  is 

a'=  sin/?cosij^,(—  cos^/J,  9')  =  *^"j^'^"^^i(—  cos^P,  9')- 

This  arc  is  reduced,  in  the  case  of 


a=:;j7r. 


to 


a' =  tan /?  sin /J  9*<  (— cos^ /?,  9') . 
293.     The  Jinite  portion  is  exactly  circular  when 

In  this  case 

e  =  0,    /?  =  :j7i  =  a, 

and  the  equations  of  the  infinite  portion  become 

m'=  a'(l  —  v/2.cosec9'), 

Y  =  v'2( » 7j  —  9')  —  2  tanf-"  [(^2  —  l)tan(|7r  —  |y')] 


i 
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294.  As  ^0  diminishes  from  the  value  d^  the  finite  portion 
becomes  more  and  more  eccentric,  until  when 

/o=0, 

holh  the  finite  and  the  infinite  portions  degenerate  into  siraighl  UneSy  which 
are  the  sides  of  the  cone. 

295.  When  y'^  is  negative^  a'  and  go  cease  to  be  the  limits  of  the  finite 
portiouy  and  become  the  Kmits  of  the  infinite  portion^  while  ^  and  l[  become 
the  Umiis  of  the  finite  portion  Bui  l^  and  l[  are  imaginargy  if  go  is  included 
between  the  values 

/o=(-3±2V2)a', 

so  thai  between  these  limits  the  finite  portion  disappears^  and  the  chord  con- 
sists onlg  of  the  tuH>  infinite  portions  ;  and  at  the  Kmits  the  finite  portion  is 
circular. 

To  investigate  the  infinite  portions  between  the  UmitSy  in  which  the  finite 
portion  disappearSy  let 

tant'  =  sintY  —  1 , 

and  the  following  equations  are  obtained  by  simple  transformations, 

sin/5cosr=  v^^, 

w'=|^(a'+yo)(l  —  sec/5secy")  =  -|(a' — yo)(cos/5  —  secy"), 
cos2d'=l  +  tan2i"cos>'' 

=  sec^e'(l  —  sin  ^i' sin  ^y'^) 
==sec*^rcos*fl''; 

•p.        J  ,  /    1^    /v /cost'sec/Jsin'^"'  tan/J     \ 


r 
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r    '  1  —  cos*pfoos*g)     I    ▼  J         »  r'  tantf^ 


cost' cos -5 seed''  I  y       z>        >»// 

-:; '.  o  ;y  +  COS  t  COS  p  sec  6 

1  —  Jsin'g)''     '  • 


ip'  =  —  cosrcos/?  3»<,  (—  .1- ,  (p")  4-  cost' cos/5  9^1,9)" 
-ta--(c<«((co,<^-tan.-«^ 


=  —  cost' COS /5 ^^ ( —  -J,  9")  +  cose' cos/? 3^,79" 

.       [_i]  tan  *i'  +  cos /?cos  g-^tan *  ff'  ^ 

tan  t'  tand^(  1  —  cos  /?  cos  g)")  ' 

in  which  the  elliptic  integral  of  the  third  form  admits  of  interpreta- 
tion by  means  of  the  arc  of  the  spherical  ellipse. 

296.    When  the  negative  of  ^o  is  equal  to  c^  the  equations  may 
be  greatly  simplified  and  reduced  to  the  following  forms, 

cos/5  =  0,    cosi'=:  v/|, 

^/'V  —  V^(2-8in«9")' 

cos^y"  =1  —  2  sin^i//  ==  cos2 1//, 


QO^^qf         C08  2t/;' ' 

trAtV^  is  the  polar  equation  of  the  equUaierai  hyperbola.  In  this  case^  there- 
forey  the  curve  of  the  chord  upon  the  developed  cone  is  an  equilateral  hyper- 
bola ;  this  case  was  recognized  by  Bobiluer  in  an  imperfect  investi- 
gation of  the  catenary  upon  the  surface  of  the  vertical  cone  of  revo- 
lution. 

20 
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297.  When  the  surface  of  revohttion  is  an  eUipsoidy  of  which  the 
equation  of  the  vertical  section  made  by  the  plane  yx  is, 

^2-r  jji —  ^' 

let  a  sphere  be  constructed  upon  the  axis  of  revolution  as  a  diame- 
ter, and  let 

(f  be  the  angle  from  the  vertical  point  of  the  sphere  to  a  point 
of  which  y  is  the  ordinate,  so  that 

y=ilcosy,    x=iBmiffy 
u  =  ^(secy  —  cosy)  =  ^sinytany, 
D^y=i  —  Ami(f. 

These  equations,  substituted  in  (144»),  with  proper  regard  to 
the  different  position  of  the  origin  of  coordinates,  give 

i?^logsinp  =  -=-  ilsinyJJylogsin J,  =  — coty  -|"  ^ 

^        sin  9  (cos  9  4"-^)         Jsm2g)-f-ifcf8m9' 

in  which  iVand  itf  are  arbitrary  constants. 

298.  The  maximum  and  minimum  of  sin  J/  are  determined  by 
the  roots  of  the  equation 

cos2y  -}-  -Sfcosy  =  0. 
If  these  roots  are  if'  and  9",  the  equation  gives 


N  N 


cos f/ cosy''  -f-  I  =  0, 

M:=  —  2  (cosy'  -|-  cosy")  = 
=  secy'-|-s^cy". 


4  cos  I  (y'  +  y")  cos  J  (y'  —  y*") 


Of  the  two  roots,  therefore,  one  is  obtuse,  while  the  other  is 
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acute  ;  if  one  is  contained  between  ^  n  and  |  n ,  the  other  is  impoa- 
sible  ;  and  when  both  are  real,  one  is  confined  between  |  tt  and  |  tt  , 
while  the  other  is  without  these  limits.  The  corresponding  mini- 
mum and  maximum  values  of  sin  J,  are 

N  ,  N 

tanqp  sin '9  tan 9^  sin ^9 

Both  these,  independently  of  their  signs,  are  minimum  values, 
and  when  they  are  both  absolutely  greater  than  unity  there  is  no 
catenary ;  but  if  either  is  less  than  unity,  there  is  a  corresponding 
portion  of  the  catenary.  When  both  values  are  less  than  unity,  the 
catenary  consists  of  two  separate  portions,  because  there  is  between 
y'  and  y"  a  value  y'''  of  9  which  satisfies  the  equation 


cosy"'  =  —  My 


and  the  values  of 


/  ,//        cosW — cos  2  a;        'sin^g/ 

coscp  —  coscp     = ^ J ^  = Vj 

'  '  COS  qt  cos  qp  ' 


«/*'' 


cosy    — cosy  = j^  =  2sm^y  cosy, 

are  positive. 

299.     The  especial  case  of 

y'  =  j7r, 
gives 

y''  =  |7r, 

M=0; 

2N 


sinL=  - 


sin  2  qp  ^ 

and  each  of  the  minimum  values  of  sin  ^  is 

2i\r, 
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which,  being  less  than  unity,  may  be  expressed  by 

2i\r=8in2a. 
This  equation  gives 


sinj,= 


sin  2  a 


sin  2  qp  * 

If,  then,  X  is  determined  by  the  condition 


2^         cos  2  9 


cos  2  a 

simple  reductions  give 

,  ^(co8*2«  —  cos*2g)) cos2asin2>l 


\^\JOy/   

sin  2  9 

sin  2  9 

tan  J, 

tan2a 
sin2A' 

Dj,(p  — 

cos  2  a  sin  2  A 
sin  2  9 

:  COSj^, 

A 

:  i/fsin^9  — 

^,COS^ 

y)i 

9t^V/  y/  , 

A«_ 

:  A  /■  sin'm  -L 

^         2 

.\ 

p.       D(^8s\nl, sin2a2)^« 

^  '  Bsiaq)  ^sin9sin2g)' 

T^  sin2a2)^« 

^  '  JJsin  9  sin  2  9 

In  the  case  of  the  prolaie  elUpsaidy  the  notation 


.    «.  2(B^  —  A^)cos2a 


'  B^-\-A^-\-(B'  —  A^)cos2a^ 

sind  =  sin  e  sin  X, 
gives  the  equation 

8  =  ^{B^cos^a  -f-  ^^sin^a)  S-  X . 
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In  the  case  of  the  oblate  eUipsoidy  the  notation 

Sm  t  —  ^2^^2_|_(^a_^2^C082a' 

sinfl'=sinfsinX', 
gives  the  equation 

In  the  case  of  the  sphere  the  equations  become 

B=Ay  i={=Oy 

s^^AX; 

and  this  result  of  this  case  is  obtained  by  Bobillusb.     This  case  also 
gives  the  equation 

sin  2  a 


^xW  =  7, 


sin  9  sin  2  9 

sin  2  a 


(8in*a-}-cos2asin^>l)^(cos*a  —  cos2asin^>L)' 

which  by  the  notation 

cose'''=  tana, 

smd  =8ine  sin/., 
becomes 

^^~8ina(l  +  tan^'"8inU)^ 

=  2 sina tan'a '^i,, ( —  sec*o sin't",  JL)  +  2Bina^i,, X 

'  sina 

300.     Returning  to  the  general  case  of  the  ellipsoid,  let 
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a  and  /?  be  the  limiting  values  of  9  for  the  upper  portion  of  the 

curve,  and 
a'  and  ^'  the  limiting  values  for  the  lower  portion ;  and  let 

Hence  the  following  values  of  M  and  N  are  obtained 

iV^=  |sin2a  -|-  JIfsina  =  ^sin2/9  -|-  Mmi(iy 
—  iV^=i-sin2a'+itfsina'=^sin2/5'-f  ilfsin/?', 

■ng- cos€COs2j;^ cose'cos2jy'  ^ 

cosjy  cosjy'       ' 

iV=  tan^  (cos^tj  cos  2  c  —  cos*€Cos2ij) 

=  Jtanij(cos2e  —  cos2ij)  =  tan^(co8'6  —  cos*^) 
=  J^tanij'(cos2ij'  —  cos2c')  =  tanij'(cos*ij' —  cos^c') 
=  tan  ri  sin  a  sin  |?  =  —  tanij'  sin  a'  sin  /?' 

.    ,  sin  ];/ sin  a  sin/?  — sin  17^  sine/ sin  jS' 

^        sinqp(cosj;^cos<]p  —  cose  cos  2  j;^)        sing)(cosi/cos<]p  —  cos  «' cos  2  ly') 

,  ^[ —  (cosgp  —  cos«)  (cosqp  —  cos/?)  (cosq)  —  cosu')  (coscp  —  co8|3')] 

^  sin  qp  (cosq)  -f-  -^) 

^[ —  (cos*()t;  —  2cos];/cos€COS<j[)  -|-  cosaco8|3)(cos*qp  —  2cosj7'cos€'co8g)  -|-  cosa'cos^)] 

sin  (jp  (cos  q)  -\-  M) 

V^[sin«y  (cos  q)-\-My  —  N^'] 

sin  9  (cos  g)  4"-^) 

The  numerators  of  the  first  and  last  values  of  cosj/  give,  by 
direct  comparison, 

—  2  itf  =  cosa  -f~  ^^s/'  "h  cosa'-|-  cos/5'=  2  cosij  cose  -f-  2  cosij'cose', 
whence 

cos^cosij'cos€'  =  (cos2^  —  cos^^)cose  =  —  sin^^cosc, 
cosTjcos^'cosc  =  —  sin  ^ij' cost'. 
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cos^rjcos^Tj^ — sin^ijsin^ij'=  cos{r]  -|-^')^^^(^/  —  V)  =  ^j 

The  comparison  of  the  values  of  JVy  shows  that  the  value  of  rj' 
must  be  obtuse,  whence 

cos€'  =  tan  7j  cose, 
cos€  =  —  tan  Tj' cose'. 

301.  The  genet^al  case  of  the  surface  of  revolution  admits  of  one 
integration,  by  denoting  by  v  the  ordinate  of  the  meridian  curve  of 
revolution,  which  gives 

1  D^v 


U  V 


=  —  D^\ogVy 


this  equation,  substituted  in  (14429),  gives,  by  integration. 


sinL 


«'oyo 


in  which 

Vq  is  the  ordinate  of  the  meridian  curve  at  the  origin. 

*  This  form  of  the  equation  is,  however,  limited  to  the  case  in 
"which  the  curve  has  a  point,  in  which  its  direction  is  horizontal. 
But  every  case  is  included  in  the  form 

.   ,  M 

smL  =  -7 — i — :, 

in  which  J!f  is  an  arbitrary  constant. 

302.  In  the  case  of  the  surf  ace  formed  ly  the  revolution  of  the  equi- 
lateral hyperbola  about  Us  asymptote^  which  may  be  called  the  equilateral 
asymptotic  hyperbohidj  if  the  equation  of  the  revolving  hyperbola  is 
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the  equation  (ISO^d)  becomes 


suiy,  —  p., 

and,  therefore,  the  incKnaiion  of  the  curve  of  this  catenary  to  the  arc  of  the 
meridian  is  constant. 

When  Mis  greater  than  J^,  the  curve  is  impossible,  but  when 

the  catenary  becomes  a  horizontal  circle,  and 


^*  « 


303.  It  may  be  inferred  from  the  comparison  of  the  two  pre- 
ceding sections,  that,  upon  the  circle  of  intersection  of  any  surface  of  revo- 
lution unih  the  equilateral  asymptotic  hyperboloid  of  equation  (ISQsi),  the  arc 
of  the  catenary  of  either  surface  makes  the  same  angle  with  the  meridian 
curve  of  that  surface.  Hence,  the  Undting  Jiarizonlal  planes  of  the  catenary 
of  equation  (ISQie)  ^^^  ^^  intersections  of  the  surface  of  revobdiati  upon 
which  it  Ues  tvith  the  equilateral  asymptotic  hyperboloid^  of  which  the  equa- 
tion is 

The  catenary  extends  over  that  portion  of  surface  which  Kes  exterior  to 
the  asymptotic  hyperholoidy  and  does  not  extend  over  that  portion  of  surface 
which  is  included  vrithin  the  hyperboloid. 

304.  To  complete  the  solution  of  the  catenary  upon  the  equHaieral 
asymptotic  hyperboloid^  the  equation  (ISQai)  gives 

whence  the  following  equations  are  obtained ; 

(y4-yo)'  =  *^cotj„ 
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jy 6' 

■^'^~        2(y+y,)8in»J. 


But  it  is  found  by  §  285  that 


J)  y,-—  sec;. tan;,  ^  (y  +  Vo)  tan ;> 


whence 


tan  J/ 

of  which  the  integral  is 

305.  If  the  chord  is  not  strictly  confined  to  the  surface  so  as 
to  be  incapable  of  removal  from  it,  but  if  it  simply  *  lies  upon  the 
surface,  without  the  power  of  penetrating  it,  it  must  leave  the  sur- 
face whenever  the  pressure  becomes  negative,  that  is,  when  the 
sign  of  By  computed  by  (I4229),  is  reversed.  The  points  at  which 
the  chord  leaves  the  surface  are,  therefore,  determined  by  the 
equation 

i?=0. 


21 
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CHAPTER  IX. 


ACTION  OF  MOVING   BODIES. 


CHARACTERISTIC    FUNCTION. 


306.  Related  to  the  idea  of  the  potential,  and,  in  some 
respects  including  it,  is  that  of  the  action  of  a  system  as  proposed 
by  Maupertuis.  Every  moving  body  may  be  regarded  as  constantly 
expending  an  amount  of  action,  equivalent  to  the  power  which  its 
motion  represents,  that  is,  to  the  product  of  the  force  of  the  moving 
body  multiplied  by  the  space  through  which  the  body  moves. 
Hence,  with  the  notation  of  Chapters  H.  and  HI.,  if  F  designates 
the  whole  action  expended  by  the  system,  the  action  expended  at 
each  instant  is 

and  the  total  expenditure  of  action  is 


V=2:^J^mit\. 


The  function  V  is  called  by  Hamilton  the  charaderidic  fundion 
of  the  moving  system,  and  he  has  resolved  the  problem  of  dynamics 
into  the  investigation  of  its  form  and  properties 

307.  If  the  power,  with  which  a  system  is  moving  at  any 
instant,  is  denoted  by  jT,  its  expression  becomes,  by  (42o), 

The  preceding  expressions  for  the  expended  action  give,  there- 
fore. 
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V=f2T. 


PRINCIPLE   OP  LIVING  FORCES,   OR   LAW   OF  POWER. 

308.  If  £2  denotes  that  function  which,  in  the  case  of  the  fixed 
forces  of  nature,  is  the  potential  of  the  moving  system,  its  change 
for  any  instant  is,  by  (342^)  and  §  58, 

Hence,  in  the  case  of  the  fixed  forces  of  nature,  if  H  is  an  arbi- 
trary constant, 

which  is  only  the  analytical  form  of  the  proposition  of  §  58,  and  is 
i^fsMedi  tJie  principk  of  Uving  forces.  The  term  Umig  force  denotes  the 
power  of  a  system,  so  that  this  principle  may,  with  equal  propriety, 
be  called  the  law  of  power. 


CANONICAL   FORMS    OP  THE   DIFFERENTIAL   EQUATIONS    OF   MOTION. 

309.     The  equation  (815)  may  be  written  in  the  form 

=  Dt2i{miVidsi)  —  -2'i(mit^idri). 

If,  then,  ^1,  ^2>  ^8> Gtc.,  are  assumed  to  be  the  independent 

elements  of  position  of  the  n  bodies  of  the  moving  system,  51,^2,  etc., 
may  be  regarded  as  expressed  in  terms  of  these  elements,  so  that 
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With  the  notation 

this  equation  is  resolved  into  the  equations  represented  by 

The  substitution  of  these  values  give,  if  T^^^  denotes  T  ex- 
pressed by  means  of  i^i,  rii,  ri\,rf^, etc., 

2^  (mi  t'l  2?,  *i)  =  2^  (%  Vi  D^  ri)  =  D^  2;.  ^ , 
whence 

This  expression  represents  the  elegant  forms  of  the  differential  equor 
irons  of  motion  given  hy  Lagrange  ;  but  the  mode  of  investigation  is 
adopted  from  Hamilton. 

310.  In  the  special  case,  in  which  the  independent  elements 
of  position  are  the  rectangular  coordinates,  rr,  y,  Zy  of  the  different 
points  of  the  system,  these  equations  become 

D^  T^^  ^,  =  my!  =  mD^x^ 

D^n=mD,3f=mIJ^,x. 

When  the  coordinates  of  the  system  are  subject  to  conditions, 
these  equations  are  still  applicable,  provided  that  the  forces,  by 
which  the  conditions  are  maintained,  are  included  in  the  forces  of 
i2,  or  more  properly  of  8£i.  The  values  of  D^il  and  D^ii  can  be 
obtained  from  the  given  dijfferential  expression  of  i2,  even  when 
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such  expression  is  incapable  of  integration  ;  for  this  form  gives 

311.  By  means  of  the  notation 

'^i?  ^2>  •  •  •  •  ®tc.,  may  be  eliminated  from  the  value  of  T,  and 
T^^^  may  denote  the  resulting  value,  expressed  by  means  of  iji, 
1^2?  Wj,  ft)2j ....  etc. 

Since  jT  is  a  homogeneous  function  of  two  dimensions  in  respect 
to  iji,  ij2>  gI^-j  it  satisfies  the  equation 

whence 

But  the  variation  of  T,  derived  by  the  usual  method,  is 

which,  subtracted  from  the  previous  value  of  2  d  T,  leaves 

This  equation  is  equivalent  to  the  two  equations 

and  Lagrange's  canonical  form  assumes  the  foUoiving  expression  given  by 
Hamilton, 

D,u^  =  D,{n  —  T,^J). 

312.  But  i2  is,  in  the  case  of  the  fixed  forces  of  nature,  a 
function  of  iji,  ij2>  ^tc.,  without  other  variables.     If,  then,  in  this  case. 
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the  preceding  equations  assume  the  simple  fonn 

which  are  given  by  Hamilton,  in  which  S2  may  involve  the  time. 


VARIATIONS    OP    THE    CHARACTERISTIC   FUNCTION. 

313.     The  variation  of  the  characteristic  function,  taken  upon 
the  hypothesis  that  the  time  does  not  vary,  is 


dV 


=J]2dr. 


But,  from  the  preceding  equations, 

=  2^{mdif(—D„T„,Jri) 

=  :S',((Ddij'4-  Z>,CDdij  —  D„£ldri) 

=  2:^{o)drj'  -\.  D,(i)dTj)  —  d  £2, 

the  sum  of  which  and  of  the  equation 

dT=dn-\-dff, 
is 

The  variation  of  the  characteristic  function  ia,  therefore, 

in  which  Wq  and  tjq  are  the  initial  values  of  o)  and  t} .    If,  then,  V  is 
expressed  as  a  function  of  the  initial  and  final  coordinates,  ij,  <»,i]q, 
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and  cii^  and  of  the  constant  Hy  its  derivatives  are 

By  means  of  these  equationSy  the  problem  is  resoked  by  HamUUm  into 
the  delerminaium  of  the  smyk  function  V. 

314.  In  the  case  in  which  the  independent  elements  of  posi- 
tion are  the  rectangidar  coordinates,  these  equations  become 

(o  z=  maf  =  mDfX  =  D^  Vy 
oiq  =  msf^  =  mDgXQ  =  —  J9x,  V. 

315.  If  the  expression  of  the  forces  involves  the  velocities 
the  final  expression  of^jrin§313is  incomplete,  and  the  present 
mode  of  investigation  is  not  easily  and  simply  applicable  to  such 
cases,  which  is  of  less  importance,  because  these  cases  are  not,  in 
the  most  comprehensive  view  of  the  subject,  the  cases  of  nature. 


PHmCIPLE    OF   LEAST    ACTION. 


316.  When,  in  the  case  of  the  fixed  forces  of  nature,  the  ini- 
tial and  final  positions  of  the  system  are  ^ven  as  well  as  the  initial 
power  with  which  the  system  is  moving,  the  variation  of  the  charac- 
teristic function  vanishes,  and,  therefore,  the  function  is  generally  a 
maximum  or  a  mmimum.  The  action  expended  by  the  sj^stem, 
vrhich  is  measured  by  this  function,  is  also  a  maximum  or  a  mini- 
mum ;  or,  in  other  words,  the  course  by  which  the  system  is  com- 
pelled to  move  fix)m  its  initial  to  its  final  position  through  the 
action  of  the  dynamic  laws,  is  that  in  which  the  total  expenditure 
of  action  is  a  maximum  or  a  minimum.  But  it  is  obvious  that,  in 
most  cases,  and  always,  when  the  paths  in  which  the  various  bodies 
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move  are  quite  short,  the  described  coursie  cannot  correspond  to  the 
maximum  of  expended  action ;  and,  therefore,  in  most  cases  the  sys- 
tem moves  from  Us  given  initial  to  Us  given  final  position  tvUh  the  least  possi- 
ble expendUure  of  action. 

Many  examples  can,  however,  be  given,  in  wliich  the  expended 
action  is,  in  some  of  its  elements,  a  maximimi ;  although,  even  in 
these  cases,  the  expenditure  is  a  minimum  at  each  instant,  or  for 
any  sufl&ciently  short  portions  of  the  paths  of  the  bodiea 

317.  This  principle  of  least  action  was  first  deduced  by  Mauper- 
TUis,  through  an  a  prion  argument  from  the  general  attributes  of 
Deity,  which  he  thought  to  demand  the  utmost  economy  in  the  use 
of  the  powers  of  nature,  and  to  permit  no  needless  expenditure  or 
any  waste  of  action.  This  grand  proposition,  which  was  announced 
by  its  illustrious  author,  with  the  seriousness  and  reverence  of  a 
true  philosopher,  is  the  more  remarkable  that,  derived  from  purely 
metaphysical  doctrines,  and  taken  in  combination  with  the  law  of 
power  which  likewise  reposes  directly  upon  a  metaphysical  basis,  it 
leads,  at  once,  to  the  usual  form  of  the  dynamical  equations. 

318.  To  deduce  the  dynamical  equations  from  the  combina- 
tion of  the  principles  of  least  action  and  living  forces,  add  together 
the  two  variations  of  jT, 

If  the  sum  is  introduced  into  the  variation  of  Vy  the  result, 
reduced  by  the  condition  that  at  the  limits  of  integration^^ 

becomes 
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=f2,{rida,'  +  2),  T,,  „di?)  -\-f9n 


Hence, 


321.    The  introduction  of 


gives,  in  like  manner, 

322.  Other  functions  can  be  formed  by  the  combination  of  V 
and  W,ox  8  and  Q.  The  combination  may  be  such  that  for  some 
of  the  coordinates,  the  function  shall  have  the  same  form  as  V  ov  S^ 
while  for  the  remaining  coordinates  it  shall  have  the  form  of  W  or 
Qy  and  the  function 

u=r—w\ 

or 

can  be  substituted  for  V  or  S. 
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PASTIAL  DIFFERENTIAL  EQUATIONS  F6R  THE  DETERMINATION   OF  THE   CHARACTER- 
ISTIC, PRINCIPAL,  AND   OTHER  FUNCTIONS   OF  THE   SAME  CLASS. 

323.  By  substituting  in  the  equation 

for  tj,  01,  etc.,  as  well  as  for  t  and  H,  their  equivalent  expressions,  as 
partial  derivatives  of  F,  S^  W,  Q^  U,  and  P,  partial  difierential  equa- 
tions are  obtained,  the  integrals  of  which  give  the  values  of  these 
functions.  To  facilitate  the  expression  of  this  substitution,  T  and  S2 
may  be  assiuned  to  have  such  functional  significations  that 

S2{t,ri)=z£2. 
The  partial  differential  equations  are,  then, 

T{ri,D,8)  =  n  —  D,8, 
T{D,W,io)  =  n{—D^W,D,W)-\-H, 
T{D,Q,ia)  =  n  {t,D,Q)  +  D,Q. 

324.  When  the  independent  elements  of  position  are  the  rec- 
tangular coordinates  of  the  bodies,  these  equations  become,  by  the 
notation  of  (548i), 

:s:„(i  D  r)  =  2i2(z?«r,a;)  +  2^, 


—  172  — 

:s:„m(/«+/«+0'«)  =  2f2(^,ii?^^)-f  2AC. 

325.  Through  the  preceding  investigations,  the  forms  are 
developed  by  which  every  dynamical  problem  can  be  expressed  in 
differential  equations.  It  only  remains,  therefore,  before  applying 
these  forms  to  especial  problems,  to  consider  those  methods  of  inte- 
gration which  are  best  adapted  to  their  discussion. 


CHAPTER    X. 

INTEGRATION  OF  THE  DIFFERENTIAL  EQUATIONS  OF  MOTION. 

326.  In  discussing  the  differential  equations  of  motion,  it 
might  be  permitted  to  suppose  a  previous  knowledge  of  all  that  has 
been  written  upon  the  integral  calculua  But  since  the  profound 
philosophical  views,  with  which  this  subject  has  been  illuminated  by 
Jacobi,  have  not  yet  passed  from  the  original  memoirs  into  the  text- 
books, a  development  of  them  is  required  by  the  plan  of  the  present 
work  to  facilitate  its  further  progress. 


I. 

DETERMINANTS  AND  FUNCTIONAL  DETERMINANTS. 

327.     If  (w-f-l)^  different   quantities  are  given,   which    are 
represented  by 
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in  which  every  number  fix)m  0  to  w  can  be  substituted  for  k  or  for 
the  number  of  accents  denoted  by  i;  and  if  all  possible  products  of 
(»  +  1)  factors  are  formed  similar  to 


±ac^di a^:\ 

in  each  of  which  the  same  number  is  never  repeated,  either  for  k  or 
for  f ;  and  if  these  products  are  successively  formed  by  mutually 
interchanging  two  of  the  inferior  numbers,  and  at  the  same  time 
reversing  the  sign  of  the  product ;  the  sum  of  the  products  has  been 
called  by  Gauss  the  determinant  of  ihe  given  quantUiea,  and  may  be  repre- 
sented hy 

^^  =  S±ad^(jli a^:\ 

Thus,  for  example, 

Stj  =  ^  +  a«i  =  a«i  —  ^^'j 

9^2  =  -:^  +  ad^di  =  acC^di  —  aa^d{  +  a^a^d 

—  a^a  Oa  -|-  a^a  ai  —  02^1^  • 


The  same  result  might  also  have  been  produced  by  mutually 
interchanging  the  accents  without  disturbing  the  inferior  numbers. 

328.  The  sign  of  the  determinant  would  be  reversed,  by 
reversing  the  sign  of  the  product  originally  assiuned  as  the  basis  of 
the  subsequent  changes. 

329.  If,  for  the  diflFerent  values  of  Ar,  all  the  given  quantities 
are  equal,  so  that 

the  determinate  vanishea  For,  by  interchanging  k  and  k'  in  all  the 
terms,  the  sign  of  the  determinant  is  reversed  by  the  regular  process 
of  formation,  whereas  if  A:  is  substituted  for  k'  and  the  reverse,  no 


i 
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change  is  produced  on  account  of  the  equality  of  the  given  terms. 
Hence 

or 

330.  Whenever  all  those  values  of  the  given  elements  vanish, 
for  which  i  is  as  great  as  m,  while  k  is  less  than  m,  which  condition 
may  be  denoted  by  the  equation 

the  form  of  the  determinant  may  be  sunplified.  For  it  is  evident 
from  inspection  of  the  fundamental  product^ 

(o«i«S' o'rri^')W«ir-fi'' «?')» 

regarded  as  separated  into  two  factory  that  every  elementary  prod- 
uct, produced  by  an  interchange  between  the  inferior  numbers,  such 
as  to  transfer  one  of  these  numbers. into  the  second  factor,  vanishes, 
and  may  be  neglected.    Hence 

<Sk,  =  2±a(^a'^ oS^-^^±o!:>a|:4^l" air' 

if 

^».,.  =  •2:±a|^'«2^4^a^' a^ 

331.    When,  in  the  preceding  proposition,  m  is  equal  to  n,  so 
that 

it  becomes 
for,  in  this  case, 
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332.  When,  in  addition  to  the  preceding  equation,  the  values 
of  the  elements  vanish,  for  which  m  is  equal  to  w  —  1,  so  that 

the  value  of  the  determinant  becomes 

333.  Whenever  the  equation  (174io)  is  true  for  all  values  of 
niy  it  may  be  written  in  the  form 

aP*>=0; 
and  the  determinant  is  reduced  to  the  single  term 

^n=a(^(^ alr>. 

334.  If  a  determinant  is  formed  from  the  given  elements,  with 
the  omission  of  all  those  of  which  the  number  of  accents  is  i,  and 
those  of  which  the  inferior  number  is  ^,  so  that  n  is  the  number  of 
factors  of  each  elementary  product,  this  determinant  is  the  factor  of 
a^  in  the  expression  of  the  determinant  ®>..  If,  therefore,  this  par- 
tial determinant  is  denoted  by  ok^y  the  expression  of  the  complete 
determmant  is 

The  derivative  of  this  expression  is 
whence 

335.  The  preceding  notation  gives 

Q*)  =  91)1,.  =  :^  +  aioi' a^:\ 

Hence  the  expression  of  ofeif^  can  be  deduced  from  that  of  ok 


i 
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by  putting 

and  those  of  —  Q<&<*^,  or  of  —  Qt)^^,  are  deduced  from  that  of  ofc  by 
putting 

t  =  0,  or  A:  =  0. 

336.  If,  in  the  third  member  of  (ITSji),  a^  is  substituted  for 
a^\  the  expression  of  the  determinant  is  that  which  corresponds  to 
the  case  of  §  329.    Hence, 

and,  in  the  same  way, 

337.  If  a  partial  determinant  is  formed  from  the  elements  of 
Qk^\  with  the  omission  of  those  in  which  the  number  of  accents  is  {, 
and  those  of  which  the  inferior  number  is  ^,  this  determinant,  taken 
with  its  proper  sign,  is  the  factor  of  aj/^  in  the  value  of  Q^^K  If, 
then,  it  is  denoted  by  (^^;p,  the  value  of  ok^^  is 

in  which  it  must  be  observed  that,  from  the  definition 
These  equations  give 

338.  All  the  given  elements  which  have  k  or  k  for  their  infe- 
rior number,  are  excluded  from  the  value  of  o^^^t\  and,  therefore. 
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Ihis  partial  determinant  is  not  affected  by  the  interchange  of  h  and 
Jt\  by  which  the  terms  of  the  complete  determinant,  comprehended 
in 

are  transformed  into  those  comprehended  in 

But  this  last  aggregate  of  terms  is  also  represented  by 
Hence  these  partial  determinants  satisfy  the  equations 
The  determinant  may,  therefore,  be  written  in  the  form 

339.  The  solution  of  linear  algebraic  equations  is  ea.silj 
accomplished  by  the  aid  of  determinants.  For  if  the  given 
(n-|-l)   equations  are 

tt'=a7  +  «i/i  + +a;/.  =  .2:,(«;4), 

«(••>  =  an  +  a'/'^i  + +  «(;■><.  =  ^,  {aft,), 

«<•)  =  a(-)^  +  a^H^  + +  a^:X  =  ^M'^) ; 

the  sum,  obtained  by  adding  the  products  of  the  given  equations, 
multiplied  respectively  by  ofe,,  ok,, ofc]^"',  is 

91.^4  =  Qk,u  +  Q^itt'  -\- q44">«(->  =  ^..(C24ii>M<'">) 

23 
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340.  If  all  the  qihintities  w,  u\  w",  etc.,  vanish,  <,  ^i,  4>  6t^->  must 
likewise  vanish,  unless  the  determinant  vanishea  If,  therefore, 
either  of  the  quantities  ^,  ^i,  /2>  ^tc.,  does  not  vanish,  when  «,  w',  tt", 
etc.,  vanish,  the  determinant  must  also  vanish,  whence  the  equation 

( 17613)  applies  even  when 

•/ • 

or  for  all  values  of  z' 

o=^,((2*r'«n=-2:*(4ar'). 

Hence,  it  is  evident  that 

i:ti:t^ :t^  =  M^^:M(^:Qk^'^ '.(M^K 

341.  The  process,  by  which  the  value  of  i^  was  obtained,  may 
ifiiEll                                            be  regarded  as  designed  to  eliminate  the  n  quantities  tytiyt^ 

in -I  from  the  given  equations.     By  precisely  a  similar  process,  the 

m  quantities  ty  t^,  4 C-i  niay  be  eliminated  from  the   first 

7w  -f- 1  of  the  given  equations,  and  the  form  of  the  resulting  equa- 
tion must  be 


1 


I 

!  in  which 

I  In  the  same  way,  if 

the  quantities  «^'"  +  ^^,  «<•"+% w<*^  may  be  eliminated  from  those 

■  '  of  the  equations  (1778o)  which  give  the  values  of  <^,  /,n+ij Kj 

■i 

i. 


/ 
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and  the  form  of  the  resulting  equation  is 

Eu-\.E'u'+ +  -^'""«"">  =  -?'».C  +  ^«+iC+i+ +  ^A, 

in  which 

But  the  two  equations,  obtained  by  these  processes,  must  be 
identical  in  the  ratios  of  their  coefficients.     Hence 


or 


j;c-.j 

•^- 

9 

• 

95.-1 



'"■ij  n 

n 

^m 

9l,'--+i, 

n 

or  by  extending  the  series  of  ratios  to  all  values  of  m, 

But  it  is  easily  seen  that 

and 
whence 

A  repetition  of  the  same  process,  in  a  different  order,  upon  the 
given  equations  gives 

Hence 
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342.  The  ratio  of  the  values  of  r^  and  r^^^  may  be  prefixed  to 
the  series  of  ratios  of  (179ie)  in  the  form 

The  series  of  ratios  gives,  then, 
or 

This  investigation  is  derived  from  Jacobi. 

343.  The  variation  of  a  function  of  the  quantities  represented 
by  flj^^  is  expressed  by  the  formula 

If,  then,  the  values  of  the  quantities,  denoted  by  m^*\  are  such 
that 

and  if  the  corresponding  values  of  /,  ^i, t^  are  denoted  by 

^^^^,  t^y fj^\  the  expression  of  ^if^  assumes  the  form 

and  therefore 

=  tfgi.+  ^,,(Q<.i;>(t,A)). 

344.  If  the  given  quantities  are  such  that 

^(t)  —  „{k) 
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it  is  readily  perceived  that 


and 


^. 


which  is  given  by  Jacobi. 

345.  A  system  of  equations,  similar  to  those  of  §  339,  repre- 
sented by  the  form 

gives,  in  the  same  way, 

If 
an  equation  similar  to  (I8O26)  is  derived, 

346.  Let   the   (»-}"l)^   quantities,   represented    by   cip,  be 
derived  from  the  given  elements  a^^  and  b^^  by  the  formula 

and  let  the  determinant  of  these  quantities  be 


2J.,  =  ^  +  ccici' c 


n    ' 


If  only  one  term  is  taken  in  each  of  the  quantities  c]^\  the 
general  term  of  2k^  is  represented  by 

+ai'"^aSr'^fll,r> bi^^b^'^b^n 


—  182  — 

A  mutual  interchange  of  the  letters  ^,  followed  by  a  mutual 
interchange  of  the  letters  i  in  the  resulting  terms,  produces  all  the 
terms  of  ^„,  which  correspond  to  the  same  combination  (Jf)  of 
accents  m,  m^,  etc.  A  different  combination  of  accents  gives  a  dif- 
ferent set  of  terms ;  and  if 

gv^  =  2:±  h^'^^b^^b^r"^ *j:rr>, 

denote  the  determinants  of  the  given  elements  corresponding  to  one 
of  these  combinations,  the  complete  determinant  is  expressed  by 

which  is  given  by  Jacobi. 

347.  In  the  case  of 

there  is  only  one  combination  {M)  of  the  accents,  so  that  in  this 
case 

which  was  given  by  Cauchy. 
When 

there  is  no  combination  {M\  in  which  all  the  accents  are  different 
from  each  other,  and,  therefore,  it  follows  from  §  329  that,  in  this  case 

a  =  o, 

and  that,  in  all  cases,  the  combination  {M)  must  consist  of  accents 
which  differ  from  each  other. 

348.  In  the  special  case  of 

4'  =  n'>, 
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which  ^ves 

the  value  of  the  detenninant  is  reduced  to 

which,  when 

p  =  n 

is  reduced  to 


FUNCTIONAL   DETERMINANTS. 


349.  If  the  given  elements  a^^  are  the  derivatives  of  (n  -|-  1) 
functions  /,/i, /,  of  (»  +  1)  variables  x,Xiy ^n ,  so  that 

the  determinant  of  the  elements  is  called  the  functional  determinant  of 
the  ffiven  functions.  Thus,  in  the  present  case,  all  the  terms  of  the 
determinant 

are  obtained  either  by  a  mutual  interchange  of  the  variables,  or  by 
a  mutual  interchange  of  the  functions,  the  interchange  being 
accompanied  in  either  case  with  a  reversal  of  the  sign,  precisely  as 
in  deducing  the  terms  of  the  ordinary  determinant.  The  proposi- 
tions, which  have  already  been  given  in  reference  to  determinants, 
are  easily  applied  to  functional  determinants. 

350.  In  the  case  in  which  all  the  functions,  above  the 
(m  -}-  l)st,  are  free  from  the  first  m  variables,  the  condition  of  (ITig) 
is  satisfied,  so  that  the  notation  of  (17422)  gives  the  equation  (1742o) 


—  181  — 

351.  In  the  case  io  which  every  function  is  free  from  the 
viiriables  of  which  the  inferior  number  is  lens  than  that  of  the 
function  itself,  the  equation  (175|o)  is  satisfied,  and  the  functional 
determinant,  reduced  to  a  single  term,  la 

*.  =  D,fD,J^D.J, D.J^. 

352.  If  the  given  fundmis  are  not  iiuhpendcnt  of  each  oilier,  the 
detenmiaiit  vmiishct.  For  if  the  equation,  which  denotes  their  mutual 
dependence,  is  expressed  by 

77"  =0, 

its  derivatives,  with  rcf^ard  to  the  given  variables,  are  represented 
hy  the  equation 

-S.  ("/.//■»,/„)  =  0. 

The  equations,  included  in  this  form,  are  identical  with  the 
linear  equations  of  §339  when  the  values  of  k  vanish  and 

All  these  values  of  t  cannot  vanish,  because  the  equation,  which 
expresses  the  mutual  dependence  of  the  functions,  must  involve  one 
or  more  of  them ;  and,  therefore,  the  determinant  must  vanish 
by  §  340. 

353.  If  either  of  the  given  functions  (f)  couiulns  amj  of  the  oUier 
functions,  these  functions  may  be  regarded  as  coiisttud  in  Jtiiding  the 
functional  determinuiU.     For  each  derivative  ot  f  is  the  sum  of  two 

parts,  one  of  which  is  derived  by  direct  differentiation  with  refer- 
ence to  the  variable  explicitly  contained  in  the  function,  and  the 
other  part  is  obtained  by  indirect  difft-Tentiation  through  the 
functions  involved  in  /(.  The  whole  determinant  may  then  be 
regarded  as  composed  of  two  such  portions.  But  the  portion  of  the 
determinant    obtained   by  the    indirect  differentiation  of/(  is  the 
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same  as  if /;,  not  containing  explicitly  any  variables,  were  simply 
a  function  of  the  other  functions.  This  portion  must,  therefore, 
vanish,  and  the  remaining  portion  of  the  determinant  is  that  which 
is  obtained  by  direct  differentiation,  conducted  as  if  the  functions, 
involved  in  /I,  were  constant. 

This  proposition  is  applicable  even  where  several  of  the  given 
functions  contain  the  remaining  functions;  but  not  when  they 
mutually  involve  each  other. 

354.  If  the  second  of  the  given  functions  contains  the  first, 
if  the  third  contains  the  first  and  second  functions,  and  if,  in  general, 
each  function  contains  all  the  previous  functions,  the  preceding 
proposition  is  applicable.  Hence  if,  by  means  of  the  first  function, 
the  first  variable  is  eliminated  from  all  the  other  functions ;  if,  by 
means  of  the  second  function  thus  reduced,  the  second  variable  is 
eliminated  from  all  the  subsequent  functions ;  and  if  this  process  is 
continued  until  each  function  is  liberated  from  all  the  variables 
designated  by  an  inferior  number,  although  it  may  involve  all  the 
preceding  functions ;  the  determinant  is  reduced  to  a  single  term  as 
in  §  351.  This  will  often  afford  a  convenient  method  of  obtaining 
the  functional  determinant. 

355.  In  performing  the  successive  eliminations,  the  operation 
must  not  be  restricted  to  any  prescribed  order  of  the  variables,  but 
one  of  the  variables,  remaining  in  /^,  must  occupy  the  place  of  :r,. 
Hence  there  is  not  one  of  the  factors  of  the  determinant  in  the 
form  of  §  351  which  vanishes,  unless  a  function  be  obtained  from 
which  all  the  variables  are  explicitly  eliminated,  or,  in  other  words, 
unless  one  of  the  given  functions  is  included  in  the  others  and  can 
be  derived  from  them,  so  that  they  are  not  independent  of  each 
other.     If^  therefore^  tlie  given  fundiom  are  mutually  independent^  timr 

functionai  determitmnt  docs  not  vanish, 

356.  \i  FyFi^ F^  are  given  functions  of /,/i, /^, 

24 
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which  are  themselves  functions  of  the  variables  x^x^ x^^  the 

derivatives  of  the  functions  (i^)  with  respect  to  the  variables  (;r,) 
are  represented  by  the  equation 

■ 

This  equation  coincides  with  (I8I24),  if  the  notation  for  oj^^  is 
combined  with  the  notation 

The  remaining  notation  and  conclusions  of  §§  346  and  347 
may,  therefore,  be  applied  to  this  case.  Hence,  by  (182i8)  the 
fumtimwl  determinant  of  tlie  independent  functions  {Fi\  taken  with  respect 
to  tlic  same  number  of  variables  {Xi\  which  enter  into  {F^)  only  as  they  are 
involved  in  the  same  number  of  independent  functions  (f)  explicitly  involved 
in  {Fi)j  is  obtained  by  multiplying  the  functional  determinant  of  (i^)  taken 
with  respect  to  (/^)  by  the  functional  determinant  of  (/,)  taken  with  respect 

to  {Xi). 

If  the  number  (/?  -f- 1)  of  functions  {f)  exceeds  the  number  (n  -|-  1) 
of  functions  (i^),  the  complete  fwwtional  determinant  of  {F^)  is  by  (182u) 
the  sum  cf  all  the  partial  determinants  of  (Fi)  obtained  by  every  possible 
combination  of  {n'\'\)  of  the  functions  (f). 

If  the  number  of  functions  (f)  is  less  than  thai  of  the  functions  (i^), 
the  functional  determinant  vanishes^  as  in  (I8225),  which  corresponds  to  the 
proposition  that  the  number  of  independeitt  functions  cannot  exceed  the  num- 
ber of  vaiiableSy  by  which  they  may  be  expressed. 

357,     In  the  case,  in  which 

F,  =  x,, 
all  the  derivatives  of  (-F,)  with  reference  to  the  variables  {x^)  vanish, 
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except  those  included  in  the  form 


In  this  case,  therefore, 

^.  =  2:±D,xI>f,x J^f^x^, 

is  the  functional  determinant  of  {Xi)  regarded  as  functions  of  (/), 
and  the  equation  (182i8)  becomes 

or  ihefundixmal  dderminant  of  {x^  taken  with  reject  to  [f)  is  the  recipro- 
cal of  the  fundionai  determinant  of  (f)  taken  tinth  respect  to  (Xi). 

358.  If  in  the  linear  equations  of  §  339,  the  values  of  (t)  are 
expressed  by  the  formula 

either  of  the  equations  is  represented  by 

unless 

m  =  i, 

in  which  case 

This  value  substituted  in  (177,,)  gives 

359.  If  it  is  again  assumed  that 
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the  equations  of  §  345  give 


:2,iV  =  ^.J^fJUh = "-^"  =  ^  log  ^- 

360.  By  the  same  process,  it  may  be  proved  that,  if  (/i)  are 
the  variables  and  {x^  the  independent  functions, 

^,2)./x^  =  d  log  g^,  =  —  d  log  ^^. 

But  it  miisf  be  observed,  that  in  finding  the  derivatives  of 
Hxf,  they  are  supposed  to  be  expressed  as  functions  of  the  original 
variables,  precisely  as  in  the  preceding  section  the  values  of  ^/^ 
are  supposed  to  be  expressed  in  terms  of  Z^. 

361.  The  equation  (I889)  reduced  to  the  form 

may  be  added  to  the  identical  equation 
Tlie  sum  is,  by  (187»), 

362.  In  the  case,  in  which  the  arbitrary  variation  d  is  assumed 
such  that 

iff,  =  0, 
except  for  the  value 

1=0, 
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the  preceding  equation  becomes 

« 

If  this  equation  is  multiplied  by  /  and  added  to  the  equation 

the  sum  is 

363.  If  the  equations,  by  which  the  functions  (/)  depend 
upon  the  variables  (2:,),  are  represented  by 

their  derivatives  are  represented  by 

The  comparison  of  this  equation  with  (I864)  indicates  that  the 
concluding  propositions  of  §  356  may  be  applied  to  this  case,  pro- 
vided the  negative  sign  is  introduced  as  a  factor  of  all  the  deriva- 
tives taken  with  respect  to  (y^).  Hence,  if  the  number  of  the 
functions  (/)  is  the  same  with  that  of  the  variables  (a:,) , 

and 

^    —(      Y+i2±J^.FDr,F, Z)x,^, 

364.  If  the  number  of  the  functions  (/,)  exceeds  that  of  the 

variables  (2*,)  and  is  p-\-l  instead  of  «  -f"  ^  >  ^^^  {^^)  ^^  *^^  ^^^"^  ^^ 
{Fi)  when  the  last  p  —  n  of  the  functions  (/)  are  eliminated  from 
it  by  means  of  the  last  p  —  w  of  the  given  equations.     In  this  case 


—  190  — 
it  follows  from  the  reasoning  of  §  354  that 

^  +  D,FD.^F, ^'.^«^/.+.^«+i ^f,F, 

=  2:±D^F'D.^F\ i>'.i'i-s:±iV.^,i;+,i)/.^,/;+,.....i>/,^„ 

2  ±  DjFDf^F^ Df^F^ 

=  2±DfF'Df,F\ ^/.i'i^±^/.^»i;+i^/.+.i;+2....-^/p^,. 

But  the  equation  (ISOae)  is  applicable  to  this  case  if  (^)  is 
changed  to  {F])j  and,  therefore,  the  introduction  of  a  common  factor 
into  the  terms  of  (18926)  gives,  by  means  of  the  preceding  equations, 

-^n—K      )  2:±D^FD/,F^ Dr^F, 

365.  There  are  various  interesting  and  instructive  relations 
between  the  partial  determinants  of  functions  which  have  been 
developed  by  Jaoobi,  and  which  will  be  found  useful  in  discussing  the 
theory  of  differential  equationa  If  the  number  of  the  functions 
{fi)  as  well  as  of  the  variables  (:r,)  is  increased  to  m  -|-  w  -f-  1^  let 

If,  then,  from  the  function  (/«+,),  all  the  variables  x^x^^ 

x^^ifive  eliminated,  and  the  functions  /, /i ••/«-.!  introduced 

in  their  places,  and  the  function  {fn-\.x)  thus  transformed  is  denoted 
by  {f\^i\  the  values  of  2B  become 

The  determinant  of  the  (m  -f- 1)^  functions  {B^^)  is,  con- 
sequently. 


2±^%^'i %'=gir+i'-2:+^../i/>«.^,/i+i ^'.../i+ 


m 


r 
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But  it  is  obvious  that 

whence 

^  +  gB  2Bi ......  2Bi„-)  =  riji«_,  gi,,^„. 

366.  If  ^1^^  denotes  the  value  which  ^n-i  assumes  when  all 
the  derivatives  relatively  to  a:,-  are  changed  into  the  derivatives  relar 
tively  io  x^j^kyii  is  evidently  the  factor  of  ^^^f^^i  in  the  value  of 
—  SBj^l    In  the  value,  therefore,  of  the  determinant 

2:  +  ^% 98<;r^ 

the  factor  oi D^f^DrJ^_^^ ^^fn^m  is 

( Y^^2^%<%\ ^J;;*). 

But  the  factor  of  the  same  quantity  in  ^n-^-m  is>  by  inspection, 
( \^+^2:  +  I>x  fDx      f,     ..   .I>x       f  Dx      f  ^. Dx      f    , 

V         ^  -^   _L         nJ         n+l/l n-\-mJfn        m+l/m  +  l *»     i/n  — 1 

\         J  -^^   _L         m+lJ  m  +  s/1 m  +  ii/n  — !• 

It,  therefore,  follows  from  (I9I5)  that 

^  +  S8  S8} ^<-> 

=  ( Y  St*" . ,  2:  +  Dx     fDx     /;  Dx     f   , 

367.  The  factor  of  ^.._,/,^,  in  the  value  of  2Bi>>  is  —  ^Ci;-i>, 
and  therefore  the  determinant 


{—T2±^%% 


m 


V 
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is  in  (191u)  the  factor  of  A/.+i  -°',/.+j -^«_,/»+«.    But  the 

factor  of  this  same  quantity  in  ^,+m  is,  by  inspection, 


Hence  it  follows  from  (Idlg)  that 

2±^%^%\ (fu—i) 

=  (-)-+^  gilT-i^  +  ^'./^'.../i ^-«../.. 

368.  By  the  same  process  it  will  be  found  that,  in  general, 

369.  If  the  factor  of  2B^  in  the  value  of  (I9I29)  is  denoted  by 
( — y^k^  this  expression  gives 

2±<^%^% ^<r-^)  =  :5:,(^,2B,), 

in  which  neither  the  quantities  (^^it^),  nor  any  function  of  them,  such 
as  A.;t?  contain  the  derivatives  of/^.  Hence  the  derivative  of /^,  with 
respect  to  x^^),^  only  occurs  in  this  expression  because  it  is  in  28^,  in 
which  its  coefficient  is  9i'n-i>  so  that  the  term  of  the  preceding 
expression  which  contains  this  derivative  is  ^jfc^n-i^'„+it/n-  If  i^* 
is  the  coefficient  of  the  same  derivative  in 

_L  mJ  m  +  1^1 rn  +  n/n? 

the  equation  (1928)  gives 


X,  =  (— )-+ic3t-r;,i 


k 


f 
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The  comparison  of  (1 929)  with  this  equation  gives 

0 

It  is  to  be  observed  that,  from  their  definitions,  the  functions 
fik  and  2B^  are  both  of  them  partial  determinants  of  the  same 
functions  /, /i, . . .  ./,_i  the  former  being  taken  with  respect  to 
the  variables  3:^,^:^4.1  ....  ^n+m  excluding  x^^^y  and  the  latter 
being  taken  with  respect  to  the  variables  x,  Xi x^^i  and  x^^j,. 

In  the  case,  therefore,  in  which  m  and  n  are  equal,  these 
two  determinants  are  formed  with  respect  to  an  entirely  different 
set  of  variables,  and  each  of  the  variables  x^^^is  taken  in  succession 

from  the  &Bt  x^y  x^^i ^2«  in  forming  fij,  and  combined  with  the 

set  rr,  aTj ^n-i>  in  forming  2B^. 

370.  The  first  member  of  (lOSa)  does  not  contain  any  deriva- 
tive of /^  with  respect  to  a  variable  of  which  the  inferior  number 
is  less  than  m.  The  factor,  therefore,  of  such  a  derivative  as  D^/n 
in  the  second  member  vanishes  identically ;  which  is  represented 
by  the  equation 

371.  If  in  the  equation  (lOla) 

«=i, 

this  equation  becomes,  by  writing  n  —  1  for  w , 

^ifo^  =  <^,2:±D.j\D.j\ /),^/i. 

But 

^0  =  A/, 
25 
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so  that  if  :r  is  supposed  to  be  a  function  of  the  other  variables  and 
/  to  be  equal  to  x^  these  equations  are  reduced  to 

^  Q<i)  -j-  2 1,  (ofcj  ^'^x) ; 
in  which 


and,  by  (I763),  —  Q^j,  is  deduced  from  Q*)  by  changing  the  deriva- 
tives relating  to  Xj,  into  the  derivatives  relatively  to  x.  This 
equation  is  derived  from  Lagrange. 

372.     In  the  greater  portion  of  these  formulae  upon  functional 
determinants,  the  derivative  taken  with  regard  to  either  of  the 
variables  may  be  supposed  to  be  frequently  repeated,  so  that  />* 
may  be  substituted  for  D^  ,  and  h  may  even  be  zero.     Thus  if,  in 
§  365,  2)^  is  substituted  for  D^y  and  if 

n  =  l, 
the  equations  of  that  section  are  reduced  to 

gi,._,  =  !>«/=/, 


Hence  if 


v=  — 
'       f 


and  if  M  is  written  for  m  -|-  1>  the  equation  (lOOgi)  becomes 
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If  each  of  the  functions  (/i)  is  multiplied  by  t,  the  values  of 
the  functions  {Vi)  remain  unchanged,  and  therefore  the  value  of  the 
determinant 

is  multiplied  by  <"+\ 

373.  A  system  of  functions  (/|)  can  always  be  found  such  that 
their  determinant,  with  respect  to  the  variables  (a:.),  may  be  equal 
to  a  given  function  II  of  those  variables.  For,  if  all  these  functions 
except  /,  are  assumed  at  pleasiu'e,  and  if  f\  represents  the  form 
of  /,  when  all  the  variables  except  x^  are  eliminated  and  the 
remaining  functions  (/i)  are  introduced  in  their  place,  the  required 
determinant  becomes 

Hence,/!,  is  by  (187io)  determined  by  the  integration 


/'■=X.a^=X.(*.-.^). 


in  which  it  must  be  observed  that  the  quantity  under  the  sign  of 

integration  is  expressed  in  terms  of /,/i /^_i  and  x^. 

In  the  case  of 

n=\ 

this  formula  becomes 


f\  =X  <^:l.  =X  ^— 


The  substance  of  all  these  investigations  upon  determinants  is 
taken  without  important  modifications  from  Jacobi. 
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MULTIPLE    DERITATIVES   AND   INTEGRALS. 


374.  The  functional  determinant  is  shown  by  Jacobi  to  be  of 
singular  use  in  the  transformation  of  multiple  derivatives  and  inte- 
grala  The  expression  of  these  functions  is  facilitated  by  the 
notation 


and 


If  then 


D}rr^=irfZf:i, /., 


•/  _/^ ....  •^  y^  y^  •  J  •  •  •  •  •  •J  1^  • 


n  =  D}^^w, 


a  new  variable  or,,  which  is  a  given  function  of  all  the  variables,  /^ 
may  be  substituted  for  either  of  them  as  /,  in  IFJ  and  the  new 
derivative  is  given  by  the  formtda 

Another  new  variable  jr,_i  may  next  be  introduced  instead  of 
/»_i  in  the  same  way,  and  tins  process  may  be  repeated  of  substi- 
tuting successively  for  each  variable  fi  a  new  variable  ar,,  which 
shall  be  a  function  of  all  the  other  variables  remaining  in  the 
derivative  at  the  instant  of  the  substitution  of  i*^,  until,  finally,  an 
entirely  new  set  of  variables  shall  be  introduced  into  the  derivative. 
The  final  form  is 

HDJD^J, D'J,  =  IKt^W. 

From  the  cotnparison  of  this  form  with  §  351,  it  appears  that 
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the  factor  of  i2  is  identical  with  the  determinant  of  that  section. 
From  the  reasoning  of  §  §  353  and  354,  it  follows  that  the  determi- 
nant is  not  changed  by  substituting  in  either  of  the  quantities  (/)) 
regarded  as  functions  of  the  variables  (a:,)  the  values  of  any  or  all 
the  preceding  functions  in  terms  of  these  variables.  But  each  of 
the  functions  {fij  contains,  in  its  present  form,  none  of  the  succeed- 
ing functions ;  so  that,  after  this  substitution,  it  is  expressed  in  terms 
of  {Xi) .     Hence 

WW  #      •      •      •      •  Mb     •     ■     •     • 

375.     The  preceding  equation  gives,  for  the  multiple  integral 

n  +  l  /»»  +  ! 


/     •    •    •    •  ^^      mr    •    •    •    • 


in  which  the  limiting  values  of  (Xi)  may  be  supposed  to  be  constant, 
while  those  of  (fi)  may  not  be  constant  If  then  IT  is  determined 
by  the  integration 

80  as  to  contain  neither  of  the  variables  (a:,)  except  as  they  are 
involved  in  (/■),  it  is  by  §  353  unnecessary  to  have  regard  to  the 
derivatives  of  IT  otherwise  than  as  they  are  dependent  upon  /  in 
finding  the  value  of  the  determinant,  which  is  the  first  member  of 
the  following  equation,  and  which  therefore  becomes 

2±D,nD.J,D.J, ^',/n  =  '^nD,n=  '3{,.i2. 

But  by  (ISOg) 


I 
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and,  therefore, 


in  which  Untj,  denotes  that  the  function  to  which  it  is  prefixed  is 
referred  to  the  limiting  values  of  ar^,  so  that  the  difference  of  the 
values  of  the  function  at  these  two  limits  is  represented  by  this 
notation. 

But  since 

it  is  evident  from  (lOTia)  that 


r    lim,(77Q*))  =  lim,  P    H; 

'^     I  •  •  •  '^  y  I  •  •  • 


and  a  similar  equation  may  be  given  for  each  of  the  terms  of  the 
last  member  of  (1 983),  whereby  this  equation  is  reduced  to 


IT^=^>^^S'"- 


The  multiple  integral  of  the  (w  -f- 1)  th  order  is  thus  reduced  to 
2 «  -f-  2  multiple  integrals  of  the  n  th  order,  and  this  reduction  may 
be  continued  until  the  whole  process  is  made  to  depend  upon  single 
integrals,  of  which  one  is  performed  with  reference  to  /,  and  the 
number,  performed  with  reference  to  any  other  of  the  variables  (^), 
is 

2*(«  +  l)« (n-f2  — t). 
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IL 

SIMULTANEOUS    DIFFERENTIAL    EQUATIONS   AND   LINEAR   PARTLiL   DIFFERENTUL 

EQUATIONS   OF   THE   FIRST   ORDER. 

376.  An  equation 

/=o, 

of  which  the  derivative  vanishes  identically,  by  means  of  the 
simultaneous  diflferential  equations  represented  by 

in  which  (Xj)  are  given  functions  of  the  variables  {Xi\  is  called  an 
integral  of  these  equations.  It  is  a  general  integral  if  it  involves  arbi- 
trary constants,  and  a  particular  integral  if  it  does  not  involve  arbi- 
trary constants.  When  it  involves  an  arbitrary  constant,  it  is  more 
conveniently  expressed  in  the  form 

in  which  a  is  an  arbitrary  constant. 

377.  A  function  /,  which  satisfies  the  linear  partial  differential 
equation  of  the  first  order 

is  called  a  solution  of  this  equation.     By  means  of  the  notation 


0 
m 
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this  equation  may  be  written 

378.  The  first  meniber  of  every  integral,  expressed  in  the  form  (199g) 
or  (199i9),  of  the  simvitaneom  differential  equations  (199u)  is  a  sobdion  of 
the  partial  differential  equation  (2OO2) ;  and,  converseUf,  every  solution  of 
the  partial  differential  equation  (2OO2)  is  the  first  member  of  an  integral  of 
the  simultaneous  differential  equations  (1998),  «^  ^^  second  member  is  any 
constant.  For  the  derivative  of  (1998)  ^r  (199i9)  vanishes  by  the 
substitution  of  (199ii),  which  gives 

that  is,  /  satisfies  the  equation  (2OO2).  Reciprocally,  the  satisfying 
of  this  condition  is  all  that  is  required  in  order  that  (199i9)  may 
be  an  integral  of  (1998). 

379.  If  the  equation  (1998)  is  solved  relatively  to  or,  so  as  to 
express  rr  as  a  function .  of  the  other  variables  (:r,),  the  equation 
(19926)  becomes 

which  is  distinguished  from  (2OO2),  because  the  function  ar,  of  which 
the  derivatives  are  taken,  is  involved  in  the  functions  (-Xi),  whereas 
/  is  not  involved  in  these  functions. 

380.  A  solution  of  (2OO2)  which  shall,  for  a  given  equation 
between  the  variables,  become  equal  to  a  given  function,  may  be 
determined  by  means  of  series.  For  this  purpose,  let  the  given 
equation  be 

in  which  t  is  constant,  and  t  a  function  of  the  variables,  and  let  the 


—  201  — 

solution  become  a  function  q>  of  the  variables  when  this  equation  is 
satisfied.  If  then  i  were  assumed  to  be  also  one  of  the  variables 
of  the  given  equation^  and  such  that  in  forming  the  simultaneous 
equations 

by  which  the  simultaneous  equations  become 
«uid  the  given  partial  differential  equation  is 
«issume  the  functional  notation 


n =-/>-' 


and  the  integral  of  the  partial  differential  equation  with  reference 
to  /  is 

/— 9— n/=o, 

which  gives 

(i-n)/=y, 

/.=  j^=(l+n  +  n»  +  etc.)y 


00 


0 

This  value  of/  taken  from  Cauchy,  expresses  a  true  solution  of 
the  given  equation  if  n'y  is  finite  for  all  values  of  i  and  vanishes 
when  i  is  infinite^  which  is  always  the  case  for  sufficiently  small 
values  o£  i  —  t  . 

381.  There  are  n  independent  solutions  of  the  partial  differential 
equation  (2OO2)  and  no  more  than  n  independent  solutions. 

26 
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First.  The  equation  (2OO2)  has  n  independent  solutions.  It 
has  been  proved  in  the  preceding  section  that  it  has  one  such  solu- 
tion.    Let  it  then  be  assumed  that  m  such  independent  solutions 

have  been   obtained,  denoted  by  /«,  /„_i /n-m-hi-      These 

independent    solutions    may   be   substituted  for  the  m  variables, 

^ny^n-\ ^«_m4-i>  wlth  TCgard  to  which  they  are  independent ; 

and  '^  fx,f  denotes  the  value  of/ when  expressed  in  terms  of  the 
new  variables,  the  equations  of  substitution  are  represented  by 


m 


n  —  m  +  l 

But  since 
the  substitution  of  these  equations  in  (200a)  reduces  it  to 

in  which  the  functions  /^  may  be  regarded  as  constant.  This 
reduced  equation  has,  then,  a  solution  by  the  preceding  section ; 

its  solution  does  not  involve  the  variables  x^,z^_i ^n-m+i? 

and  is  independent  of  the  given  m  solutions.  The  given  equation  is 
then  proved  to  have  another  solution  independent  of  the  given 
solutions;   and  this  number  may  again  be  increased  by  the  same 

process,  until  the  n  independent  solutions  are  obtained,  /i,/2 /n- 

Secondly.  The  equation  (2OO2)  cannot  have  more  than  n  inde- 
pendent solutions.  For  if  there  are  {n-\-l)  solutions  (/),  each 
gives  an  equation  represented  by 

which  may  be  regarded  as  a  linear  equation  between  the  quantities 
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(Xi).  By  the  usual  process  of  elimination,  if  ^^  denotes  the 
functional  determinant  of  (/)  with  respect  to  the  variables  (a;.), 
these  equations  give,  by  §  340, 

But  all  the  quantities  X^  do  not  vanish,  and,  therefore, 

or  the  (w  -f- 1)  functions  (/i)  are,  by  §  355,  not  independent  of  each 
other. 

382.  It  is  evident^  from  the  preceding  demonstration,  that  aniy 
function  of  (Its  soluiiom  of  the  linear  partial  differential  equation  (2OO2)  is 
itself  a  solution  of  that  equation. 

383.  A  system  of  finite  equations,  of  which  the  derivatives 
are  satisfied  by  the  simultaneous  equations  (199i2),  is  called  a  system 
of  integral  equations  of  the  simuttaneous  differential  equations.  This  system 
is  said  to  be  general^  when,  by  the  successive  elimination  of  the  con- 
stants, it  can  be  reduced  to  a  form,  in  which  each  equation  involves 
an  arbitrary  constant  not  included  in  the  other  equations,  and  it  is 
complete  when  the  number  of  finite  equations  is  equal  to  that  of  the 
given  difierential  equations.  When  reduced  in  the  method  just 
proposed,  the  general  system  is  represented  by 

in  which  the  functions  (y,)  are  independent  of  the  arbitrary  con- 
stants (/?,).  The  particular  system  is  represented  by  a  set  of  similar 
equations,  combined  with  other  equations,  which  involve  no  arbitrary 
constants,  and  which  are  represented  by 
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384.  Each  equation  of  a  general  sygtem  of  integral  equaUonSy 
reduced  to  the  form  (20824),  is  an  integral  of  the  given  simultaneous  differ- 
erdial  equations.  For  the  derivative  of  (20824),  when  reduced  to  a 
finite  equation  by  the  substitution  of  the  given  diflferential  equations, 
is  independent  of  the  arbitrary  constants  (/?^),  and  vanishes,  there- 
fore, independently  of  the  equations  themselves  in  which  these  con- 
stants are  involved.  When  the  system  is  general,  therefore,  the 
functions  (y,)  are  functions  of  the  solutions  {f)  of  the  partial  diflfer- 
ential equation  (2OO2). 

885.  If  the  system  is  particular,  and  if  the  number  of  the 
equations  (2O831),  which  are  free  from  arbitrary  constants  is  w  —  w, 
the  same  number  of  variables  can  be  eliminated,  by  their  aid,  from 
the  functions  (JQ)  and  (y^).  The  equations,  to  which  (20824)  ^-re 
thus  reduced,  are  integrals  of  the  simultaneous  differential  equations, 
represented  by 

in  which  the  variables  (ar,),  of  which  the  number  is  m,  are  those 
which  are  not  eliminated  from  {Xi)  and  (y^). 

886.  The  system  of  equations  (20831)  is,  by  itself,  a  particular 
system  of  integral  equations  of  the  given  differential  equations, 
which  does  not  contain  any  arbitrary  constant  For  the  derivative  of 
either  of  them,  involving  no  arbitrary  constant,  must  be  satisfied  by 
means  of  the  equations  (199i2)  and  (20831),  without  any  aid  from  the 
equations  (2O824).  Th®  derivative  of  each  of  the  equations  (2O824) 
is,  for  the  same  reason,  satisfied  by  the  same  equations  (199i2)  and 
(2O831),  without  the  assistance  of  the  equations  (2O824). 

887.  The  functions  (/,)  may  be  supposed  to  be  introduced  as 
the  variables  instead  of  the  given  variables  {Xi\  By  this  substitu- 
tion, the  proposed  system  of  differential  equations  assumes  the  form 
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By  this  same  substitution  in  the  equations  (20824)  and  (2038i),  the 
equations  (2038i)  may  be  readily  reduced  by  processes  of  elimination 
to  an  equal  number  of  equations  of  the  form 

in  which  the  functions  [Fi)  do  not  involve  those  of  the  functions  {fi) 
of  which  the  values  constitute  the  first  members  of  these  ^equations. 
Hence  the  derivatives  of  these  equations^  reduced  to  a  finite  form 
by  the  substitution  of  (2062)  become  of  the  form 

or 

But  this  equation  does  not  involve  either  of  the  functions  {fi) 
which  are  not  contained  in  (^),  and,  therefore,  cannot  depend  upon 
the  equations  (205g).  It  is,  therefore,  identical,  the  functions 
[Fi)  are  independent  of  a:,  and  the  equations  (2038i)  from  which  they 
are  derived,  contain  only  the  functions  {fi).  The  substitution  in 
(2038i)  of  the  arbitrary  constants  (a,)  for  the  functions  {f)  to  which 
they  are  equivalent,  reduces  these  equations  to  conditional  equa- 
tions between  the  arbitrary  constants.  These  equations  (2038i),  there- 
forey  represent  the  conditional  equations^  to  which  the  arbitrary  constants  of 
the  integrals  ^  (199i2)  mtist  be  subject ,  in  order  that  tliey  may  coincide  with 
the  particular  system  of  integral  equations,  to  which  the  equations  (2038i) 
belong.  After  the  introduction  of  the  functions  (/),  instead  of  the 
variables  {Xi\  into  the  functions  (y^),  these  functions  (y,)  can,  by  the 
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subfltitution  of  (205,,),  be  freed  from  nil  the  functions  (/,)  which  are 
not  contained  in  (F,).  The  derivatives  of  (^,)  when  thus  reduced 
become,  by  meivus  of  the  equations  (205j),  of  the  form 

which  must  vanish  independently  of  the  equations  (205g},  and, 
therefore,  the  functions  (i/j.)  do  not  involve  x.  Hence,  hy  the  subditulion 
of  {Zi)for  (fi)  the  eqiialiom  (20834)  ff"''^  ^^^  values  of  {(i.)  in  terms  of  («;). 

388.  From  any  one  given  integral  equation,  denoted  by 

«^0, 

the  whole  system  of  integral  equations,  to  which  it  belongs,  can  be 
readily  obtained.  For  the  finite  equation,  to  which  the  derivative 
of  this  equation  is  reduced  by  the  substitution  of  the  given  differen- 
tial equations,  is,  from  the  very  nature  of  the  problem,  another  of 
the  required  Hystem  of  integral  equations.  The  derivative  of  this 
new  equation  gives  a  thirrl  integral  equation,  and  the  continuation 
of  thifl  process  leads  to  the  final  Mermmtdion  of  the  wltole  of  the  reqtiired 
systefii  of  itiieffral  erjuafmis. 

389.  This  process  of  deriving  a  system  of  integral  equations 
from  one  of  its  component  equations,  affords  the  means  of  testing  a 
proposed  equation,  and  ascertaining  whether  it  be  an  integral  equa- 
tion. For  as  great  a  number  of  independent  integral  equations  is 
not  admissible  as  that  of  the  variables  themselves ;  if,  therefore,  the 
applicati'on  of  the  jrroeess  to  a  proposed  efjtialion  conducts  to  a  number  of 
ind^endent  equtUions  equal  to  tfuU  of  t/ie  variables,  it  ia  a  stifficieid  proof 
that  i/w  proposed  equation  is  not  an  intep-al  equaiioii. 

390.  When  a  system  of  integral  equations  contains  mtperfluous 
arbitrary  constants,  that  is,  constants,  which  remain  in  the  functions 
(fjP(),  after  the  system  is  reduced  to  the  form  given  in  §  383  j  snch 
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constants  supply  the  means  of  obtaining  other  integral  equations 
which  are  not  contained  in  the  given  system.  Thus  if  (206ji)  denotes 
an  integral  equation,  from  which  the  proposed  system  may  be  sup- 
posed to  be  derived,  so  that,  reciprocally,  this  equation  may  be 
derived  from  the  proposed  system,  and,  therefore, 

in  which  Fis  any  arbitrary  function ;  and  if  the  notation  is  adopted 

in  which  arbitrary  constants  are  denoted  by  (/») ;  the  equation 

is  also  an  integral  equation.     For  the  equation 

gives,  by  direct  diflferentiation. 

But  it  is  obvious,  from  the  form  of  (2076),  that  the  derivatives 
of  u  with  reference  to  those  of  the  constants  (/?i),  which  are  elimi- 
nated from  the  functions  (9),)  and  to  which  these  functions  are  equal, 
are,  themselves,  fimctions  of  {(pi  —  fti)  and  1//, ;  whereas  the  deriva- 
tives of  u  with  reference  to  the  superfluous  independent  constants 
(/5,),  which  are  contained  in  the  functions  (y,),  are  not  merely  func- 
tions of  {q>i  —  pi)  and  1//,.  Hence  the  integral  equation  (207i8)  is  a 
new  equation,  if  it  contains  the  derivative  of  u  with  reference  to 
either  of  the  superfluous  constants  (/?,),  and  there  are  as  many  of 
these  new  equations  as  there  are  superfluous  constants.  But  the 
number  of  independent  integral  equations  thus  obtained,  is,  of  course. 
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subject  to  the  condition,  that  it  cannot  exceed  tlic  number  («)  of 
the  independent  solutions  of  the  equation  (200a). 

391.  Of  alt  s^'stenis  of  integral  equationa,  that,  in  which  the 
arbitrary  constants  are  the  values  which  the  variables  themselves 
assume  for  a  ^veu  value  of  one  of  them,  deserves  especial  consider- 
ation. To  simplify  the  discus.sion  of  this  case,  and  place  it  in  tlie 
position,  in  which  it  will  best  illustrate  the  problems  of  mechanics, 
the  variable  (.t),  of  which  the  value  is  given,  may  denote  the  time^ 
and  the  given  time  ia  the  c/wcA  or  origin,  at  which  the  elements  of 
the  system  of  variables  arc  given,  and  from  which  tlie  variations  arc 
estunated.  The  values  of  the  variables  at  this  beginning  of  time 
may  be  termed  their  itatial  values,  while  those  at  any  subsequent 
time  are  their  final  values.  The  difi'erential  equations  express  the 
laws  of  change,  under  which  the  variables  pass  from  their  initial  to 
their  final  values,  and  are  equally  compatible  with  any  proposed 
combination  of  initial  values.  Tlte  iiu'tial  values  are,  therefore,  wftf>U^ 
arbiimry  and  independent.  Their  number  is  cqiuil  to  thai  of  the  variables 
{x,),  and,  conseqitetUli/i  equal  to  the  w/tole  number  of  tnih-peiidciU  arhiirarff 
constants,  wMch  is  required  for  the  complete  uiteffral  equations. 

The  epoch  is  also  arbitrary,  and  seeuLs  to  introduce  an  addi- 
tional arbitrary  constant.  But  this  constant  is  obviously  superflu- 
ous ;  it  corresponds  to  the  arbitrary  position  of  the  problem  in 
time,  without  involving  any  modification  of  the  essential  conditions ; 
and  is  the  complement  of  the  arbitrary  element,  which  is  not 
expressed,  and  in  reference  to  which  the  derivatives  in  tlie  equationa 
(lOOia)  are  supposed  to  be  taken. 

392.  The  passage,  down  the  stream  of  time,  from  the  initial  to 
the  final  values,  conformably  to  the  conditions  of  change  expressed 
in  the  differential  equationa,  may  be  imagined  to  be  reversed  and, 
in  a  retrograde  transit,  the  same  laws  of  change  would,  by  their 
reverted  action,  restore  the  variables  to  their  initial  values.     In  the 
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direct  action,  the  initial  values  constitute  the  cause,  and  the  final 

^values  are  the  efiect;   whereas,  in  the  reverted  action,  the  final 

values  become  the  cause  of  which  the  initial  values  are  the  eflfect 

Hence  it  follows  that,  in  any  irdegral  equation  behveen  the  final  and  the 

imtiai  values  of  the  variableSy  the  final  and  initial  values  of  each  variable 

Tnaff  be  mutualfy  interchangedy  and  the  resulting  equation^  if  not  identical  ivith 

the  given  eguationy  is  a  new  integral  equation.    In  making  this  change^  the 

Mgn  of  the  variablcy  which  expresses  the  interval  of  timcy  must  be  reversedy 

l)ecause  the  interval,  which  is  positive  with  reference  to  the  initial 

epoch,  is  negative  with  reference  to  the  final  epoch.     If,  indeed,  the 

interval  were  expressed,  by  means  of  the  initial  value  {x^^)  and  the 

final  value  {x)  of  the  time,  in  the  form  {x  —  oto),  its  sign  is  directly 

reversed  by  the  mutual  interchange  of  the  initial  and  final  values, 

which  transforms  its  expression  to  {xq  —  x). 

393.  Let  F^  denote  the  form,  which  any  function  F  of  the 
final  and  initial  values  of  the  variables  assumes  after  the  mutual 
interchange  of  these  values ;  and  let 

x1  =  (fiy 

represent  the  system  of  integral  equations  reduced  so  that  the 
functions  (y^)  do  not  involve  the  initial  values  {x^).  The  inter- 
change of  the  initial  and  final  values  in  this  system,  produces  a 
system  of  integral  equations  in  which  each  variable  is  expressed  in 
terms  of  that  one  variable,  which  represents  the  time,  and  of  the 
arbitrary  constants  which  are  the  initial  values  of  the  variables. 
This  new  system  is  represented  by 

Xi  =  (f1. 

394.  The  discussion  has,  hitherto,  been  limited  to  difierential 
equations  of  the  first  order,  but  it  can,  readily,  be  extended  so  as  to 

27 
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embrace  those  of  higher  orders.  If,  for  instance,  the  equations  are 
given  in  the  form 

in  which  the  functions  {Xi)  may  involve  all  the  derivatives  of  the 
variables  (:r,),  which  are  of  an  order  inferior  to  (jt?^),  each  of  these 
inferior  derivatives  may  be  regarded  as  an  independent  variable, 
expressed  by  the  form 

With  this  new  system  of  variables  the  given  equations  are 
replaced  by  the  differential  equations  of  the  first  order,  represented 

by 

Dt=l. 

The  number  of  these  differential  equations  of  the  first  order  is 
easily  seen  to  be  {^iPi  -\-  1). 

395.  When  the  differential  equations  are  not  given  in  the 
normal  form  (2IO3),  ^^ey  can  always  be  reduced  to  this  form.  For 
this  purpose,  each  of  the  equations,  wliich  contains  none  of  the 
highest  derivatives  of  the  variables,  must  be  differentiated  as  many 
times,  denoted  by  a,,  as  are  necessary  to  raise  it  to  an  order,  which 
contains  such  derivatives.    If  the  given  equations  are  represented  by 

the  equations,  which  are  thus  derived  from  them,  may  be  expressed 
by 

g,,  =  Lf^'Fi  =  0 ; 


211  ■ 


in  which  «,■  is  zero,  when  it  is  npplicd  to  an  equation  which  is  not 
differentiated.  Each  of  the  derived  equationa  contains  at  least  one 
of  the  highest  derivatives  of  the  variables,  which  may  be  expressed 
by  iy,''^''iXi.  The  functions  [if,)  should  be  independent  functions  of 
these  derivatives ;  whenever  this  is  not  the  case,  such  derivatives 
can  be  eUmlnated  from  the  derived  equations,  and  one  or  more 
resulting  equations  will  be  obtained  in  which  they  are  not  involved. 
The  independence  of  the  functions  (9,-)  can,  however,  be  directly 
tested  by  means  of  their  determinant  (ISSjs),  which  vanishes  when 
it  is  taken  with  respect  to  quantitiea,  for  which  these  functions  are 
not  independent. 

When  the  functions  {(ft)  are  indcpendcni  miih  respect  to  the  highest 
derivatives  contained  iit  them,  the  re/pnred  noitnal  equations  (210g)  are 
obtained  from  the  given  equations  and  their  successive  derivatives  of  an  order 
not  higher  than  those  of  tlte  derived  equations  (2IO31)  hg  the  tistiai  process 
of  eUinination.     For, 

First,  there  is  a  sufficient  number  of  equations,  because  the 
number  of  equations,  added  to  the  given  equations  by  differentiation, 
is  — itti  which  is  the  same  with  the  number  of  derivatives,  superior 
to  the  order  {pi),  the  highest  of  which  are  to  be  retained  in  the 
normal  equations. 

Secondly,  these  equations  are  independent  of  each  other  in 
respect  to  the  derivatives  of  the  order  {p,),  and  of  the  superior  orders, 
and,  therefore,  sufficient  for  the  required  elimination ;  because  if  any 
of  the  equationa  of  the  inferior  orders  were  not  independent,  their 
derivatives,  which  are  included  in  the  group,  (2IO31}  would  not  be 
independent  of  each  other. 

39G.  When  the  functions  (y,)  are  not  independent  with 
respect  to  the  highest  derivatives  contained  in  them,  each  of  the 
equations  of  an  inferior  order,  obtained  from  the  derived  equationa 
by  elimination,  can  be  substituted  for  one  of  the  derived  equations, 
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which  is  necessarily  involved  in  the  elimination  by  which  the 
retluced  equatimi  is  obtained.  If,  therefore,  one  of  the  given 
equations  Is  involved  iu  the  elioiination,  the  order  of  the  given 
equations  is  reduced  by  the  substitution  of  the  given  equation.  But 
if  all  the  equations,  necessaiily  involved  in  the  elimmation,  were 
derived  by  differentiation  from  the  given  equations ;  and  if  a 
denotes  the  smallest  number  of  successive  dificrcntiatioDS,  by  which 
either  of  these  derived  equations  was  obtained  ;  the  reduced  equar 
tion  is  obviously  a  derivative  of  the  order  («)  of  an  equation, 
which  can  be  obtained  by  direct  elimination  from  those  of  the 
given  equations,  which  are  of  an  order  inferior  by  (a)  to  the 
derived  equations,  combined  with  the  derivatives  of  the  other 
given  equations  of  an  inferior  order.  This  reduced  equation  of 
an  inferior  order  may,  then,  be  substituted  for  either  of  the  given 
equations  of  a  higher  order,  upon  which  its  elhuination  neces- 
sarily depends.  In  all  cases,  thci-cfore,  in  which  the  fmteUom  (y,)  are 
ml  independent  toUh  respccl  to  Vie  higlust  deriea/ices  contained  in  Ihem, 
ilie  order  of  the  given  eijuatiom  can  be  reduced  hi/  tjie  sulst'didion  of 
«H  eiju(Uion  of  an  inferior  order  ohiained  hy  cUminaiion  hdween  sotae  of 
the  given  equalioiis  and  the  derivatives  of  others,  wMck  are  of  an  inferior 
order. 

397.  That  the  normal  forms,  obtained  by  the  procoaa  of  §395, 
are,  as  it  was  remarked  by  Jacobi,  those  which  are  obtained  with  the 
least  complexity  of  operation,  is  easily  perceived  without  any 
attempt  at  demonstration.  It  is,  also,  obvious,  by  what  modef)  of 
substitution  other  normal  forms  can  be  derived  from  these,  which 
are  equivalent  to  them  iu  the  aggregate  order  of  differentiation,  but 
dijQer  in  the  distribution  of  the  derivatives.  Thus  if  either  of  the 
functions  (Jl,)  is  of  an  order  inferior  by  {fji)  to  that  of  the  given 
equations,  it  is  by  (^f)  successive  differentiations  elevated  to  an  order 
which  contains  one  or  more  of   the  highest    derivatives   involved 
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in  the  normal  forms.  The  (y^^th  derivative  of  the  equation  (2108), 
after  the  values  of  the  highest  derivatives,  given  by  the  normal 
equations,  are  substituted  in  its  second  member,  so  that  it  is 
expressed  in  the  form 

may  take  the  place  of  this  equation  in  the  system  of  normal  equa- 
tions. If  then  DY~"^i^i'  is  one  of  the  derivatives  contained  in  (-X,), 
and  if  the  normal  equation  (2108)  is  reduced  to  the  form 

it  may  take  the  place  of  the  equation 

in  the  group  of  normal  equations  By  means  of  (213i4)  and  its 
derivatives  of  an  order  inferior  to  the  (y,)  th,  all  the  other  equations 
may  be  reduced  so  as  only  to  contain  derivatives  of  (a:^)  of  an  order 
inferior  to  the  {p^f  —  y^)^^-  ^^^  nonnal  system  is  hy  this  means  trans- 
formed to  another  normal  system^  in  which  the  highest  derivative  of  one  of  the 
variables  is  increased^  Just  as  much  as  that  of  another  of  the  variables  is 
decreased. 

398.  The  repetition  of  the  process  of  the  preceding  section 
may  be  so  conducted  that  one  or  more  of  the  variables  shall  finally 
disappear  from  the  system  of  normal  equations,  and  the  number  of 
equations  will  be  simultaneously  diminished  to  the  same  amount  as 
that  of  the  variables.  The  process  may  be  continued,  indeed,  xmtil 
only  two  variables  remain,  one  of  which  is  the  variable  (^),  with 
respect  to  which  the  derivatives  are  taken ;  but  the  reduction  to 
this  form  involves  the  greatest  prolixity  and  complexity  of  computa- 
tion.    There  are  special  cases,  however,  and  particularly  that  of 
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linear  differential   equations,  in  which  this  mode  of  rfduction    is 
peculinrly  advantageous. 

The  principal  portion  of  this  discussion  of  differential  equations 
is  the  combined  result  of  the  investigations  of  Ei'Lunt,  LAoaANOE, 
Cauchy,  and  Jacobi  ;  but  an  important  addition  to  these  researehes 
is  now  to  be  developed,  for  which  geometry  is  eminently  indebted 
to  Jacobi. 


r    MULTIPLIER   OF    DlFFKl 


399.  The  function,  which  was  called  by  Jacobi  tlie  new  multiplier, 
in  order  to  diBtinguish  it  from  the  Eukrian  multiplier,  but  which,  on 
account  of  its  superior  importance,  is  here  distinguished  simply  ua 
the  multiplier  of  a  linear  partial  differential  equation  of  the  first  order 
represented  by  (200j),  is  that  function  which,  muUlpUcd  Iff  i/a's  equation, 
renders  Us  Jirst  mcmler  an  exact  functional  detaiitinatU  {'^„)  of  the  indefi- 
nite function  {/)  and  of  n  undefined  functions  (/,)  wilh  respect  to  t)ie  (»  -j-  1) 
variables  (a^;),  wltich  are  the  indepaidcnt  variuhles  of  the  given  equulion.  On 
account  of  the  mutual  relations  of  the  partial  differential  equation 
{200a)  ^ii'i  the  simultaneous  differential  equations  (199u),  this  same 
function  may  also  be  regarded  as  a  multiplier  of  i/ie  diffcretiiial  equaiimis 
(199i3) ;  and,  for  the  same  reasou,  it  may  be  considered  as  a  multiplier 
of  the  linear  partial  differodial  equation  of  tiic  first  order  (2OO30)  of  n 
independent  variables. 

400.  If  either  of  the  functions  (/■),  or  any  function  of  these 
fimctions,  is  substituted  for/,  the  determinant  vanishes,  by  |  3&2, 
and  the  equation  (2OO2)  is  satisfied.  The  functions  (/,)  are,  therefore, 
n  independent  solutions  of  the  equation  (200^). 

401.  If  the  multiplier  of  the  equation  (200^)  is  denoted  by 
aatfc,  the  condition,  by  which  the  multiplier  is  defined,  is  expressed  by 


f 
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the  identical  equation 


K£jkrnf=^^i 


The  equality  of  the  coefficients  of  Z?x,./in  the  two  members  of 
this  identity  is,  by  the  notation  adopted  in  the  theory  of  determi- 
nants, expressed  by  the  formula 

The  substitution  of  this  value  of  q<d.  in  the  equation  (1892)  gives 
the  equation 

which  is  a  Unear  partial  differential  equation  of  the  first  order,  hy  which 
the  multipUer  is  analytical^/  defined. 

402.  The  defining  equation  of  the  multiplier  may  by  (199i2) 
be  developed  into  the  form 

or 

This  equation  divided  by  ^£^  becomes 

r^log yjn^  +  2iDz,Xi  =  D  log  ocXfc  4-  2:^Dx,Xi=  0. 

If  all  the  variables  are  regarded  as  functions  of  x,  and  if  x  is 
introduced  in  place  of  the  element  of  variation,  by  means  of  the 
formula 

Dx  =  X, 
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the  preceding  equation  finally  assumes  the  form 

XD,  log  osXt  +  2:,D,,X,  =  0; 

which  is  an  equation  involving  common  differeniiahy  by  which  the  multiplier 
is  analytically  defined. 

403.  The  equation  (2158)  &^^^  by  (lOig),  when 

1  =  0, 
the  value  of  the  multiplier  in  the  form 

a: 

404.  If  the  values  of  (/)  are  expressed  in  terms  of  (:r,),  by 
means  of  the  equations  (189j2),  and  if,  by  reason  of  the  integrals 
(199io),  the  constants  {a,)  are  substituted  for  (/),  the  value  of  the 
multiplier  becomes 


1    2±D^F,D^^F^ Dr^F, 


^^        ;    X*  :^±Da^FyDa^F^ DaJ 


n 


in  which  the  sign  may  be  rejected  at  pleasure. 

405.     In  the  particular  case,  in  which  the  equations  (189]2) 
assume  the  form 

in  which  the  functions  (y,)  involve  the  arbitrary  constants  (a.), 
together  with  no  other  variable  than  ar,  the  value  of  the  multiplier 
is  by  (189i2)  reduced  to 


X2:±Da^^^Da^% Da^^^—  X2:±Da^X^Ba^X^ Da^X, 

1 1 

XX±Df,x,Df^x^ i>/.a:,— XOi>,,J 
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which  equation  might  have  been  directly  deduced  from  (216n)  and 

(187xo). 

406.  If  the  functions  (jFJ)  are  given  independent  functions  of 
(/),  they  are  independent  solutions  of  the  equation  (2OO2)  ^^^  give 
a  multiplier  (oa^fc^)  different  from  <£M>y  and  which  is  determined  by 
the  equation  derived  from  (216u), 

X^£M>i  =  2  ±Dz^F^D^F^ D,^F^. 

This  equation,  by  means  of  (I8614)  and  (216ii),  assumes  the  form 

X.sJh,=  ^^^,2:±Df,F,Df^F, Df^F, 

=  X<s^2±D^^F^Df^F^ D/^F^, 

which  gives 

^=S±D,,F,Df,F, D,,F,. 

The  second  member  of  this  equation  is  a  function  of  the  func- 
tions (/),  and  may  be  an  arbitrary  function  of  these  functions,  so 
that  it  can  have  n  independent  values.  The  equation,  therefore, 
serves  to  determine  w  -|-  1  independent  values  of  the  multiplier 
(02^,.),  which  is,  by  (215i2),  the  whole  number  of  independent  values 
of  which  it  is  susceptible.  Hence,  the  ratio  of  any  ttoo  muUipUers  is  a 
sobdion  of  the  equation  (2OO2).  It  also  follows  from  this  argument  that 
every  solution  of  the  equation  (215i2)  ^  ^  value  of  the  multipUer. 

407.  In  the  particular  case,  in  which 

one  of  the  n  +  1  solutions  of  (215]a)  is  reduced  to  a  constant,  so  that 
in  this  case,  the  constant  must,  contrary  to  the  ordinary  usage,  be 
included  among  the  solutions  of  the  equation.    The  constant  may 

28 
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be  supposed  to  be  unity,  amf,  therefore^  one  of  the  multipliers  of  the  equa- 
tion (2OO2)  is  unitffy  when  the  condition  (2I727)  ^  fulfiUedy  and  aU  the  other 
multipliers  are  solutions  of  the  equation  (2OO2). 

408.  When  the  solutions  {f^  of  the  equation  (2OO2)  are  known, 
the  corresponding  value  of  the  multiplier  may  be  determined  from 
(2I611).  But  it  can  be  derived  by  a  shorter  process,  when  either 
of  the  solutions  (<S}Md-)  of  (215i2)  is  known,  and  also  the  initial  value 
of  Q*>.  Thus  if  IT  denotes  the  ratio  of  visXfc^  to  *ja^,  the  equation 
(216n)  gives  by  (194,), 

When  the  initial  values  are  substituted  in  this  equation  with 
the  notation  of  §  393,  it  becomes 


The  value  of  H^  may,  by  the  elimination  of  the  variables  (u^) 
be  reduced  to  a  function  of  the  functions  {fi) ;  and,  if  in  this 
expression  the  functions  (f)  are  substituted  for  their  initial  values 
{fi)j  the  value  of  17  is  reproduced.  For  the  function,  which  is 
obtained  by  this  substitution,  is  a  function  of  {f)  and  therefore  a 
solution  of  the  equation  (2OO2) ;  and  it  is,  moreover,  that  particular 
solution,  of  which  the  initial  value  is  the  given  function  H''. 

409.  In  the  especial  case,  in  which  the  initial  values  of  (f)  are 
the  variables  (a:,),  the  value  of  o*)*"  is  obviously  reduced  to  unity  and 
the  equation  (218ii)  becomes 

410.  When,  in  the  differential  equations  (199i2),  the  arbitrary 
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element  of  variation  is  assumed  to  be  the  variable  ar,  the  value  of  X 
is  unity ;  and,  in  this  case,  the  equation  (218n)  becomes 


which  in  the  case  of  the  preceding  section  is  reduced  to 

and  when,  moreover,  the  equation  (217^)  is  satisfied,  so  that  one  of 
the  multipliers  is  unity,  this  value  is  still  further  reduced  to 

72^^=1. 

411.  The  arbitrary  constants  («<)  may  be  substituted  for  the 
functions  {fi)  in  the  equation  (218n),  when  it  is  regarded  as  result- 
ing firom  the  integrals  of  (199i2).  By  this  substitution  IT  becomes  a 
function  of  the  arbitrary  constants,  which  may  be  represented  by  67, 
and  the  equation  gives,  by  means  of  (187io), 

*Jl  ^  =  2t  +  X/fl J  2L\  Da^  JCj Da  -X^  = 


Vjj)/lfci  X* 


The  logarithm  of  this  equation  becomes  by  the  substitution  of 
(2I62),  and  including  C  in  the  constants  of  integration, 

l0g-S  +  2?a,-Xi  Da,X^ 2?a„-y,=  logy  +  log  C—  log  U^fc, 

in  which  all  the  functions  (Xi)  can  evidently  be  multiplied  by  any 
common  factor,  without  disturbing  the  equality. 
412.    In  the  especial  case  of 

X=l 
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the  preceding  formula  becomes 

log  -r  +  2?a, Xi2?a, Da^X^=j2:,D.^X,. 

413.  When  simultaneous  differential  equations  are  transformed 
from  one  system  of  variables  to  another,  the  multiplier  usually  under- 
goes a  change  at  the  same  time,  but  there  are  conditions,  to  which 
the  arbitrary  element  of  differentiation  may  be  subjected,  and  under 
which  the  multiplier  remains  unchanged.  Thus  if  the  new  system 
of  variables  is  represented  by  (w,),  if  the  equations  (lOOia),  in  their 
new  form,  are  represented  by 

in  which  the  accented  sign  of  differentiation   refers  to   the   new 
arbitrary  element  of  differentiation,  and  if 

2j  — fr, 

the  values  of  ( Wi)  become,  by  (lOOag)  and  the  preceding  formulae  of 
this  section, 

W,=i  GDwi=  G2:k{Dx,WiDxk) 
=  G2,{X,D.,w,)  =  GF^w,. 

This  value  of  ( Wi\  in  combination  with  the  formulae  (IQOag)  and 
(215a),  gives 

2, (  W,D.J)  =  G2, IX^S, {D.JD.,w>i] 

=  g:s,{x,d.j) 


=  GF^f  = 


\£jh 
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If  oN'  is  a  multiplier  of  (220]a),  the  defining  equation  of  (215s) 
is^  in  respect  to  this  multiplier, 

oN'^,(  mn./)  =  2:±  VJD.J, 2>„y,. 

The  ratio  of  the  equations  (22O27)  ^^'^  (^Sls),  reduced  by  means 
of  (186u)  and  (187w),  gives 


n 


=  -2"  +  D^xDt0^Xi Dw^x^ 

If,  therefore,  the  multipliers  oN*  and  ^sJk  are  equal,  the  value  of 
G  becomes  G\  if 

G'  =  2:±  D^xD^^Xi D^^x^ 

=  {2:  +  D,wDx^Wi Dx^w^)"^. 

414.  The  equation  (21525),  applied  to  the  new  system  of  varia- 
bles {Wi\  gives,  by  means  of  this  equation  and  (220i7),  if  the  multi- 
pliers are,  for  the  instant,  assumed  to  be  equal, 

^.Z>«,,  Tf^  =  —  //log  k£iMc  =  —  G'Dlog  ^sJk 
=  G'2,Dx,X,. 

415.  If  the  arbitrary  element  of  differentiation  is  supposed  to 
be  the  same  in  both  systems  of  variables,  the  values  of  <r,  W^,  and 
o^f  become 

G^=l, 

oN*  =  <7' .jDXt . 
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416.  If  the  first  m  -f- 1>  o^ly?  of  the  variables  (rr,)  are 
exchanged  for  the  new  variables  {Wi)y  which  limitation  is  expressed 
by  the  formula 

the  value  of  <?'  is  abbreviated  to 

G'  =  2±D^zD^^Xi D^^x^ 

—  {2:±D,faD^^Wi Dr^fo^)''\ 

417.  Hence  if  the  arbitrary  element  of  differentiation,  com- 
mon to  the  two  systems,  is  one  of  the  variables  and  is  expressed  by 
iy  so  that  the  remaining  variables  are  still  denoted  by  (x^)  and  {tVi)y 
the  formula  (22I15)  continues  to  express  the  value  of  G\ 

418.  If  the  last  (n  —  m)  of  the  variables  {Wi)  are  solutions  of 
the  equation  (200j),  the  corresponding  values  of  the  functions  ( W^) 
vanish  by  (22O22).  If  the  multiplier  is  also  supposed  to  remain 
unchanged,  the  partial  differential  equation  (2002)9  ^y  which  it  is 
determined,  is  reduced  to 


0 

The  arbitrary  constants  (pi)  may,  therefore,  be  substituted  for 
the  solutions  (w^,),  and  the  value  of  <?'  becomes 

419.  But  if,  instead  of  the  equality  of  multipliers,  the  ele- 
ments of  differentiation  are  identical  in  the  systems,  the  defining 
equation  is  expressed  in  the  slightly  different  form  of 
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in  which  the  functions  (  Wf)  and  the  multiplier  (oN*)  are  given  by 

(22I30). 

420.    If  the  variables  {Wi)  which  are  retained,  coincide  with 

the  original  variables  (ar^),  the  equation  for  the  multiplier  becomes 


0 
in  which 

By  the  formulse  of  this  and  the  two  preceding  sections  the 
multiplier  of  the  system  of  differential  equations,  to  which  a  given 
system  is  reduced  by  means  of  any  of  its  integrals,  can  be  obtained 
from  the  multiplier  of  the  given  system.  This  will,  soon,  appear  to 
be  one  of  the  most  important  properties  of  multipUers. 

421.  If  the  given  differential  equations  are  of  an  order,  which 
is  higher  than  the  first  order,  and  have  the  normal  form  (2108),  the 
equation  (21525),  by  which  the  multiplier  is  defined,  is  simplified  by 
the  consideration  that 

Z>,(?-i)a;<»)=0. 

The  nrnUipKer  of  the  given  equations,  or  of  the  eqaatiom  (2IO15),  ^y 
which  ibey  should  be  replaced^  is,  therefore,  determined  by  the  equation 

Z)log  'Ja*)  +  2iDjfr^)Xi  =  0. 

422.  If  the  functions  Xi  do  not  involve  xl^i"^^  or  if,  in  general, 

2iD,iPr^)X,  =  0, 

unity  is  one  of  the  values  of  the  multiplier  of  the  given  equations. 
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423.  If  the  given  equations  have  not  the  formal  form,  but 
have  the  form 

such  that  they  involve  no  derivatives  of  a  higher  order  than  the  nor- 
mal forms,  to  which  they  are  reducible  by  immediate  elimination 
without  differentiation,  the  equation  for  determining  the  multiplier 
assumes  a  simple  symbolic  form,  by  means  of  the  notation 

For  it  is  to  be  observed  that  each  of  the  subsidiary  terms,  of 
which  the  second  term  of  the  equation  (22326)  ^  the  aggregate,  is  to 
be  obtained  from  the  equations  (2248),  by  taking  their  derivatives 
relatively  to  af/T^^  on  the  hypothesis  that  2iV  are  functions  of  this 
variable,  and  thence  determining,  by  elimination,  the  values  of  these 
subsidiary  terms.    Hence  if 

the  derivatives  of  (2248),  relatively  to  af^t"^^  are  represented  by 
( 17724),  provided  the  letters  i  of  that  equation  are  accented  %  times, 
and  the  number  k  is  written  below  the  u.  From  the  comparison  of 
(ISOis)  with  (224u),  it  appears  that  (t,A)  vanishes  in  the  present  case, 
and  that  the  sign  of  d  is  to  be  reversed,  whence  the  equation  (I8O26) 
becomes 

The  equation  (223]s)  by  which  the  muUipUer  is  determined,  assumes  the 
^mboHcal  form 

/>  log  via^  =  —  ^t<i*'  =  d  log  ^,. 
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424.  It  may,  sometimes,  happen  that  the  values  of  ajj^  and 
da]^^  are  such  that  the  sum  of  da^\  and  of  \Da^\  in  which  X  is 
constant,  is  simpler  than  dat\     In  this  case,  if 

the  addition  of 

to  the  equation  (2248i)  gives  the  symbolical  form 

D  log  ( ^(t  g{,  J)  =  (J'  log  91 ,, . 

425.  If  the  given  differential  equations  have  the  form  (2IO27), 
80  that  they  cannot  be  reduced  to  the  normal  form  without  differ- 
entiation, the  equations  (2108i),  which  are  derived  from  them  by 
differentiation,  give,  by  direct  elimination,  a  system  of  normal  forms, 
which  include,  as  a  reduced  system,  the  normal  forms  finally  obtained 
by  the  process  of  §  395.  The  multiplier  of  the  equations  (2IO27)  is 
determined  by  the  symbolic  equation  (2248i),  or  (225io),  provided 
that  in  the  values  (224io)  of  a^^  and  Sa^^  from  which  d^n  is  consti- 
tuted, the  value  of /?^  is  increased  by  a^. 

426.  The  values  of  ajf^  and  da^^  may  be  determined  directly 
from  the  equations  (2IO27).  ^^^  this  purpose,  if  >.  is  written  instead 
of  a  in  order  to  avoid  the  confusion  which  might  arise  from  the  use 
of  a  as  an  arbitrary  constant,  and  if  the  ingenious  notation,  which 
is  familiar  to  the  German  mathematicians,  for  the  continued  product 
of  all  the  integers  from  1  to  1  inclusive, 

X\  =  X{X  —  \){l  —  2) 3.2.1, 

is  adopted,  the  equations  (2108i)  are  represented  by 

29 
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and  we  find,  by  well-known  formulae, 


D^u)if=2:^D}[^D^iv)FDj.K)2^^'^'] 


=k\- — -^ —      d^-^^vd^.^pX 


The  inferior  limit  V  is  determined  by  the  condition  that  neither 
v'  nor  X  —  X  -j-  y'  can  be  negative.     Hence 

if  X  +  l>x,  v'=0, 

if  \  —  l<<x,  i/  =  x  —  X. 

In  the  former  of  these  two  cases  the  last  term  is 

but  in  the  latter  case  it  is  simply 

It  follows,  then,  from  (224,o)  that,  since  Fi  does  not  contain  any 
higher  derivative  of  Xi,  than  jOj^, 

427.  The  system  of  normal  equations,  derived  by  the  process 
of  §  395,  is  related  to  the  system  of  normal  forms,  which  has  been 
discussed  in  the  preceding  sections,  precisely  as  any  reduced  system 
of  differential  equations  is  related  to  that  from  which  it  is  reduced 
by  means  of  a  portion  of  its  integral  equations.  The  integral  equa- 
tions are,  in  this  case,  the  equations  (2IO27)  ^^^  all  their  derivatives, 
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which  are  inferior  to  the  final  derivatives  expressed  by  equa- 
tions (2108i),  the  multiplier  of  the  reduced  equations  is,  conse- 
quently, obtained  by  dividing  the  multiplier  <idio  of  the  equations 
(210a)  by  the  function  G  given  by  the  expression  (2289).  The 
functions  {w)y  involved  in  the  value  of  Gy  represent  the  first  mem- 
bers of  the  integral  equations  (2IO27)  ^^d  their  derivatives.  But  it 
follows  from  (2264)  and  (22623)  that 

The  equations  (2IO27)  i^ay,  now,  be  supposed  to  be  arranged  in 
an  order  conformable  to  the  orders  of  the  derivatives,  by  which  they 
are  brought  to  the  form  (2108i),  so  that  those,  of  which  the  higher 
orders  of  derivative  are  taken,  may  precede  the  equations  of  which 
lower  orders  are  taken.  Instead  of  reducing  the  equations,  by  a 
single  step,  to  the  final  system,  the  reduction  may  be  accomplished 
by  successive  steps ;  and,  at  each  step,  the  derivatives  of  the  equa- 
tions (2IO27),  which  are  admitted  into  the  group  of  integrals,  may  be 
diminished  by  unity,  while  the  number  of  accents  of  the  eliminated 
variables  is  also  diminished  by  unity.  At  the  step  denoted  by  A, 
therefore,  the  derivatives  of  those  equations  (2IO27)  are  added  to  the 
group  of  integrals  for  which  the  orders  of  derivative  (X,)  are  greater 
than  h.  At  this  step  a  factor  (6^^)  of  6^  is  also  obtained,  and  all  the 
derivatives  of  which  it  is  composed  are  represented  by  the  functions 
(ajif^),  in  which  the  superior  limit  of  ^  is  the  same  with  that  of  1. 
Hence  if 

\  —  ^,+1^  0, 
the  value  of  the  factor  of  G^  is 


G^^i=^\ 


— 1 
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but  if 

this  factor  is 


The  logarithm  of  the  complete  value  of  ^  is,  therefore, 


PRINCIPLE   OF  THE   LAST   MULTIPLIER. 


428.  The  consideration  of  the  case  in  which  there  are  two 
variables,  leads  to  a  valuable  principle  of  integration,  discovered  by 
Jacobi,  and  which  he  called  the  principle  of  the  last  multiplier.  In  the 
case  of  two  variables,  the  equation  (2152)  becomes 

which  gives 

DJ^=KS}fkX 

D,/,  =  —  K£Jk>X,. 

Hence  it  is  obvious  that 


Pf^=^£ifh{XDx  —  X^Dx^) 


or,  by  integration, 


f^=  C.sJk{XDz  —  X^Dx^), 


so  that  when  the  muUipUer  is  knmvny  this  equation  determines  the  integral  of 
the  two  differential  equations  (IQOjj)  of  two  variables,  or  that  of  the  sin- 
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gle  equaiian  to  which  they  are  equimkniy 

and  the  multiplier  isy  in  this  casey  iderdiccU  with  the  weUrkmwn  Eulerian 
multiplier. 

429.  When  all  the  integrals  hid  one  of  a  given  system  of  differential 
equations  (199i2)  are  known^  of  which  the  multiplier  is  also  given,  the  last 
integral  is  determined  by  quadratures  by  the  process  of  the  preceding  section  ; 
because  the  multiplier  of  the  two  differential  equations  with  two 
variables^  to  which  the  given  system  may,  in  this  case,  be  reduced,  is 
determined  from  the  given  multiplier  by  §418.  This  is  Jacobi's 
principle  of  the  last  multiplier. 

430.  In  the  case  of  §  380,  in  which  the  element  of  variation  {t)  is  one 
of  the  variableSy  if  the  functions  (X^)  do  not  involve  (<),  the  equation  (2018) 
gives 


t 


=fxr\ 


from  which  i  can  be  determined  by  quadratures,  when  all  the  other 
integrals  of  the  given  equations  are  known,  even  if  the  multiplier  is 
not  known,  provided  that  JQ  is  reduced  to  a  function  of  ;r,-,  by  means 
of  the  known  integrals. 

j^  the  muUipUer  is  also  knowny  and  if  it  does  not  involve  t,  the  last  of 
the  integrals  which  do  not  involve  t  can  be  determined  by  the  process  of  the 
preceding  section,  and,  therefore,  the  two  last  integrals  of  the  given  equations 
can,  in  this  case,  be  determined  by  quadratures. 

But  if  the  given  multiplier  (ua4fc)  involves  i,  a  multiplier  {^^i),  which 
does  not  involve  i,  can  be  derived  from  all  the  integrals  which  do  not  involve 
t,  and  the  quotient  of  these  two  multipliers  gives  by  §  406,  an  integral  involv- 
ing i,  and  which  takes  the  place  of  (229]7) ;  so  thaf,  in  this  case,  the  last 
int^al  is  determined  in  a  finite  form  vnthout  integrciion. 
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431.  This  proposition  was  shown  by  Jacobi  to  admit  of  thft 
following  generalization.  If  idl  the  functions  (X,),  in  tv/uc/i  i  w  grealer 
ifian  m,  are  free  from  tfiose  of  ilie  variables  (j:,)  in  wltich  i  w  )iot  greater 
than  nij  and  if  the  remaining  fiinetions  satisfg  the  equation 

two  integrations  can  ahvays  be  performed  hy  quaJralitres,  whenever  a  muU^ 
pUer  is  hiotvn  which  does  not  involve  the  variables  {Xi^„j^i),  but  tehm  th4 
given  multiplier  does  involve  eUlier  of  these  variables  one  integration  can  be 
performed  by  gtiadratures,  and  another  integral  is  given,  immcdiaidg,  m/A- 
oul  any  process  of  integration.  For  if  the  given  multiplier  oLtfe  involves 
only  the  variables  (;r.>„),  it  not  only  Fiatisfies  the  condition  (215b), 
but  also  on  account  of  the  equation  (2306) 


^i/?^^(o&«»^)  =  0, 


and  is,  therefore,  a  multiplier  of  the  portion  of  the  equations  (lOOu' 
in  which  i  is  greater  than  m.  This  portion  of  the  given  equations 
can,  therefore,  be  first  integrated,  independently  of  the  remainder 
of  the  system,  and  the  last  integral  of  this  portion  will  be  obtained 
by  quadratures,  because  its  multiplier  is  given.  But  the  last  inte- 
gral of  the  whole  system  may,  also,  be  obtained  by  quadratures, 
because  its  multiplier  is  known;  so  that  two  of  the  integrals  can  be 
obtained  by  quadratures. 

But  if  the  given  multiplier  involves  any  of  the  variables 
(^><m+i))  tlie  separate  integration  of  that  portion  of  the  equations 
( lOSis)  in  which  i  is  greater  than  m,  gives  a  multiplier  of  this  portion 
involving  only  the  variables  (a;;^,,),  which  satisfies  the  equation  (230u)i 
and  by  (2308)  it  also  satisfies  the  equation  (2158),  so  that  it  is  a  new 
multiplier  of  the  given  equation.    The  quotients  of  these  two  mul- 


f 
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tipliers  gives,  by  §406,  an  integral  involving  (a:,<^+i),and  which  takes 
the  place  of  the  first  of  the  two  integrals,  which  are  obtained  by  quad- 
ratures when  the  given  multiplier  involves  only  the  variables  (2:<>m)- 


PARTIAL    MULTIPLIERS. 


432.  Additional  to  the  systems  of  Eulerian  and  Jacobian  mul- 
tipliers, and  inclusive  of  them,  are  those,  of  which  I  have  given  the 
investigation  in  Gould's  Astrotiomical  Journal^  and  which  I  have  called 
partial  mvUipUers.    The  partial  multipliers  of  the  difierential  equations 

(lOOia)  are  represented  by  {^\k^,ic^, O'  ^^  which  iykiykz, . . .  etc. 

are  any  difierent  numbers,  or  by  (^fcj  j^),  in  which  I  and  K  denote 
groups  of  numbers ;   and  they  are  defined  by  the  equation 

P^j=2±D^J,D   f, />    /„ 

in  which  P  is  any  arbitrary  function,  ^1,^2...  k^  are  numbers  not 
included  in  the  groups  ly  and  /i,  /£,  etc.  are  solutions  of  the  equa- 
tion (2OO2).  The  notation  (visXt^^^)  may  also  be  used  to  denote  the 
multiplier,  with  the  definition  that  if 

JT  denotes  the  group  of  numbers  represented  by  (k^). 

433.  The  system  of  multipliers  of  (199i2),  evidently,  satisfies 
the  system  of  difierential  equations,  which  arc  derived  from  (187io), 
and  represented  by 

in  which  1  includes  all  the  numbers  not  belonging  to  the  group  I. 

434.  The  group  of  all  the  numbers  not  included  in  the  group 
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(/)  with  the  exception  of  any  two,  which  may  be  selected  at  pleas- 
ure, may  be  denoted  by  JJ.  The  elimination  of  the  corresponding 
values  of  Xa  from  the  equations,  obtained  from  (2OO2)  by  the  substi- 
tution of  the  various  values  of  (/i)  gives  the  equations,  which  are 
represented  by 

This  system  of  equations  combined  with  that  of  (23128)  defines, 
analytically,  the  system  of  partial  multipliers. 

435.  In  the  formation  of  the  multipliers,  a  careful  regard  must 
be  had  to  their  signs,  conformably  to  the  rule  of  formation  of  deter- 
minants, so  that  in  general 

436.  In  the  special  case,  in  which  the  group  (e,  /)  of  §  433 
is  reduced  to  a  single  number,  and  in  which  P  is  X,  the  preceding 
equations  become 

—  X'JDXt) . -f- X^  ^ja^  =  0 , 

so  that,  the  muttipUer  is^  in  this  case,  the  Jacobian  multiplier. 

437.  In  the  case,  in  which  the  groups  (1,  /)  of  §  433  include 
the  numbers  of  all  the  variables  but  one,  and  in  which  P  is  unity, 
the  equations  become 

I  c 

Si  (oE^<"  j:;)  =  0 ; 

so  that,  the  system  of  multipliers  iSy  in  this  case^  that  of  the  Eulerian  mutti- 
pliers  amphfied  hy  Laqranoe. 
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438.  The  partial  multipliers  may  be  denoted  as  the  first,  secandy 
et€.y  to  the  last  corresponding  to  the  degree  of  the  determinant  which 
is  the  second  member  of  the  equation  (216n).  With  this  designa- 
tion, the  last  multiplier  coincides  with  the  Jacobian  multiplier  and 
gives  a  last  integral  of  the  differential  equations,  while  the  first  mul- 
tipliers coincide  with  the  Eulerian,  of  which  each  system  gives  a 
first  integral  of  those  equations.  This  proposition  may  be  general- 
ized^ and  it  may  be  shown  that  each  system  of  multipliers  determines 
an  integral  of  the  given  equations  by  means  of  quadratures,  and  holds  a  place 
in  the  rank  of  muMipUers  similar  to  thai  held  by  the  integral,  in  the  rank  of 
integrals. 

The  investigation  of  the  relations  of  the  multipliers  of  differ- 
ent systems  will  be  found  to  lead  immediately  to  this  proposition, 
after  its  truth  has  been  established  in  the  case  of  the  Eulerian  mul- 
tipliers. 

439.  The  deduction  of  an  integral  of  a  system  of  differential 
equations  (199i2),  by  means  of  quadratures,  from  a  given  system  of 
Eulerian  multipliers,  is  quite  a  simple  process.  For  the  definition  of 
these  multipliers  in  §  437  gives 

If  the  quantities  represented  by  ( Q^)  are  defined  by  the  equa- 
tion 

the  required  integral  is 

f=2,Q,  =  a. 

For  the  defining  equation  of  Qi  gives 

i 


(•) 
30 


*   0 
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Hence  it  is  found  by  differentiation  that  (C.)  is  free  from  all 
the  variables  (^jt<»)>  ^^^  ^  ^^^  ^^  supposed  to  be  proved  for  ( C*<»)  i* 
it  seen,  by  (232,7),  that 


«-l  A 

0 


D,p^^  Qi  =  D,^{,siJk'''—D,2,  Q^)  =  2?.^viDJlt<*>— i>.,  A,^*  C* 


The  differential  of  (233,7)  ^>  therefore, 

0 

which  corresponds  to  the  required  differential  (233i9). 

440.  When  the  differential  equations  (199ja)  are  transformed 
to  other  variables  in  the  manner  which  is  indicated  in  §  413,  any 
multiplier  of  the  new  system  is  obtained  by  the  following  jformula 
which  corresponds  to  (23I15), 

If,  then,  the  functions  ( G)  are  defined  by  the  equation 

G^«^  —  S±  D„^Xi^  Z?.^ar<, D^^jCi^ 

=  {2±D^  to.D.w. D    w*)-*, 

the  proposition  (186ao)  gives  by  (231i6) 

441.  If  any  of  the  solutions  [fi)  of  (2OO2)  are  known,  they 
can  be  assumed  as  new  variables  to  take  the  place  of  either  of  the 
given  variables,   and  the  new  multipliers  must  be  determined  by 


—  235  — 

the  preceding  equation.  But  it  is  evident  that,  in  this  case,  the 
number  of  elements  which  compose  each  of  the  terms  of  (qN'h) 
will  be  diminished  by  a  number  equal  to  that  of  the  solutions,  which 
are  introduced  as  variables.  Hence  since  m  is  the  number  of  ele- 
ments which  compose  each  term  of  (via^fc/),  if  (m  —  1)  is  that  of  the 
known  solutions,  the  number  of  elements  of  (oN*^)  may  be  reduced 
to  one,  in  which  case  the  multipliers  (oN'^^)  become  Eulerian  and 
give  the  mth  solution  of  (2OO2)  or  the  mth  integral  of  (199i2),  by 
means  of  quadratures,  which  corresponds  to  the  proposition  of  §  438. 


IIL 

INTEGRALS   OF  THE  DIFFERENTIAL  EQUATIONS   OF  MOTION. 

442.  When  the  differential  equations  of  motion  are  expressed 
in  their  utmost  generality,  there  is  no  known  integral  which  is  suf- 
ficiently comprehensive  to  embrace  them.  But  the  equation  (163i4) 
of  living  forces  is  an  integral,  which  is  applicable  to  all  the  great 
problems  of  physics,  and  holds  the  most  important  position  in  refer- 
ence to  investigations  into  the  phenomena  of  the  material  world. 
There  are  other  integrals  of  great  generality,  which  might  be  inves- 
tigated in  this  place,  if  they  were  not  clothed  with  such  a  character 
of  speciality,  that  they  properly  belong  to  some  of  the  following 
chapters.  The  application  of  Jacobi's  principle  of  the  last  multi- 
plier to  dynamic  equations  gives  results  of  so  general  a  character, 
that  their  investigation  cannot  appropriately  be  reserved  for  any 
chapter  devoted  to  the  consideration  of  special  problems. 
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THE    APPLICATION    OF    JACOBl'S    PRINCIPLE    OF    THE    LAST    MULTIPLIER    TO 


LAORANGE's   CANONICAL   FORMS. 


443.  It  follows  from  the  homogeneous  nature  of  T  (165io), 
that  each  of  Lagrange's  equations  (164i2),  involves  one  or  more  of 
the  quantities  represented  by  (ij"),  and  the  system  of  these  equa- 
tions has,  therefore,  the  form  represented  by  (210aQ).  If,  then,  (at^) 
denotes  the  coefficient  of  (ijl)  in  the  value  of  (cu,),  given  by  (I655), 
this  value  becomes 

and  that  of  jT  is  by  (165ii) 

so  that  the  functions  (ojif^)  only  involve  the  quantities  represented  by 
(ij)  and  the  time  (/),  and  satisfy  the  equations 

444.  Each  of  Lagrange's  equations  may  be  expressed  in  the 
form 

Hence,  when  S2  is  only  a  function  of  (ij.)  and  /,  the  equa- 
tions (224io)  become 

k 
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from  which  are  easily  derived  the  equations 


k  i 


The  notation 


k  i 


gives 

{i,k)  =  —  {k,i) , 

In  the  substitution  of  these  values  in  (2243i),  it  is  evident  from 
(ISOis),  (ISOsi),  and  (ISle)  that  the  functions  (tyk)  disappear,  and 
since  Z>  takes  the  place  of  i?„  (2248i)  becomes 

D  log  os^  =  D  log  9{)», 

and,  therefore,  since  the  arbitrary  constant  may  be  neglected, 

« 

which  holds,  even  if  the  equations  of  condition  involve  the  time. 

In  all  dynamical  problems^  therefore^  in  which  the  forces  ate  indepen- 
dent of  the  velocities  of  the  moving  bodies^  a  Jacobian  mtUtiplier  is  given 
directly  by  the  equaiion  (237ig),  ^^  ^^  i^  ^i  integral  can  always  be 
obtained  by  quadratures. 

445.  Hence,  by  §  430,  in  any  dynamical  problem^  in  which  the 
forces  and  equations  of  condition  are  independent  of  the  time  as  weU  as  of 
the  velocities  of  the  bodies,  the  two  last  integrals  can  be  obtained  by  quad- 
ratures. 

446.  The  substitution  of 
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in  (164]o)  and  (1622g)  gives 


2  2  2 

mVf  =  S8i  "T"  ^Bi+l  T"  ^Bi-\-2} 

Hence  if 
the  value  of  ol;'  is  by  (236^), 

which,  combined  with  §  §  346  and  348,  gives 

^  =  <Sk,  =  S„{<^J'% 

in  which  ^^^  denotes  the  functional  determinant  of  a  group  (Jtf")  of 
(w  -|- 1)  of  the  functions  (5.)  relatively  to  the  variables  {tji).  It  may 
be  observed  that  if  «i  is  the  number  of  bodies  of  the  system,  and  7ia 
the  number  of  conditional  equations,  the  value  of  n  is 

n=  3wi  —  n2 —  1. 
447.     If  the  conditional  equations  are  represented  by 

and  if 

A 

their  derivatives  with  reference  to  (tji)  are  represented  by 

If  then  (ff)  denotes  any  group  of  n  of  the  quantities  (|,),  and 
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(ffyh)  denotes  a  group  of  n  -[- 1  of  the  same  quantities  in  which  the 
group  (ff)  is  included,  the  preceding  equations  give,  by  elimination, 
between  all  those  in  which  t  remains  unchanged, 

Since  then  the  group  {ffyh)  is  also  denoted  by  (^js4),  if  the 
group  of  all  the  remaining  quantities  (|,)  is  denoted  by  (iV'),  if -ST 
and  iV'  are  other  groups  of  the  same  species,  and  if  ( Q^^^)  denotes 
the  determinant  of  the  corresponding  values  of  (e?iif^),  the  preceding 
equations  give,  by  elimination, 

which,  it  is  easily  seen,  may  be  extended  to  the  case  of  any  groups 
whatever  (-Sfand  JtQ^  in  which  each  includes  (w  -|-  1)  of  the  quan- 
tities ($|).  If,  therefore,  some  one  group  is  arbitrarily  selected  and 
denoted  by  (^),  the  equation  (23813)  becomes 


^ = i^PA^'-'f. 


448.    If  the  derivatives  of  (i^^)  relatively  to  (|<)  are  denoted  by 


4'=i>^n 


*  ** 


and  if  ^i*^^  denotes  the  determinant  of  the  values  of  {(^\  which  cor- 
respond to  those  of  {Vi^)  in  5P|^^^,  the  derivatives  of  (ij,)  may  first 
be  taken  with  respect  to  (|,),  and  if  those  of  (§,)  are  afterwards 
taken  with  respect  to  (ij^),  they  give  by  {I8620) 

12  n 


—  240  — 

Hence,  if  oN*  denoted  the  determinant  of  all  the  quantities  (77^) 
and  {rji)  with  reference  to  (5i),  the  equation  (239i8)  gives 

which,  substituted  in  (2392o)  reduces  it  to 

449.  If  there  are  no  equations  of  condition,  the  value  of  ^fc  is 
reduced  to 

=.{S±D^^DA^ D„Uf 

1  n 

r={S±D^nD^ri, D^rin)-^. 

If  in  this  case,  (herefore^  the  values  of  (ij,)  coincide  tvith  those  of  (5,), 
the  muUipUer  is  reduced  to  umiy. 

450.  If  the  equations  of  motion  were  given  in  the  system  of 
§  310,  in  which  the  forces,  represented  by  the  equations  of  condition, 
are  included  in  those  of  i2,  this  system  might,  by  means  of  the  equa- 
tions of  condition,  be  reduced  to  that  of  Lagranqe's  canonical  forms. 
In  performing  this  reduction,  the  equations  of  condition  hold  the 
same  relation  to  the  differential  equations,  which  the  equations  (2IO27) 
hold  to  the  equations  (2108i),  in  petforming  the  reduction  of  §  §  395 
and  425.    It  is  also  obvious  that 


Hence  the  divisor  by  which  the  multiplier  of  the  first  of  these 
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systems  is  reduced  to  that  of  the  last,  is  by  (228g),  (222t),  and  the 
preceding  sections 

1  n  w  +  l  n-4-2  on^       * 

and,  therefore,  the  multiplier  of  the  system,  previous  to  reduction, 
is  by  (2408) 

451.  If  the  system  of  differential  equations  is  given  in  Ham- 
ilton's form,  (ICCs),  the  equation  (21526)  ^r  the  determination  of  the 
multiplier  becomes 

2?logoj^4--5:,(2?.Z>,  — i?,i?JJT,,  =  2?log^fc  =  0, 


t        I  t        t 


whence  the  multiplier  of  this  system  is  unity. 


CHAPTER  XI. 

MOTION  OF  TRANSLATION. 

452.  If  the  coordinates  of  the  centre  of  gravity  of  a  system 
are  a:^,y^,  2?^,  and  if  those  of  any  other  point  are  a:^ -|- ^o  ^^  "h  ^o 
2g  -[-  ^o  the  value  of  T  becomes,  by  (16228)  and  (1642o)  and  the  con- 
ditions of  the  centre  of  gravity  (155i9), 

2'=  i(< +y;V<  )-2:,»,,+  i^,K(a:;  V/+^/*)] 

31 
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Hence  the  motion  of  the  centre  of  gravity  is  determined  by 
the  equation,  derived  from  {16ia)> 

and  the  corresponding  equations  for  the  other  axes.  The  value  of 
£2  may  be  restricted  in  this  equation  to  the  external  forces  and  those 
which  correspond  to  the  external  equations  of  condition,  for  the 
internal  forces  and  equations  of  condition  being  dependent  solely 
upon  the  relative  positions  of  the  bodies  of  the  system,  are  functions 
of  the  differences  of  the  corresponding  coordinates  of  the  bodies, 
from  which  x^^t/gj  Zg  disappear. 

The  motion  of  the  centre  of  gravity  is,  therefore^  independent  of  the 
mutual  connections  of  the  parts  of  the  system^  and  is  the  same  as  if  *ill  tlie 
forces  were  applied  directly  at  this  centre,  provided  they  are  unchanged  in 
amount  and  direction. 

453.  Since  the  second  member  of  (2423)  expresses  the  whole 
amount  of  force,  acting  upon  the  system  and  resolved  in  the  direc- 
tion of  the  axis  of  rr,  this  equation  expresses  that  the  motion  of  the  cen- 
tre of  gravity  in  any  direction  depends  upon  the  whole  amount  of  external 
force  acting  in  that  direction. 

If,  therefore,  the  whole  anumnt  of  external  force  acting  in  any  direc- 
tion vanishes,  the  velocity  of  the  centre  of  gravity  in  thai  directum  is  uniform. 


MOTION    OF   A   POINT. 


454.  When  the  system  is  reduced  to  a  single  point,  it  becomes 
a  mass  united  at  its  centre  of  gravity,  and  the  only  possible  motion 
is  that  of  translation.  The  position  of  the  point  is  determined  by 
three  coordinates,  which,  combined  with  their  derivatives  and  with 
the  time,  constitute  a  system  of  seven  variables,  and  require,  in  gen- 
eral, six  integrals  for  the  complete  determination  of  the  motion  of 
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the  point.     The  differential  equations  become,  in  this  case,  if  the 
mass  of  the  body  is  assumed  to  be  the  unit  of  mass, 

with  the  corresponding  equations  for  the  other  axes. 


A  POINT  MOVING   UPON   A   FIXED   LINE. 


455.  The  two  equations  by  which  the  line  is  defined  are  two 
equations  of  condition,  which  may  be  denoted  by 

77=0,771=0. 

Together  with  their  derivatives,  they  take  the  place  of  four  of 
the  integrals  of  §  454.  Of  the  two  remaimig  integralSy  when  £i  does  not 
involve  the  time^  both  can  he  determined  hy  quadratures  hy  §  445. 

One  of  these  integrals  is,  indeed,  the  equation  of  living  forces 
(163i8),  which  becomes  in  this  case 

The  final  integral  is  obtained  from  this  integral  by  the  equation 


t 


=£ 


DffS 


456.  It  follows  from  (243i9)  that  the  velocity  of  a  body  only 
depends  upon  its  initial  velocity  and  the  value  of  the  potential  at 
each  point  of  its  path ;  and  this  conclusion  coincides  with  the  propo- 
sition of  §  58.  In  whatever  path^  therefore,  a  body  moves  from  one  point 
to  another  J  the  increase  or  decrease  of  the  square  of  its  velocity  may  be  meas- 
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ured  hy  Vwt  of  the  potential^  when  the  equations  of  condition  and  the  forces 
which  act  upon  the  system  are,  Uke  the  fixed  forces  of  nature^  independent  of 
the  time  and  the  velocity  of  the  body. 

457.  If  there  is  any  point  upon  the  line,  beyond  which  the 
decrease  of  the  potential  exceeds  one  half  of  the  square  of  the 
initial  velocity,  the  body  cannot  proceed  beyond  that  point.  If  there 
is  J  in  each  direction  from  the  initial  position  of  the  body  upon  the  Une^  a  Km' 
iting  point  of  this  description,  the  motion  of  the  bo^  is  restricted  to  the  inter- 
vening space.  Since  the  body  can  only  have  the  direction  of  its 
motion  reversed  at  the  limiting  points  where  its  velocity  vanishes,  it 
must  oscillate  back  and  forth  upon  the  whole  of  the  intervening 
portion  of  the  line,  according  to  the  law  expressed  by  the  equation 

(24323). 

It  is  evident  from  the  inspection  of  the  equation  (24328),  that 
the  time  which  the  body  occupies  in  passing  from  any  point  (-4)  of 
the  line  to  another  point  {B\  must  be  the  same  with  that  which  it 
occupied  in  the  preceding  oscillation  in  the  reverse  transit  from  the 
point  {B)  to  the  point  {A) ;  and,  therefore,  the  entire  duration  of  oscilr 
lotion  must  be  invariable. 

458.  If  the  line  returns  into  itself,  and  if  there  is  no  point 
upon  it  for  which  the  decrease  of  the  potential  is  as  great  as  the 
initial  power  of  the  body,  the  body  unit  continue  to  move  through  the 
whole  circuit  of  the  Hne,  and  will  always  return  to  the  same  point  with  tlic 
same  velocity,  so  that  the  period  of  the  circuit  vnll  be  constant. 

459.  When  the  forces  and  the  equations  of  condition  involve 
the  time,  the  multiplier  becomes  by  ( 23813) 

.sJk=z2,{D^xf 

and  the  last  of  the  integrals,  which  are  required  to  solve  t/ie  problem,  can  be 
obtained  by  quadratures. 
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THE   MOTION    OF   A   BODY   UPON   A    LINE,   WHEN    THERE    IS    NO    EXTERNAL    FORCE. 

CENTRIFUGAL   FORCE. 

460.  When  the  Kne  is  fixed^  and  there  is  m  external  forccy  SI  van- 
ishes in  (243i9)^  ^^  if^  velocity  is,  therefore^  constant. 

461.  In  this  case,  the  line  may  be  regarded  as  the  locus  of  a 
resisting  force,  which  acts  perpendicularly  to  the  line.  The  plane  of 
X  and  y  may  be  supposed  to  be,  for  each  instant,  that  of  the  curva- 
ture of  the  line  at  the  position  of  the  body,  R  may  be  the  resisting 
force  of  the  line,  and  q  its  radius  of  curvature  ;  and  elementary  con- 
siderations, combined  with  the  equation  (16426),  give 

DtX  =  D^s  sin  ^  =  t^  sinj, 

2??:r  =  t;cos2i?,2  =  t;2cos£Z>,£  =  -cos£  =  7?cos£, 


whence 


Q 


so  that  the  pressure  against  the  Kne  is  measured  hy  the  quotient  of  the 
square  of  the  velocity  divided  by  the  radius  of  curvature^  which  is  called  the 
centrifugal  force  of  the  body. 

462.  If  there  are  external  forces,  the  whole  pressure  upon  the  Kne 
is  obtained  by  combining  the  action  of  aU  the  external  forces  resolved  perpen- 
dicular^ to  the  KnCy  with  the  centrifugal  force. 

463.  The  centrifugal  force  cannot  be  used  as  a  motive  power 
in  machinery,  for  the  body  moves  perpendicularly  to  the  direc- 
tion of  this  force ;  and,  therefore,  the  power  commimicated  by  it 
vanishes,  because  it  is  measured  by  the  product  of  the  intensity  of 
the  force  multiplied  by  the  space  through  which  it  acts. 

464.  If  the  line  is  not  fixed  in  position,  but  has  a  motion  of 
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translation^  the  same  motion  of  translation  may  be  attributed  to  the 
axes  of  coordinates,  so  that  the  coordinates  of  the  moving  origin  at 
any  time  may  be  a^j  «y>  «*j  with  reference  to  the  fixed  axes.  If  the 
coordinates  of  the  body  with  reference  to  the  moving  axes  are  lx>  5,, 
5,,  the  value  of  2  jT  (164ai)  becomes 

=  DtB^  -|-  2wD^8  cos  i  +  ee>^, 

2 

=  «'  +  2  M^«'  cos  i  "I"  ^ 

if  w  denotes  the  velocity  of  the  motion  of  the  origin,  and  s  the 
length  of  the  line  passed  over  by  the  body.  Hence  Lageange's 
equation  (164i2)  gives 

Dt  (/  -|"  ^  c^si)  =  2?,  («'m^  cos  i)  =  B^wD^  cos^. 

But,  since  the  angles  which  8  makes  with  the  axes  are  inde- 
pendent of  the  time,  the  derivative  is 

Dt  {w  cos  i)  =  DfJS^  {W:,  COS  i)  =  2^  {w'^  cos  ;  4-  ^'  ^x  A  cos  * ) 

=  -2',(w4 cosi)+  //>,  {w  cosi) , 

which  reduces  the  preceding  equation  to 

i?,/  =  —  -2",  (w4  cos  ;J)  =  —  W^cos  ,J, 

if 

denotes  the  acceleration  of  the  line  at  each  instant.  Hence  it  is 
easy  to  see  that  if  the  accekratian  is  perpendicular  to  the  line,  the  relative 
velocity  of  the  body  to  the  Une  is  not  changed ;  but  if  the  acceleration  is  in 
the  direction  of  the  Hue,  the  change  of  relative  velocity  is  exactly  equal  to  the 


f 
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J 

acceleration^  so  that  there  is,  in  this  case^  no  change  in  the  actual  velocity  of 
the  body  in  space. 

465.  It  follows,  from  the  preceding  investigation,  that  if  the 
motion  of  the  Une  is  uniformj  the  relative  velocity  of  the  body  and  the  line 
remains  constant. 

466.  It  is  also  apparent  from  this  investigation  that  even  under 
the  action  of  external  forces^  the  relative  motion  of  the  body  to  the  Une  may 
he  computed^  by  regarding  the  acceleration  of  the  Une  as  a  force  acting  upon 
the  body  in  a  direction  opposite  to  its  actual  direction. 

467.  If  the  line  rotates  about  a  fixed  axis,  which  is  assumed  to 
be  the  axis  of  Sy  let 

u  be  the  projection  of  the  radius  vector  upon  the  plane  of  xy^ 
q>  the  angle  which  u  makes  with  the  rotating  axis  of  a?,  and 
a  the  velocity  of  rotation, 

and  the  value  of  2  jT  becomes 


2^3 


=  {D,sf  +  2u^(p'a-^u^a 


2 


=  «'+  2wa/  cos  6  -f-  ^^^f 

in  which  6  is  the  angle,  which  s  makes  with  the  elementary  arc  udq>. 
Hence  the  derivatives  of  T  are 

DsT=s'  -{-uacosAy 

D,  T=  s'D,{ua  cos  &)  +  c?u  cos  : ; 

and  the  equation  (164i2)  becomes 

/??«  =  —  u cos &a'  '\'a^uQOB^. 

The  former  of  the  two  terms  which  compose  the  second  mem- 
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ber  of  this  equation,  is  the  negative  of  the  acceleration  of  the  rota- 
tive velocity  resolved  in  the  direction  of  the  arc  of  the  rotating  line. 
The  latter  term  represents  the  centrifugal  force,  which  corresponds 
at  the  body  to  the  rotation  (a),  and  which  is  also  resolved  in  the 
direction  of  the  moving  arc.  But  the  centrifugal  force  is  purely 
relative  in  its  character,  and  arises  from  the  resistance  of  the  body 
to  accompany  the  curve  in  its  change  of  motion  occasioned  by  rota- 
tion. These  terms  combined  show,  then,  that  in  this  case,  as  well  as 
in  that  of  translation,  and,  consequently,  in  every  case  the  relaiive 
motion  of  the  hody  to  the  line  may  he  obtained  by  attributing  to  the  body  the 
negative  of  the  acceleration  of  the  tinCj  wldch  occurs  at  the  position  of  the 
body ;  in  the  case  of  external  forces j  their  action  must  be  united  to  that 
which  arises  from  the  acceleration  of  the  Une. 

m 

468.     In  the  case  of  an  uniform  rotation  about  a  fixed  axis,  the 
equation  (24729)  becomes 

Z)f  fi  =  a^u  cos  ?  =  a^uD^u. 

The  integral  of  the  product  of  this  equation,  multiplied  by 
2DtSy  is 

{D,sf=a\^J^A), 
in  which  -4  is  an  arbitrary  constant.     Hence  it  is  obvious  that 


''*—  y^{u-+A)—  j^^{u-+Ay 


469.  When  the  constant  {A)  is  negative^  the  value  of  u  cannot 
be  less  than  y/ — -4 ;  so  that  when  the  body  approaches  the  axis,  its 
velocity  upon  the  line  is  constantly  retarded,  and  vanishes,  when  its 
distance  from  the  axis  is  reduced  to  y' — -4,  after  which  the  direction  of 
the  motion  is  reversed.  If  the  portion  of  the  line,  upon  which  the 
body  moves,  extends  at  each  extremity,  so  as  to  be  at  as  small  a  dis- 
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tance  as  y/  —  A  from  the  axis,  the  body  unil  oscillate  upon  it  wUh  a  con- 
slant  period  of  osciUaiion. 

470.  When  the  constant  (A)  is  positive^  or  when  it  is  negative^ 
and  no  portion  of  the  line  in  the  direction,  towards  which  the  body 
is  moving,  is  at  so  small  a  distance  as  v^  —  A  from  the  axis,  the 
motion  of  the  body  upon  the  line  will  constantly  retain  the  same 
direction.  If,  moreover,  the  curve  returns  into  itself,  the  body  wiU 
always  continue  to  move  around  it,  with  a  constant  period  of  revolution. 

471.  When  the  constant  (-4)  vanishes^  the  equation  (2482o) 
gives 

DiS-=-  au 


JsU  J^      U 


If  the  curve,  also,  passes  through  the  axis  of  rotation,  the  value 
o{  D^s  may  be  supposed  to  be  constant,  while  the  body  is  very  near 
the  axis,  and  may  be  represented  by  /3  ;  so  that  the  motion  of  the 
body  in  the  vicinity  of  the  axis  is  given  by  the  equation 

at  =z  p  log  u. 

The  second  member  of  this  equation  becomes  infinite  when  u 
vanishes,  and,  therefore,  the  motion  of  the  body^  in  this  case^  is  infinitely 
slow  in  the  immediate  vicinity  of  the  axis. 

472.    When  the  rotating  line  is  straight ^  let 

p  be  the  distance  of  its  nearest  approach  to  the  axis  of  rotation,  and 
6  the  angle  which  it  makes  with  the  plane  of  x  y. 

If  then  s  is  counted  from  the  foot  of  the  perpendicular,  which 
joins  the  nearest  points  of  the  line  and  the  axis  of  revolution,  the 

32 
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value  of  t^  is  given  by  the  equation 


whence  (2482|)  becomes,  in  this  case, 

in  which  the  arbitrary  constant  is  determined  so  that  t  may  vanish 
with  Sy  and  this  equation  is  applicable  when  (jj^-^-A)  is  positive. 
In  this  case,  the  substitution  of  the  notation 

tan  cp  = , 

reduces  the  preceding  equation  to 

at  cos&  =  log  cot  i 9 . 

But  when  (jt^  -|"  -^)  ^  negative,  the  substitution  of  the  notation 

h 

and  the  determination  of  the  arbitrary  constant,  so  that  t  may  vanish 
when  s  has  its  least  possible  value  of  k  sec  d,  reduce  the  equation 
(2506)  to 

at  cos  6  =  log  tan  i  ^f . 
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When  {p^  -}■  ^)  vanishes,  the  equation  (250^)  is  reduced  to 

aico86  =  log  — ; 

in  which  Sq  is  the  initial  value  of  s.  When  p  also  vanishes,  the  sur- 
face described  by  the  line  is  a  right  cone,  and  when  it  is  developed 
into  a  plane,  the  path,  described  hy  the  hody^  becomes  a  hgarUhmic  spiral 

473.     When  the  rotating  line  is  tJte  circumference  of  a  circle  which 
is  situated  in  the  plane  of  rotationy  let 

B  denote  the  radius  of  the  circle, 

a  the  distance  of  the  centre  of  the  circle  from  the  origin, 

2  (p  the  angle,  which  the  radius  of  the  circle,  drawn  to  the  body, 
makes  with  that  which  is  drawn  in  a  direction  opposite  to 
the  origin, 

and  the  equation  (24824)  becomes 

2i? 


at=  f 
«/6 


^>/[^  +  (i?+a)«— 4ai?8m«q>]* 

When  A-^i^Ii  —  a)^  iaposiiive,  which  corresponds  to  the  case  of 
§  470,  let 

A2  =  il  +  (i?  +  a)S 

and  by  the  notation  of  elliptic  integrals  of  §  169,  the  equation  (251i8) 
becomes 

When  e  is  so  small  that  its  fourth  power  may  be  rejected,  this 
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equation  gives,  by  an  easy  reduction, 

a<=  (1  -}-  J  sin't)— ^ —  j^sin*isin2y. 

In  this  case,  therefore,  the  time  of  describing  the  semicircum- 
ference,  for  which  2  y  is  greater  than  a  quadrant,  exceeds  the  time 
of  describing  that  for  which  2  9  is  less  than  a  quadrant  by 

T-sm'i 


When-4-|-(^  —  a)' is  neffoiivey  "which  corresponds  to  the  case 
of  §  469,  let 

...        h* 

.     a        sin  a 
suit 

and  the  equation  (251]8)  becomes 

J        2li    r        .        2Rsini   C 

a<  =  -^  lsecfl=  — T —  /  sec y 

When  i  is  so  small  that  its  square  may  be  rejected,  the  duration 
of  an  oscillation  becomes 

«  V   a 

When  the  circumference  passes  through  the  axis  of  rotation,  a 
is  equal  to  i2,  and  the  time  of  the  small  oscillation  becomes  identical 
with  that  of  the  semi-revolution  of  the  circle ;  but  the  time  of  a 
larger  oscillation  exceeds  that  of  the  semi-revolution. 
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When  A'^(E  —  a)"  vanishes,  the  equation  (251i8)  becomes 

at=.d  -  r  secy  =  i/— log  tan  (i  tt-}-  iy). 

When  A-\'{R  —  of  is  vert/  smaUy  and  its  ratio  to  iaR  is 
denoted  by  dA,  the  equation  (251i8)  gives  throughout  the  greater 
portion  of  the  path,  in  which  y  differs  sensibly  from  i  it,  that  is,  in 
which  the  body  is  not  near  its  point  of  closest  approach  to  the  axis 
of  rotation,  so  that  the  square  of  (T  A  may  be  neglected, 

IR  iR 

=  (1  —  id  A)  i/— log  tan  (  J  TT -[-  iy)  —  id^li/— tan  y  secy. 
But  in  the  vicinity  of  the  point  of  nearest  approach,  let 

be  so  small  that  its  square  is  of  the  same  order  with  d  A,  and  the 
equation  (251i8)  gives 

ai  =  —  i/-  I    , .  ^  ,  .  ..  =  —  %/  —  Sin^~^^  -7^=,  when  d^l  is  positive. 
=  — i/—  Cofif~^^  ,._^  ..,  when  dAis  negative. 

474.  When  the  rotating  line  is  wholly  contained  upon  the  surface  of  a 
cylinder  of  revolution  of  which  the  axis  is  the  axis  of  revolutiony  u  is  con- 
stant and  the  equation  (24739)  becomes 

I)^sI>is  =  —  uWy 

from  which  q>  or  s  may  be  eliminated  by  the  given  equation  of  the 
curve. 


—  254  — 

475.  When  the  velocity  of  rotation  is  constant,  the  second 
member  of  (25328)  vanishes,  and  the  velocity  of  the  body  is  conse- 
quently uniform. 

476.  When  the  curve  is  a  heUxy  the  value  ofD^s  is  constant, 
and  the  equation  (253a»)  gives 


in  which  A  is  an  arbitrary  constant 

477.     When  the  acceleration  is  uniform,  a'  is  constant,  and  the 
integral  of  (25328)  gives 

(2?,«)«  =  wV(^  — 9), 
in  which  i4  is  an  arbitrary  constant. 


MOTION    OP  A   HEAVY   BODY   UPON   A   PIXED    LINE.      THE    SIMPLE   PENDULUM. 

478.  When  the  line  is  fixed,  and  the  force  which  acts  upon 
the  body  is  that  of  gravity  at  the  surface  of  the  earth,  represented 
by  ffy  and  the  axis  of  z  is  assumed  to  be  the  vertical,  directed  down- 
wards, the  equations  (243i^_a2)  give 

479.  If  the  curve  is  contained  upon  the  surface  of  a  cylinder 
of  which  the  axis  is  vertical,  the  motion  of  the  body  is  the  same  as 
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it  would  be  upon  the  plane  curve,  obtained  by  the  development  of 
the  cylinder  into  a  vertical  plane ;  because  the  value  of  D^s  is  not 
changed  by  this  development. 

480.  If  the  fixed  line  is  straight,  the  equation  (25428)  becomes 

if  e^o  ^  ^^^  initial  velocity  of  the  body. 

481.  If  there  is  no  initial  velocity,  the  preceduig  equations 
become 

cos  J  gt  =  V(2y«cos  J)  =  V, 
or 

482.  If  the  curve  is  the  circumference  of  a  circle,  the  centre 
of  the  circle  may  be  assumed  as  the  origin  of  coordinates.  If  then 
the  axis  of  Zi  is  the  intersection  of  the  plane  of  the  circle  with 
the  vertical  plane,  which  is  drawn  perpendicular  to  it  through  the 
origin,  and  if  jR  is  the  radius  of  the  circle,  and 

I 

the  equation  (25428)  becomes 

If  then  JET  is  greater  than  g  Rcosl^f  which  is  similar  to  the  case 
of  §  470,  let 

A*=2ir+2yi?cos:^, 
4^  jB  cos  *  =  A*  sin^i ; 
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and  the  preceding  equation  becomes 


When  t  is  quite  small,  this  equation  admits  the  same  reduction 
with  that  given  (25l8i — 2528). 

If  JJ  is  smaller  than ^i2 cos!],  which  is  similar  to  the  case  of  §469, 
let 


Jf^  =  4y  jBcosJ  sitft 

•    ;i        sin  m 


sin  t 


and  the  equation  (25524),  becomes,  by  the  same  reduction  with  that 
given  in  (252i7), 


'=v/(?^)^'«' 


which  when  t  is  small  gives  for  the  time  of  osciUcdion  of  the  simple  pen- 
dulum in  an  oblique  plane 

If  JJ  is  just  equal  to  ^i?  cos*,  the  equation  (255a4)  becomes 

'= v^Ct^)  ^^^  *^^  ^^"^ + *^^' 

The  case  in  which  JBf  differs  but  little  from  y^cosJ^,  may  be 
subjected  to  the  same  treatment  with  that  adopted  in  (2556„28). 
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MOTION   OP   A   HEAVY   BODY   UPON   A  MOVING   LINE. 

483.  If  the  heavy  body  moves  upon  a  line,  which  has  a 
motion  of  translation  in  spaoe,  the  equation  of  motion  becomes,  by 
the  form  of  argument  and  notation  adopted  in  §  464, 

Z>? «  =  —  TFcosi  -f-y  cosi. 

484.  If  the  motion  of  the  line  is  uniformly  accelerated  and 
invariable  in  direction,  the  motion  of  the  body  upon  the  line  is  the 
same  which  it  would  be  if  the  line  were  fixed,  and  the  force  a  con- 
stant force  which  coincided  in  amount  and  direction  with  the  re- 

•  sultant  of  y  and  —  W.  Thus  if  the  line  moves  vertically  downwards 
with  an  accelerated  velocity,  equal  to  that  of  a  heavy  falling  body, 
the  body  moves  upon  the  line  with  an  uniform  velocity. 

485.  If  the  line  is  straighiy  and  if  the  motion  of  translation 
follows  a  law,  dependent  exclusively  upon  the  time,  so  that  if 

At  denotes  the  law,  by  which  the  line  moves  in  the  direction 
of  its  length,  the  acceleration  in  the  direction  of  the  line  is 

—  TFcosAr=2^ii,; 
and  the  value  of  s  becomes 

in  which  a  and  b  are  arbitrary  constants.  The  absolute  motion  of 
the  point  in  any  direction  in  space,  as  that  of  the  axis  of  arj,  is  repre- 
sented by  the  equation 

Zi={8  —  A,)  COS  i^4- jp  COS  ;^, 
53 
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in  which  p  denotes  the  perpendicular  upon  the  line  from  the  origin. 
If  the  line  is  vertical,  and  limited  in  its  motion  to  the  vertical  plane 
of  aTj  ^1,  and  if  the  axis  of  Zi  is  vertical,  the  equations  which  deter- 
mine the  position  of  the  point  in  space  are 

When  p  increases  uniformly  so  that  p'  is  constant,  these  equa- 
tions give 

x^=p't, 

SO  that  the  path  of  the  body  in  space  is  a  parabola,  of  which  the 
axis  is  vertical. 

486.     If  the  Km  moves  with  an  uniform  motion  in  a  straight  Kne, 
the  equation  (2578)  gives 

The  integral  of  the  product  if  this  equation  multiplied  by  2  DfS  is 

{D,sy=f2gcoBlD,s  =  2gfD,s  =  2g^-{-a, 

in  which  a  is  an  arbitrary  constant.     Hence  if 

V  denotes  the  velocity  of  the  translation  of  the  line, 
the  square  of  the  Velocity  of  the  point  in  space  is 

(D,s,y=l^{2gz-{-a)  —  Vcos:j^-{-{Vsmy 

=  2^^4-a-f  F^  — 2rcosrV(2^^4-a). 

The  augmentation  of  the  power  of  the  moving  body  above  its 
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initial  power  is,  then, 

P=i{D,8jy—i{D,8y=ff  {3— s'')—V{v  cos":— V^'COS^o). 

If  the  body  had  moved  through  the  same  path  upon  a  fixed 
curve,  the  increase  of  power  would  have  been 

^  =y  (^  —  2rJ -fy  r/ cos  r. 

If  P  is  greater  than  Qy  the  excess  of  P  above  Q  is  the  power 
acquired  by  the  body  from  the  accelerating  motion  of  the  line.  But 
if  Q  exceeds  P,  the  excess  of  Q  above  P  is  the  power  communi- 
cated by  the  body  to  the  line,  which  involves  the  theory  of  many 
machines,  of  which  heavy  bodies  are  the  moving  forces.  If,  for  ex- 
ample, the  line  moves  horizontally,  the  power  communicated  by  the 
weight  is 

6  — P  =  r(e;cosr— t^'^cos^). 

If,  moreover,  the  initial  velocity  of  the  body,  relatively  to  the 
line,  vanishes,  the  expression  of  the  communicated  power  is  re- 
duced to 

e-P=rco8rV[2^(i3-«')]; 

and  when  the  direction  of  the  line  at  its  extremity  coincides  with 
that  of  its  translation,  this  expression  is  still  further  reduced  to 

487.  If  the  Une  is  the  circumference  of  a  vertical  circle^  of  which 
the  radius  is  R^  and  if  y  is  the  angular  distance  of  the  body  from 
the  lowest  point  of  the  circumference,  the  equation  of  motion  (2578) 
becomes 

jB2?Jy  == —  Wcosw — ^siny. 
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When  the  motion  of  the  line  is  in  a  vertical  direction  this 
equation  becomes 

which,  when  9  is  very  small,  is  reduced  to 
The  integral  of  this  equation  is 

in  which  A  and  b  may  be  determined  by  the  equations 


2>J(^Il)D,b  =  WA[l  —  coa2{t^^-\-b)]; 


which  give 


V' (y  J?)  A  (il  sin  J) = ~  4  TFsin  (<  i/| + a)  sin  (<  1/ J) 

=  M  Tr[cos(2<i/|+ i)  —  cos  *] 
=A  w[anHb—an'(iJ^-{-ib] ; 

^(ffIl)D,{Acosb)  =  —  AWBm(tJ§-\-b)coB(t)J^) 

=  —  M  Fr[sin (2tJ^-\-  b)  +  sin i]  ; 

when  W  is  very  small  in  comparison  with  ff,  A  and  B  may  be  as- 
sumed to  be  constant  in  the  first  integration  of  the  second  members 
of  these  equations. 

When  W  is  dependent  upon  the  position  of  the  body  in  such 


F 
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a  way,  that,  if  9*  is  a  function  of  time. 


W(p=:A  Wsin  (<y/|  +  *)  =  ST; 

the  preceding  equations  give 

V(yi?)ilsini  =  -jr(?r8in(y|)), 

^(ffIi)Acosh  =  —f{9rcos{t^^)). 
If,  for  example, 

these  integrals  become 

V(^i?)^sini  =  ^^-A_cos(m;  +  ;^^^ 

V(^i2)^cosi==— ^^-~^8in(m^  +  /^ 

in  which  the  arbitrary  constants  are  determined  so  that  A  and  b 
vanish  with  the  time. 

488.  If  the  Km  rotates  about  the  vertical  axis  of  sr,  the  equation 
of  motion  becomes,  by  the  analysis  and  notation  of  §  467, 

JD^s  =  —  M  cos  da'  +  "'^  cos?-[~y  cosi 

489.  When  the  rotation  about  the  vertical  axis  is  uniform,  this 
equation  becomes 

The  integral  of  the  product  of  this  equation  multiplied  by 
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2  D,s  is 

in  which  a  is  an  arbitrary  constant. 

490.  When  the  rotating  line  is  strcdghi  and  passes  at  a  distance 
p  from  the  axis,  if  s  is  counted  from  the  foot  of  the  perpendicular 
{p)  upon  the  line,  the  equation  becomes 

(2?,5)2  =  aV  sin^J +  2y«  cos  i  4- ay  +  a 

=z=(a«sini4-^coti)+a  +  ay— (?cot:)', 

of  which  the  integral  is  easily  found  to  be 

a^  sin  i  =  log  {a^a  sin^^  -f"  2^  cos  *  -f"  2«  sin  i  D^s)  -|-  *> 

in  which  &  is  an  arbitrary  constant. 

491.  The  integral,  in  this  case,  can  be  just  as  readily  obtained 
from  the 'equation  (26I29)  which  becomes  a  linear  diflferential  equa- 
tion.    Its  direct  integral  is 

crsin*!  * 

in  which  A  and  B  are  arbitrary  constants.  This  form  is  identical 
with  that  given  by  ViEn-LB  in  his  solution  of  the  particular  case 
of  this  problem,  in  which  p  vanishes. 

492.  If  a  <  (I  cot  i)'— ay 

the  value  of  s  must  be  such  as  to  render  the  second  member  of 
(2629)  positive ;  that  is,  the  limiting  values,  between  which  the 
body  cannot  be  contained,  are  defined  by  the  equation 

a5osini  =  — |coti+y/[(|coti)'— ay  — a]. 
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The  velocity  of  the  body  upon  the  line  vanishes  at  these  limits. 
If  the  initial  direction  of  the  motion  of  the  body  is  towards  these 
limits,  it  will  approach  them  with  a  diminishing  velocity;  and 
when  it  arrives  at  the  nearest  limit,  the  direction  of  motion  will  be 
reversed,  and  it  will  thenceforth  continue  to  move  away  from  the 
limita 

If  a  =  —  ay 

one  of  the  limits  is  at  the  foot  of  the  perpendicular  {p\  and  the 
other  limit  is  above  this  foot,  at  the  point  for  which 

«  = ^cot*. 

If  a<  —  aY, 

one  of  the  limits  is  above  the  foot  of  the  perpendicular,  while  the 
other  is  below  it.     But  if 

while  it  satisfies  the  condition  (26225),  both  the  limits  are  above 
the  foot  of  the  perpendicular. 


493.    If  «>(|cos,'y— aV, 


the  motion  will  always  continue  in  the  same  direction  along  the  line, 
{a  -[-  ay)  will  express  the  square  of  the  velocity  of  the  body  upon 
the  line  when  it  is  at  the  foot  of  the  perpendicular.  The  point  of 
least  velocity  upon  the  line  will  be  determined  by  the  e(juation 


or  cos! 


and  the  least  velocity  will  be 


D.,  =  ^[a  +  aY-i^J^f[. 
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494.    If  a  ==(?  cot;)'— ay 


the  direction  of  the  motion  along  the  line  is  not  subject  to  reversal  j 
for^  in  this  case,  the  equation  (2629)  becomes 


DtS=zassini'{--cotl; 


of  which  the  integral  is 


«<8in:  =  log(^^'+l). 


The  time  of  reaching  the  point,  at  which 


a' sin'. 


that  is,  the  point,  at  which  the  velocity  vanishes,  becomes  infinite ; 
or  in  other  words,  the  body  never  reaches  this  point,  at  which  its 
direction  of  motion  is  to  be  reversed ;  or  if  the  body  is  placed  at  this 
point  without  any  initial  velocity  along  the  line,  it  will  remain  sta- 
tionary upon  the  line. 

495.  If  the  rotatinff  Km  is  the  circumference  of  a  circle,  of  which 
the  radius  is  JR,  let  the  origin  be  assumed  so  that  the  centre  of  the 
circle  may  be  upon  a  level  with  the  foot  of  the  perpendicidar  (/?),  let 
fall  from  the  origin  upon  the  plane  of  the  circle.     Let  then 

k  denote  the  distance  of  the  centre  of  the  circle  from  the  foot 
of  the  perpendicular, 

(p  the  angular  distance  upon  the  circumference  of  the  body 
from  the  lowest  point  of  the  circumference, 

and  the  values  of  0  and  w,  in  equation  (2622),  are  given   by  the 
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equation 

z=iR  cos  if  sinj  -[~  J^  cosj, 
tt^  =  (A:  +  ^ sin  9)" -^{pBinl  —  R cos y  cosj)^ 
=  >p-|-i?-j-jp2sin2j  +  2>ti?siny— joi?sin25cosy  — i^sin^Jcos^y, 

whence  equation  (2622)  becomes 

i?(i?,y)a  =  fl  +  a«(>P4-i?-f/sin2j)  +  2^jt7COs54-2«2*i?siny 

-f-  2  (^  —  a^p  cosj)  ^  sin  J  sin  y  7-  a^i?sin^J  cos^  y . 

The  pointe  of  maximum  and  minimum  velocity  along  the  arc 
are,  therefore,  determined  by  the  equation 

a^kRco^ffi  —  {g — a*jocosJ)^sin;sinyi-[~^^-'^s^°'28inyiCOS9i=0, 

and  are,  consequently,  at  the  intersections  of  the  circumference  with 
the  equiUte  JhypeL.,  which  U  de^ribed  i.  .he  plane  and  ^ 
through  the  centre  of  the  circle,  of  which  one  of  the  asymptotes  is 
horizontal,  and  the  polar  coordinates  (r2,  92)  of  the  centre,  with 
reference  to  the  centre  of  the  circle,  are  given  by  the  equations, 

r^  sin  92  =  —  ^  cosec^  J , 

r^  cos  92  =  ^  cosecj  — p  cot  J . 

This  hyperbola  cannot  cut  the  circumference  in  less  than  two 
points ;  and  there  are  four  points  of  intersection  when  the  distance 
from  the  centre  of  the  circle  to  the  nearest  point  of  the  branch 
of  the  hyperbola,  which  does  not  pass  through  it,  is  less  than  the 
radius  of  the  circle.  The  polar  coordinates  (rg,  93)  of  this  nearest 
point  of  the  second  branch  of  the  hyperbola  are  given  by  the 
equations 

tan  93  =  Y^  tan  92, 

rg  =  r^  cos  92  sec'  93 . 
34 
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496.  When  the  body  is  originally  placed  at  one  of  the  points 
of  maximum  or  minimum  velocity,  without  any  initial  velocity 
along  the  circle,  it  remains  stationary  upon  the  curve ;  but  its 
position  upon  the  curve  is  one  of  stable  equilibrium,  when  it  is 
placed  at  a  point  of  maximum  velocity,  and  a  position  of  unstable 
equilibrium,  when  it  is  placed  at  a  point  of  minimum  velocity. 
When  the  body  is  originally  placed  upon  the  curve,  without  any 
initial  velocity  along  the  line,  at  a  point  di£ferent  from  these  points 
of  maximum  or  minimum  velocity,  it  oscillates  about  that  point 
of  greatest  velocity  from  which  it  is  not  separated  by  a  point  of 
least  velocity ;  its  oscillations  embrace  both  the  points  of  great- 
est velocity,  when  the  velocity  is  sufficient  to  carry  it  through 
either  of  the  points  of  least  velocity,  that  is,  when  the  velocity, 
which  corresponds  to  the  initial  point  in  the  general  equation 
(2667),  is  less  than  that  which  corresponds  to  one  of  the  points 
of  least  velocity.  When  the  initial  velocity  of  the  body  is  greater 
than  the  excess,  which  is  given  by  equation  (2667)  of  the  velocity 
at  the  initial  point  above  the  least  of  the  minimum  velocities,  the 
body  constantly  moves,  in  the  same  direction,  through  the  entire 
circumference. 

497.  The  case  in  which  the  initial  velocity  of  the  body  is 
just  equal  to  the  excess,  which  is  given  by  equation  (265;)  of  the 
velocity,  at  the  initial  point  above  either  of  the  minimum  veloc- 
ities, admits  of  integration.  In  this  case,  it  is  easy  to  express  the 
equation  (2667)  ^^  the  form 

R  {D,  (py  =z2a^k  (sin  (p  —  sin  y^)  —  a^E  sin^J  (cos*  9  —  co^  (pi) 

4-  2  (y — a^p  cos  I)  sin  J  (cos  9  —  cosyi) , 

which  by  means  of  (2652o)  assumes  the  form 

H  {Dt(py  =z  a^ sin^l  [2r2COs(y  -{■92)  —  2raCOs(yi-|-y2) 

—  li  co«?  9  +  ^  ^^s^  9 1]  • 
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The  condition  for  the  determination  of  the  point  of  min- 
imum velocity  gives  also  the  equation 

2r2 sin  {(pi  +  ya)  =  ^  sin  2  91, 

¥^hich  substituted  in  the  previous  equation  with  the  notation 

*=i(9  — 9i) 

ffzziz  ^'"  (y'  —  y») 

gives 

(i?,  *)«=  i a^sin'? sin«*  [cos2  (4>  +  9i)  — iy]  . 

If,  therefore,  ff  is  negative  and  absolutely  greater  than  unity, 
that  is,  if  9i  is  not  in  the  same  quadrant  with  (p^,  the  value  of 
*  is  unlimited  j  but  if  JST  is  less  than  unity,  the  limits  of  *  are 
given  by  the  equation 

co82(*  +  9i)=^. 


The  integral  of  the  equation  (267u)  is 


at  sinl^  {ico82  (pi — iff) 

1q    sin  (a>4-gi)  v^(co8  2yx— JQ  —  sin  yi  V[co8  2  (a>  +  yQ  —  /T] 

^  cos  (0+gi)  V(cos  2yi  — ir)  + cos  yiV^  [cos  2(0+91)—^]* 

498.    ^'  <A^  rotating  line  is  a  parabola^  of  which  the  transverse 
axis  is  vertical^  let 

q  be  the  distance  from  the  vertex  to  the  focus  of  the  parabola, 

and  let  the  origin  of  coordinates  be  assumed  to  be  upon  a  level 
with  the  vertex,  and  let 

k  denote  the  distance  of  the  vertex  from  the  foot  of  the  perpendicu- 
lar (/?)  let  fall  from  the  origin  upon  the  plane  of  the  parabola. 
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If  the  axis  of  Xi  is  the  horizontal  line,  which  is  drawn  in  the 
plane  of  the  parabola  through  its  vertex,  and  if  the  vertex  is 
the  origin  of  Xi,  the  values  of  z  and  u  are  ^ven  by  the  equations 

Aqz=ai, 
and  the  equation  (2622)  is  reduced  to 

(A»)'=«V+«M*+^i)'+l7+« 


=  (A  +  l)(A^.)'. 


The  integral  of  this  equation,  in  its  general  form,  can  be 
obtained  by  elliptic  fanctions.  The  point  of  least  velocity  along 
the  curve  is  determined  by  the  equation 

but  there  is  no  such  point,  when 

When  this  latter  condition  is  satisfied,  and  also 

yfc=0, 

the  velocity  of  the  body  along  the  curve  is  constant 
When  k  vanishes  and 

the  equation  (268]o)  becomes 


D,x,  =  ±2qyJ{a^-\-f^, 


.J^ 
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so  that,  ia  this  case,  the  horizontal  velocity  of  the  body  upon  the 
plane  of  the  parabola  is  constant. 

499;    In  the  especial  case,  in  which  the  initial  velocity  is  that 

which  corresponds  to  the  vanishing  of  the  minimum  velocity,  let 

y 

X2  be  the  value  of  Xi  for  this  point  of  minimum  velocity, 
and  the  integral  of  the  equation  of  motion  is 

2?'V^(«'  +  ^)  =  V'(^i  +  4?^)  +  ^2log[:r,  +  v^(a^  +  4j»^ 

500.  When  ike  axis  (h)  of  rotoHon  is  not  vertical^  the  equation 
of  motion  is  still  reduced  to  the  form  (26I21),  and  when  the  rotation 
is  uniform^  it  becomes 

i?j5=a*MC0s*+yc^s;=  \  o?  D ^%i?  •\- g  c,o^\. 

501.  When  the  rotating  Une  about  the  incUned  axis  is  straight^  if 
the  point  of  the  axis  of  rotation  which  is  nearest  to  the  rotating 
line  is  assumed  as  the  origin,  let 

p  be  the  perpendicular  upon  the  line  from  the  origin, 

let  s  be  counted  from  the  foot  of  the  perpendicular  (jt>),  and  the 
time  from  the  instant,  when  the  plane  of  the  directions  of  the  axis 
and  the  rotating  line  is  vertical.  The  values  of  u  and  cos  \  are 
given  by  the  equations 

cos*  =  cos  J  cos  J  4"  si^  *  sin  J  cos  (a  t) ; 
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which  reduce  the  equation  (269i8)  for  this  case  to 

I>f8  =  a^s  sin'  i  +  ^  ^^^  *  cos  J  +  ^  sin  J  sin  J  cos  (a  <) . 
The  integral  of  this  equation  is 

8  =  Ac  '-{-Be  — \a  '  ik     —3/11     '  /axCO8(<^0> 

in  which  A  and  B  are  arbitrary  constants. 

502.  If  in  the  general  case  of  the  rdation  of  a  plane  curve  about  the 
inclined  axis  the  time  is  computed  from  the  instant^  when  the  plane 
of  the  curve  is  vertical  the  expression  of  (*)  is  given  by  the 
formula 

cos'  =  cosi  cos  J  +  sin  1  sin  J  cosa^. 


MOTION   OF  A    BODY    UPON   A   LINE    IN    OPPOSITION   TO    FRICTION,  OR  THROUGH   A 

RESISTING   MEDIUM. 

503.  The  forces  of  nature^  which  resist  the  motions  of  bodies^ 
are  of  various  kinds  and  subject  to  different  law&  While  their 
philosophical  discussion  must  be  reserved  to  its  appropriate  place, 
it  is  sufficient  for  the  present  purpose,  to  recognize  them  as  forces, 
which  are  opposed  to  the  motion  of  bodies,  and  which  depend  in 
general  upon  the  relative  motions  of  the  body  and  of  the  origin 
of  the  resistance,  whether  this  origin  be  solid  or  fluid. 

504.  If  either  of  the  resisting  forces  is  denoted  by  /Si,  and 
if  (; )  denotes  the  angle  which  the  direction  of  its  action  makes 
with  the  path  of  the  body,  the  resistance  to  the  motion  of  the 
body  in  its  path  will  be  expressed  by  /Si  cos  J ,  which  may  be 
immediately  introduced  into  the  equation  of  motion. 
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505.  If  the  lody  moves  upon  a  fixed  limy  the  equation  of 
motion  (243i9)  becomes 

/),«'  =  A'Q +-2:1  (/^i  cos  :^). 

If  there  iSy  Uketmej  no  motion  in  the  resisting  mediumy  all  the 
forces  of  resistance  can  be  combined  in  one,  which  is  directly 
opposed  to  the  motion  of  the  body,  and  the  preceding  equation 
assumes  the  form 

D,s'  =  D,Sl  —  S. 

506.  If  tJiere  is  no  external  force,  these  equations  become 

/),/=^,(^,cos:^), 

n,s'=—s. 

507.  The  integral  of  the  latter  of  these  equations  is 


t 


—      Js'S' 


Let  S  have  the  form 

/S'=a  +  J/  +  ^/, 
in  which  a  and  e  are  positive,  in  the  case  of  nature,  and 

b^^{iae)>0, 

because  S  is  always  positive  when  «'  is  positive.    The  correspond- 
ing integral  of  (27I17)  is 

—  A    I  ^  ,      2e/+6  +  V(y-4ae) 

in  which  il  is  an  arbitrary  constant,  and  the  former  integral  cor- 
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responds  to  the  case  of  J^<[4a^,  while  the  latter  corresponds  to 
l^^Aiae.  The  velocity  vanishes  after  the  time  /q  given  hy  the 
equation 

L  =  A ...   ^     ,..tant-^J 


These  values  are  infinite  in  form,  when 
but,  in  this  case,  the  integral  is 

so  that  the  velocity  vanishes,  when 


V(o«)* 


These  values  become  infinite  in  form  when  both  h  and  e 
vanish,  but,  in  this  case,  which  includes  that  of  friction  upon  a 
straight  path,  the  integral  is 

a  a      ' 

and  the  instant,  at  which  the  velocity  vanishes  is  determined  by 
the  equation 

^0  — -. 

When  a  vanishes,  the  value  of  i^  is  actually  infinite,  so  that 
the  velocity  of  the  body  can  never  be  wholly  destroyed  by  any 
such  form  of  resistance.    It  would  seem,  from  the  preceding  equa- 
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tions,  that  the  direction  of  motion  would  be  reversed  after  the 
time  {to).  But  this  conclusion,  which  is  absurd,  because  it  would 
give  a  resistance  the  power  of  creating  motion,  arises  from  the 
defective  forms  of  notation  which  do  not  express  the  solution  of 
continuity  corresponding  to  the  abrupt  ceasing  of  the  friction  at 
the  instant  of  the  suspension  of  motion. 

508.  When  the  resistance  is  simply  thai  of  friction  arising  from 
the  pressure  of  the  moving  body  upon  the  ttnCj  to  which  its  motion  is 
restriciedy  let 

p  denote  the  direction  of  the  perpendicular  to  the  fixed  line, 
which  is  drawn  in  the  common  plane  of  the  direction  of 
the  external  force  and  of  that  of  the  line, 

dv  the  elementary  angle  made  by  two  successive  radii  of  cur- 
vature to  the  fixed  line^  and 

a  the  coefficient  of  friction, 

and  the  equation  of  motion,  becomes  by  (245i8) 

D,s'  =  D,n  —  aD^n  —  ^=D,S2  —  aD^n  —  as'v\ 

509.  When  there  is  no  external  force,  this  equation  becomes 

D,s'  =  —  as'v'i 
the  integral  of  which  is 

\ogs'=:A  —  av, 
in  which  A  is  an  arbitrary  constant.     Another  integration  gives 

in  which  c  is  the  Naperian  base,  and  q  the  radius  of  curvature  of 
the  fixed  line. 

35 
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510.  If  the  fixed  Km  is  the  involute  of  the  circle j  and  if  its 
equation  is 

the  equation  (27328)  becomes 

in  which  B  is  an  arbitrary  constant 

511.  If  tlie  fixed  Uiie  is  the  logarithmic  spiral j  and  if  its  equa- 
tion is 

q=iRc     , 

the  equation  (27328)  becomes 

in  which  B  is  an  arbitrary  constant 

512.  If  the  fixed  tine  is  the  cf/ckid,  and  if  its  equation  is 

(j  =  4  jRsinv, 
the  equation  (27328)  becomes 

t  ^  ^  ■     (a sm  V  —  cos V )  c  +  ^ 

in  which  i?  is  an  arbitrary  constant. 

513i  When  the  resistance  of  the  tine  is  constant,  aiid  the  resisting 
medium  is  moving  unlh  an  uniform  vetocUy  in  an  invariable  direction^  and 
t/ie  resistance  arising  from  it  is  proportional  to  the  vehcUy  in  the  medium j  let 

a  be  the  constant  resistance  of  the  line, 

h  the  resistance  of  the  medium  for  the  unit  of  velocity,  and 

b  the  velocity  of  the  medium, 
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and  if  the  direction  of  the  motion  of  the  medium  is  assumed  for 
that  of  the  axis  of  ir,  the  equation  of  motion  becomes 

i?j«'  =  i?,  12  —  a — A  aj  cos  I 

=  i?,X2  — a  +  A(*cos;  — «'), 

in  which  it  is  carefully  to  be  observed  that  the  sign  of  a  must  be 
reversed  simultaneously  with  the  direction  of  motion. 

514.     When  the  fixed  line  is  straight  and  there  is  no  external  force 
the  integral  of  the  equation  (2756)  becomes 


log(«'  — JC08t+j)  =  il  — A/ 


in  which  A  is  an  arbitrary  constant.    When 

a<[iAcosi, 

the  velocity  of  the  body  will  never  be  destroyed,  but  will  constantly 
approximate  to 

JCOSi jr. 

But  when 

a>JAcosi, 

the  velocity  will  vanish  after  the  time  t^^  determined  by  the  equation 

log  (^  — b  cosiy  =  -4  —  A/q. 

If  the  initial  velocity  of  the  body  had  been  negative,  the 
equation  of  motion  would  have  assumed  the  form 

log(— «'+Jcosi  +  j)  =  — il  +  A/; 

so  that  the  velocity  would  have  vanished  after  the  time  4,  deter- 
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mined  by  the  equation 

log  ^i  cos  i  + 1)  =  —  A-j-hto. 

The  body  would  then  have  remained  at  rest  unless  the  con- 
dition (275i4)  had  been  satisfied,  in  which  case  its  subsequent  motion 
would  be  defined  by  the  equation  (275n). 

515.  When  a  heavy  lody  moves  upon  a  fixed  straight  Hne,  and  the 
remtances  consist  of  a  constant  resistance j  arising  from  the  friction  along 
the  UtWj  and  also  of  a  resistance  arising  from  a  resisting  medium,  which 
has  a  uniform  motion  in  the  direction  of  the  fixed  Kne ;  and  when  the  re- 
sistance of  the  medium  is  proportional  to  the  square  of  the  vehcitg  of  the 
body  in  the  mediiiniy  let 

a  be  the  constant  of  friction, 

b  the  velocity  of  the  medium,  and 

h  the  resistance  of  the  medium  for  the  unit  of  velocity. 

The  line  may  be  assumed  to  be  vertical  without  diminishing 
the  generality  of  the  investigation  and  the  equation  of  motion 
will  be 

D,s'  =g  —  a  —  h{s'  —  b)\ 

in  which  the  signs  of  a  and  h  must  be  reversed  simultaneously  with 
those  of  s'  and  (/  —  b)  respectively.  The  equation  of  motion  has 
precisely  the  same  form  with  that  of  §  507,  so  that  the  forms  of 
the  integral  are  the  same  which  are  there  given,  but  the  constants 
are  not  subject  to  the  restrictions  of  that  section. 

If,  then,  the  initial  velocity  is  upward  and  exceeds  that  of 
the  medium,  when  the  medium  is  also  moving  upwards,  the  ascend- 
ing velocity  decreases  by  the  law  expressed  in  the  equation 

»'-*  =  v/^ton[(<-r)v/(A(y  +  a))], 
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in  which  r  is  an  arbitrary  constant.  This  law  of  ascent  continues 
until  the  body  is  brought  to  rest  when  the  medium  is  not  moving 
upwards.  But  when  the  medium  is  moving  upwards,  it  continues 
imtil  the  instant  (r),  when  the  velocity  of  the  body  is  the  same 
with  that  of  the  medium.  After  this  instant,  the  velocity  de- 
creases by  the  law 


*=v/ A  T^^[(^-^)v(*(^+^))]> 


which  continues  forever  if 

and  the  velocity  constantly  approximates  to  that,  which  is  deter- 
mined by  the  equation 

But  when 

the  body  is  brought  to  a  state  of  rest,  in  which  it  continues  per- 
manently if 

But  if  the  motion  of  the  medium  is  upward,  and 

the  body  moves  from  the  state  of  rest  with  an  increasing  descending 
velocity  of  whicJh  the  law  is  expressed  by  the  equation 

in  which  t^  must  be  determined  so  that  the  instant  of  rest  coincides 


■^  ■»  • 
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with  that  given  hy  the  equation  (2778).  The  increasing  velocity 
continually  approximates  to  that  which  is  determined  by  the 
equation 

The  state  of  rest  to  which  the  body  is  brought^  when  the 
medium  is  not  moving  upwards,  is  permanent  if 

a — g^hb^. 

But  if,  on  the  contrary, 

a—gKhV" 

the  body  moves  from  the  state  of  rest  with  an  increasing  descending 
velocity,  of  which  the  law  is  expressed  by  the  equation 

.,'-i  =  y/^-=^tan[(<-r,)v/(A(5'-a))], 
when 

in  which  Tj  must  be  determined  so  that  the  instant  of  rest  coincides 
with  that  given  by  the  equation  (276ao).  This  law  of  motion  con- 
tinues until  the  instant  Tj,  when  the  downward  velocity  of  the 
body  becomes  the  same  with  that  of  the  medium ;  and  after  this 
instant,  the  law  of  increasing  velocity  of  descent  is  expressed  by 
the  equation  (27729) ;  so  that  the  velocity  continually  approximates 
to  that  which  is  determined  by  the  equation  (2784). 

But  when  the  body  begins  to  descend  from  the  state  of  rest, 
and 
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the  law  of  descent  is  expressed  by  the  equation 

,'-l  =  yJ^J^Coi[{x,-t)sl{h{a-g))1, 

SO  that  the  increasing  velocity  constantly  approximates  to  that 
which  is  determined  by  the  equation 

a—g=zh{8'  —  b)\ 

If  the  initial  velocity  is  downward,  and   exceeds  that   deter- 
mined by  the  equation  (2784),  the  decreasing  velocity  when 

g>a 
is  expressed  by  the  equation 

/_j  =  ^^Cot[(<-r)v/(A(^-a))], 

in  which  x  is  an  arbitrary  constant  If,  therefore,  the  motion  of 
the  medium  is  downward,  or  if  it  is  upward  and  the  condition 
(277a4)  is  satisfied,  the  decreasing  velocity  continually  approximates 
to  that  which  is  determined  by  the  equation  (27729).  But  if  the 
motion  of  the  medium  is  upward  and  the  condition  (2772i)  '^ 
satisfied,  the  body  is  brought  to  a  state  of  rest  which  is  permanent 
if  the  condition  (277i7)  is  also  satisfied.  If,  however,  the  condition 
(277ii)  is  satisfied  by  the  upward  motion  of  the  medium,  the  body 
leaves  the  state  of  rest  and  ascends  with  an  increasing  velocity, 
which  is  defined  by  the  equation 

*'-*  =  v/^Cot[(<-T,)v'(A(i)'  +  a))], 

in  which  r^  must  be  determined  so  that  the  instant  of  rest  coin- 
cides with   that  which   is    given  by  the  equation  (279i5).      The 
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ascending  velocity  continually  approximates  to  that  which  is 
determined  by  the  equation  (277i&). 

If  the  initial  velocity  is  downward,  and  exceeds  that  of  the 
medium,  when  the  medium  is  also  moving  downwards,  the  de- 
scending velocity,  when 

decreases  by  the  law,  expressed  in  the  equation 

«'-*  =  v/^ton[(r-Ov/(A(«-y))], 

in  which  t  is  an  arbitrary  constant  This  law  of  descent  continues 
until  the  body  is  brought  to  rest,  when  the  medium  is  not  moving 
downwards;  but  when  the  medium  is  moving  downwards,  the 
law  continues  until  the  instant  r,  when  the  velocity  of  the  body 
is  the  same  with  that  of  the  medium.  After  this  instant,  the  law 
of  decreasing  velocity  becomes 

*'-*  =  v/?Tan[(r-Ov/(A(«-^))]. 

which  continues  until  the  body  is  brought  to  rest,  when  the  condi- 
tion (2789)  is  satisfied.  But  when,  on  the  contrary,  the  condition 
(27813)  is  satisfied,  the  body  continues  to  move  forever  with  the 
law  of  decreasing  velocity  expressed  in  (28O19),  and  the  velocity 
continually  approximates  to  that,  which  is  determined  by  the 
equation  (2797).  When  the  body  has  been  brought  to  the  state 
of  rest,  the  condition  and  laws  of  leaving  it  are  the  same  with 
those  defined  in  (27928_^j),  when 

ff>a. 
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THB    SIMPLE    PENDULUM     IN    A    RESISTING    MEDIUM. 

516.  When  the  curve  is  the  circumference  of  a  vertical  circle^  the 
problem  is  that  of  the  simple  pendulum  in  a  resisting  medium.  If  the  arc 
of  vibration  is  supposed  to  be  so  small  thai  its  powers^  which  are  higher 
than  the  square  may  be  neglected^  and  if  the  resistance  arising  from  the 
medium  is  supposed  to  be  proportional  to  the  vehcUyy  and  to  be  combined 
with  a  constant  friction^  let 

a  be  the  friction,  and 

h  the  resistance  of  the  medium  for  the  unit  of  velocity, 

and  the  equation  of  motion  becomes,  by  adopting  the  notation 
of  §  487, 

/>?9  =  — Jy  +  a  — AAy, 

in  which  the  sign  which  precedes  a ,  must  be  the  reverse  of  that  of 
2>i  (f .    The  integral  of  this  equation  is 


9  =  ±— +  f^  sm*<. 


in  which 


Ar=i/Ccosa, 
iA=i/^sina, 

and  the  arbitrary  constants  have  been  determined  so  that  the  initial 
angular  velocity  (9©)  shall  be  the  maximum  velocity,  and,  therefore, 
the  initial  value  of  9  is 

+^. 
—  9 

36 
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517.  The  equation  (28I21)  only  applies  to  the  first  vibration 
and  for  the  (m-[-  1)**  vibration,  the  correct  equation  is 

9  =  ±y  +  ^^^-*'^'-'-^Bin*(<-T„), 

in  which  r„  is  the  instant  of  the  maximum  angular  velocity  (y^)  of 
that  vibration  and  the  doubtful  sign  is  alternately  positive  and 
negative  for  the  successive  oscillations,  so  that  the  position  of 
maximum  velocity  is  always  upon  the  descending  portion  of  the 
oscillation. 

518.  The  angular  velocity  of  vibration  is  expressed  by  the 
equation 

a/  —  o/    — i^(<— Oco9[^(<— T,)  +  <y] 

*  '*"  cos  a  ' 

and  it  vanishes  for  the  instants 

, —  n        a 

^  —  ^^  +  2k~Tc 

which  correspond  to  the  beginning  and  end  of  the  oscillation.  The 
whole  time  of  oscillation  is,  therefore, 

y=i  =  ^y -seca, 

which  is  invariable^  although  it  exceeds  the  time  of  vibration  in  a  vacuumy 
in  consequence  of  the  factor j  sec  a . 

519.  The  angular  deviations  of  the  pendulum  from  the  verti- 
cal at  the  beginning  and  end  of  the  oscillation  are  given  by  the 
equation 

—  Ra —    ,      iR     («  4-  t  ^)  tan  « 

9  =+y+9'«y7'^  5 


r 


—  283  — 

whence  the  whole  arc  of  the  (»« +  !)•*  vibration  is 

4^^  =  2  (pmV  —  ^ "    ^^  Cos  (i  TT  tan  a). 

520.  The  angular  deviations  of  the  pendulum  from  the  ver- 
tical at  the  end  of  one  vibration  and  the  beginning  of  the  next  are 
identical,  but  the  deviation  from  the  point  of  maximum  velocity  is, 
on  account  of  the  change  in  the  position  of  this  point,  diminished 
by  the  quantity 

"^"^""^^  • 

9 

The  successive  values  of  the  maximum  velocity  are  therefore 
connected  by  the  equation 


,     (a— J;i)tan«       o       /^         f 


(a-{-^;r)tana 

9 


or 


9m  +  i=9mC  — 2ay/- 

The  general   expression  for  the  maximum  velocity  is  then 
found  to  be 

which,  on  account  of  the  smallness  of  a  and  a ,  may  be  reduced  to 

/  f    —  tn  n  tan  a       o  /  -^ 

The  corresponding  value  of  the  arc  of  vibration  is 

^=q»o(?  (•     '  CosfiTrtana) r- ;-. 

or 


^n.=  ^0C 
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TTie  law  of  the  dminuium  of  the  arc  of  vibration  and  of  the  maxi- 
mum of  velocity  is,  therefore,  such  that  either  of  these  quantities  consists 
of  two  terms,  one  of  which  is  dependent  upon  the  portion  of  the  resistance, 
which  is  proportional  to  the  velocity,  and  decreases  in  geometrical  ratio, 
while  the  other  is  priiicipaOy  dependent  upon  the  constant  friction  and  de- 
creases, sensibly  J  in  arithmetical  ratio.  The  vibration  ceases  when  the  second 
term  of  either  of  these  quantities  surpasses  the  first. 

521.  If  the  resistance  is  proportional  to  the  square  of  the  velocity, 
and  if  h  is  its  value  for  the  unit  of  velocity,  the  equation  of  the 
motion  of  the  pendulum  is 

/>?9  =  —  ^siny  —  A(Z>,9)'. 

•  If  one  of  the  first  integrals  of  this  equation  is  supposed  to  be 
(2542e),  in  which,  however,  ff  is  not  constant  but  variable,  the 
differential  of  (25426)  gives,  by  means  of  this  equation  and  (2542e), 

/),JJ==i?A9-D?9+^i?8in9A9  =  — A^(A9)' 

=  —  2hDt(p{gIico8q>  +  JST), 
2)^//=— 2^  A  i?  cosy  — 2  A  JJ; 

and  the  integral  of  this  last  equation  if 

tanjU'=  2h, 
is 

H=Ae~^      ^ — gli8infi8in{(p  -{-  fi), 

in  which  A  is  an  arbitrary  constant.    The  equation  (25426)  ^  then 
reduced  to 

of  which  the  integral  is 

._    _  r ^ 


—  285  — 

The  signs  which  precede  the  quantities  h  and  ju  must  be  re- 
versed in  the  alternate  oscillations. 

522.  The  angle  of  greatest  deviation  from  the  vertical  for 
the  {m  -[-  l)st  oscillation  is  determined  by  the  equation 


*-m 


—  c    ''"•'*  cos  (y„—jit) 


If  J  is  adopted  as  the  sign  of  finite  differences,  this  equation 
gives,  when  jti  is  so  small  that  its  square  may  be  neglected, 

J  [cos  9^  —  (sin  <jp«  —  <jp«  cos  y^)  fi]  =  2  (sin  y^  —  y^  cos 9^)  ju. 

When  the  oscillations  of  the  pendulum  are  so  small  that  the 
fourth  power  of  9^  may  be  neglected,  and  also  the  product  of  fi 
by  (pmJ(pni9  this  equation  is  reduced  to 

of  which  the  approximate  integral  is 

yo 

523.    The  substitution  of  (2865)  reduces  (28427)  to  the  form 

which,  when  jii  is  so  small  that  its  square  may  be  neglected,  becomes 

2^  (A  (pf  =  cos  (9  +  ii*)  —  COS  {(p„ — |u)  4-  COS  9„  (9  4-  9«)  u 

=  cos  9  —  cos  9„ — jit  [sin  9  4- sin  9^ — (9  +  9„)  cos  9„] . 

When  the  oscillations  are  very  small,  this  equation  may  be 
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still  further  reduced  to 


=  «-y')[l-i/*(9'  +  ^)]; 
which  gives 

v/S=75r^,[i+i'-(»+i!#i)]- 

The  integral  of  this  equation  is 

9  =  9,„sm[y/|(<-T)-J,.^V(9.i-9«)]. 

The  time  of  the  descending  semioscillation^  deduced  from  this 
equation,  is 

c-o=»«v/|(i+^). 

The  time  of  the  preceding  semioscillation  is  obtained  by  re- 
versing the  sign  of  fi,  which  gives 

and  the  time  of  the  whole  oscUlaiion  is,  therefore,  the  same  as  if  the  pen- 
dulum vibrated  in  a  vacuum.  The  preceding  formulae  and  conclusions 
coincide,  substantially,  with  those  which  are  given  by  Poisson. 

524.     If  the  law  of  the  resistance  to  the  motion  of  the  pcnduJuni 
may  be  expressed  as  a  function  of  the  time,  let 

cT  denote  the  resistance, 

and  the  motion  of  the  pendulum  in  a  small  arc  is  expressed  by 
the  formulae  (26O9)  and  (26I7).    If  cT  is  a  periodic  function,  which 
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has  the  same  period  with  that  of  the  vibration  of  the  pendulum, 
it  may  be  expressed  in  the  form 

and,  if  the  variable  portions  of  il  sin  d  and  A  cos  h  are  denoted  by 
d,  these  equations  give 

^(J(ilsin«)=A,(l-C08(y|))— Ai/y/Jsin/?!— iAiC0s(2y|+/?,) 

+  iA,cos/9,  +  l,[^cos((»-l)y|+/9,) 
-^^l  co8((i  +  l)<y/|+/?.)-ii^i  cos  /?J, 

^d(ilcosi)=  — A,sin(y|)— Ai/y/jcos/?,— iAx8in(2yj-t-/Ji) 

+  iA,8in/3,-f,[3-^  8in((,--l)<y/j  +  /9,) 
+  ^^ein((.-+l)y|  +  /?,)_^^sin/?,]; 

which  vanish  with  t. 

525.  If  the  vibraliom  of  the  pendulum  cause  the  medium  to  oscil- 
late  J  the  period  of  the  oscillatians  of  the  medium  is  probably  the  same  with 
that  of  the  pendtihimy  hut  the  successive  phases  of  the  motion  of  the  medium 
are  Ukefy  to  lag  somewhat  behind  those  of  the  pendulum.  Hence  the 
relative  velocity  of  the  pendulum  to  the  medium  may  be  ex- 
pressed by  the  equation 

r=i;ilcos(<y/j  +  J  +  /j), 

in  which  A  and  h  may  be  regarded  as  constant  for  a  single  vibra- 
tion. 


—  288  — 

If,  then,  the  resistance   of  the   medium  is  proportional  to  the 
relative  velocUj/y  the  value  of  3"  assumes  the  form 


3r=  2Ail  cos  (/y/ J +  *  +  /?); 


and  the  equations  (2878_i8)  give 


(j${Asmb)=-tyJ^Bm{b  +  (t) 


i  cos  (2y  J+ J  + /!J)  + 1  cos  (J  + /»), 


9_ 
hA 


d  (il  COS  «)  =  —  <  l/|  COS  (J  + /?) 


whence 


plogil  =— yjcos/^  — Jsin(2/y/|-}-2i  +  /9)+Jsm(2i4-/9), 
|«JJ  =— /t/|8in/5— icos(2<i/j4-2i  +  /?)4-ico8(2J  +  /?). 


h 


If  T  is  the  time  of  vibration  of  the  pendulum,  the  changes 
of  A  and  3  in  a  single  vibration  are  given  by  the  formula 

// log^  =  — ^ry/^cos/!J  =  —  TT^COS/J, 
^i  =  -^ry/{sin/?  =  -n^sin/9. 

If  the  resistance  is  proportional  to  the  square  of  the  velocity j  the 
value  of  3"  assumes  the  form 

2r=  2k  A^  +  2k  A^  cos(2<y/|  +  2  J  +  2/j), 

in  which  the  sign  of  k  must  be  reversed,  when  the  direction  of  the 
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0 

relative  motion  of  the  body  to  the  medium  is  reversed.    This 
value  of  tT  gives 

i<J(il  sin  J)  =  2  —  2  cos (<y/|)  4- co8(/i/|  +  2i  +  2/i) 


kA 


—  i  COS  (3<i/|  +  2*4-  2/{)  —  J  cos  (2 *  +  2  (i), 

4 

-,d{A  cosi)  =  —  2  sin  (^y/|)  —  sin  {iJ^  _)_  2«  +  2  /?) 

—  isin(3ii/|  +  2i  +  2/^)  +  |sin(2J  +  2/?); 


whence 


A(yj  =  2cosJ  — 2cos(^y/|4-j)  +  cos(^i/|  +  J  +  2/?) 

— icos(3/i/|+3J+2/^)  +  icos(3i  +  2/?)— cos(J+2J). 

The  changes  of  id  and  i  in  a  vibration  are  found,  by  having 
regard  to  the  reversal  of  the  sign  of  k  which  corresponds  to  that 
of  Vy  to  be 

g  J  I  =.  —  ^kAmi(i. 

If  the  law  of  the  resistance  is  similar  to  thai  of  friction  so  as  to 
he  constant  if  the  medium  is  at  rest,  it  must^  when  the  medium  is  in 
motion,  be  proportional  to  the  quotient  of  the  relative  motion  of 
the   body   through  the  medium  divided   by  the   velocity  of  the 

37 
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body.    The  form  of  3"  is,  then, 

in  which  the  sign  of  a  must  be  reversed,  when  the  direction  of  the 
relative  motion  of  the  body  to  the  medium  is  reversed.  This  value 
of  cT  gives 

ld{A8inb)  =  —  co8[tJ^  +  (i)—Bintico8b\ogtm{in-\-*^^ 

|(J(ilcos*)=  — sin  (^i/£  +  /5)+sini9  sinolog  tan(i7r  4-'-^^ 
whence 

The  changes  of  A  and  i  in  a  vibration  are 

9 

J  b=z-^  sin  (f  log  tan  i  ft. 
The  combination  of  these  values  give 
J  A  = —  71 A -COB  ft  —  \^--A^co^fty 

9  9  ^9 

J  J  =  -j^  sin  /?  log  tan  i  /9  —  n-mift  —  ^^- A  mi  ft. 
The  change  of  J  is  exhibited  in  the  motion  of  the  pendulum 
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by  a  change  in  the  time  of  vibration,  which  differs  from  that  which 
it  would  be  in  a  vacuum.    The  difference  is 


\  9  « 


526.  The  vibration  of  the  pendulum  may  be  regarded  as 
affected  by  the  medium  not  only  in  consequence  of  its  direct  action 
as  resistance,  but  also  indirectly,  because  a  portion  of  the  medium 
may  be  regarded  as  composing  a  part  of  the  moving  body,  and  its 
motion  is  sustained  by  the  action  of  gravitation  upon  the  body. 
If,  then, 

g  denotes  the  ratio  of  the  mass  of  that  portion  of  the  medium 
which  moves  with  the  body  to  the  mass  of  the  body, 

the  motion  of  q  may  be  assumed  to  have  a  period  identical  with 
that  of  the  body,  and  an  amplitude  of  excursion  proportional  to 
that  of  the  body,  so  that  its  velocity  may  be  of  the  form 

The  resistance,  then,  arising  from  the  preservation  of  the 
motion  of  q  may  be  expressed  in  3"  by  the  form 

gr=y  A  r=-2^8in(<y/|+j-/j'). 

The  similarity  of  this  form  to  that  of  (2884)  shows  that  the 
corresponding  influence  upon  A  and  b  may  be  expressed  by  the 
equations 

JlogA  =  —  ^8mp\ 
Jb=:  —  Y^  cos/5'. 
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The  importance  of  this  form  of  resistance  was  first  noticed 
by  DuBUAT  and  has  been  investigated  experimentally  by  Dubuat, 
Bessel,  and  Baily.  The  formulaa  (29O27)  ^^^  (29I29)  ^^y  ^^  adopted 
as  a  guide  in  the  conduct  of  these  and  similar  investigations. 

527.  In  the  application  of  the  preceding  formulaa  to  the  re- 
duction of  experiments^  the  quantities  a,  h,  k,  and  q  are  inversely 
proportional  to  the  density  of  the  body,  and  directly  proportional 
to  the  density  of  the  medium,  and  for  bodies  of  similar  forms  they 
are  nearly  in  an  inverse  ratio  to  their  linear  dimensions.  For 
pendulums  of  different  lengths,  k  is  proportional  to  the  length  of 
the  pendulum,  and  h  to  the  time  of  vibration.  If  Hi  denotes  the 
resistance  of  the  medium  which  is  proportional  to  the  velocity  for 
the  unit  of  weight  and  the  unit  of  surface,  and  if  H^  denotes  the 
resistance  which  is  proportional  to  the  square  of  the  velocity  for 
the  same  unit  of  weight  and  surface,  the  values  of  h  and  k,  for  the 
units  of  weight  and  surface,  are 

k=^\gRn^. 

528.  The  best  experiments  which  have  been  made  with  the 
pendulum  are  almost  wholly  free  from  any  constant  term  of  resist- 
ance, so  that,  in  their  discussion,  this  term  may  be  neglected  which 
reduces  the  formula  (29026)  to  the  form 

of  which  the  approximate  integral  is 

l<>g  (1  +  8-^)  -  log  (1  +  34^)  =  i- ^^.  cos /9 . 

529.  In  order  to  illustrate  these  formulae,  they  may  be  ap- 
plied to  some  of  the  experiments  which  have  been  actually  made. 
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and  in  which  the  diminution  of  the  arc  of  vibration  has  been  ob- 
served. For  this  purpose  the  observations  of  Newton,  Dubuat, 
BoRDA,  Bessel,  and  Bailt  are  selected,  and  the  formula  (2922g)  is 
found  to  be  applicable  to  all  these  experiments,  although  the  values 
of  Hi  and  Hg  are  different  for  the  different  experiments.  The  unit 
of  length  which  is  here  adopted  is  the  meter,  the  unit  of  weight 
is  the  chiliogramme,  and  that  of  time  is  the  mean  solar  second. 
The  measures  and  weights  are,  however,  given  in  the  form  in 
which  they  were  actually  observed. 

530.  In  Newton's  first  series  of  experiments  upon  the  dimi- 
nution of  the  oscillations  of  a  pendulum,  a  wooden  sphere  of 
61  English  inches  in  diameter,  weighing  57!^?  ounces,  of  about 
0.56  specific  gravity,  and  suspended  by  a  fine  wire  so  as  to  give 
10  i  feet  for  the  length  of  the  pendidum,  was  vibrated  until  the  arc 
of  descent  was  diminished  one  fourth  or  one  eighth  of  its  initial 
extent,  and  the  number  of  vibrations  was  recorded.  From  the  re- 
duction of  these  observations,  I  have  obtained  for  the  values  of 
Hi  and  H^ 

J3i  =  0.0223  sec/*, 

H^  =  0.4473  sec  /? . 

In  Newton's  second  series  Df  experiments,  a  leaden  sphere  of 
2  inches  in  diameter,  weighing  26j^  pounds,  and  suspended  so  as  to 
give  lOi  feet  for  the  length  of  the  pendulum,  was  vibrated  in  the 
same  way  as  in  the  former  series.  From  the  reduction  of  these 
observations,  I  have  obtained 

J3i  =  0.2044  sec/*, 
J3i=  0.701  sec/*. 

To  test  the  accuracy  of  these  reductions,  and  their  conformity 
with  the  given  observations,  I  have  computed  the   lengths  of  the 
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observed  arcs  of  vibration^  and  have  placed  them  in  the  following 
table  for  comparison. 


COMPARISON     OF  NEWTON'S    EXPERIMENTS    UPON  VIBRATIONS    OF   THE    PENDULUM 

WITH  COMPUTATION. 


WOODEN 

SPIIEBB. 

MCADIN  SPHEBl. 

m 

Oomputed 

Obflerred 

A. 

C     0 

m 

Oomirated 

ObMnrad 

C     0 

In. 

in. 

in. 

in. 

in. 

in. 

0 

64.08 

64 

.08 

0 

64.03 

64 

.03 

91 

56.02 

56 

.02 

80 

56.04 

56 

.04 

22| 

47.91 

48 

—.09 

70 

47.92 

48 

—.08 

0 

31.86 

32 

—.14 

0 

31.92 

32 

—.08 

18^ 

27.92 

28 

—.08 

53 

28.00 

28 

0. 

4l| 

24.19 

24 

.19 

121 

24.07 

24 

.07 

0 

15.99 

16 

—.01 

0 

16.01 

16 

.01 

354 

14.01 

14 

.01 

90^ 

13.99 

14 

—.01 

83 

11.99 

12 

—.01 

204 

11.99 

12 

—.01 

0 

8.04 

8 

.04 

0 

8.05 

8 

.05 

69 

7.01 

7 

.01 

140 

7.01 

7 

.01 

162^ 

5.95 

6 

—.05 

318 

5.95 

6 

—.05 

0 

4.01 

4 

.01 

0 

4.03 

4 

.03 

121 

3.50 

H 

0. 

193 

3.49 

H 

—.01 

272 

2.99 

S 

—.01 

420 

2.97 

3 

—.03 

0 

1.98 

2 

.02 

0 

2.04 

2 

.04 

164 

1.74 

If 

—.01 

228 

1.74 

If 

—.01 

374 

1.52 

l| 

.02 

518 

1.46 

l| 

—.04 

0 

1.00 

1 

0. 

226 

.88 

1 

0. 

510 

.75 

1 

0. 

With  these  values  of  Hi  and  i5?i,  a  minute  arc  of  vibration 
of  the  wooden  sphere  would  be  reduced  one  eighth  part  in  446 
vibrations,  and  one  fourth  part  in  961  vibrations,  and  a  minute 
arc  of  vibration  of  the  leaden  sphere  would  be  reduced  one  eighth 
part  in  290  vibrations,  and  one  fourth  part  in  625  vibrations. 

531,  DuBUAT  vibrated  in  water  a  sphere  of  2.645  French 
inches  in  diameter,  weighing  in  air  40068  grains,  and  in  water 
36448  grains,  and  suspended  so  that  the  length  of  the  pendulum 
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was  36.714  inches ;  he  observed  the  arc  of  descent  at  each  succes- 
sive oscillation.  From  these  observations,  I  have  obtained  a  result 
which  corresponds  with  his  own  in  respect  to  the  law  of  diminution 
of  oscillation,  and  which  gives  for  the  values  of  Hi  and  U^  in  water 

JJjzzz  378.7 sec/?. 

DuBUAT  also  vibrated  in  air  a  paper  sphere  of  4.0416  inches  in 
diameter,  weighing  in  air  155  grains,  with  a  density  11.33  times  as 
great  as  that  of  air,  and  suspended  by  a  fine  thread  so  that  the 
length  of  the  pendulum  was  36.714  inches.  From  these  observa- 
tions, I  have  deduced 

5i  =  0, 

JJazzz  0.37  sec /9. 

The  following  table  contains  the  comparison  of  Dubuat's  experi- 
ments with  the  computations  derived  from  the  values  of  /Zi  and  J5^ . 

COMPARISON   OF  DUBUAT'S   EXPERIMENTS   UPON   THE   DIMINUTION  OF   THE  ARC   OF 

VIBRATION    OF   A   PENDULUM    WITH   COMPUTATION. 


SPHERE  IN  WATER. 

SPHERE  IN  AIR. 

m 

Computed 

ObwrvMl 

C     0 

m 

Computed 

Obserred 

C—0 

In. 

in. 

in. 

in. 

in. 

in. 

0 

12.00 

12.00 

0. 

0 

11.90 

12.00 

—.10 

1 

9.21 

9.25 

—.04 

1 

10.10 

10.00 

.10 

2 

7.47 

7.42 

.05 

2 

8.77 

8.70 

.07 

3 

6.28 

6.25 

.03 

3 

7.75 

7.79 

—.04 

4 

5.42 

5.33 

.09 

4 

6.94 

6.96 

.02 

5 

4.77 

4.75 

.02 

6 

4.25 

4.25 

0. 

7 

3.84 

3.83 

.01 

8 

3.50 

3.48 

.02 

9 

3.22 

3.23 

—.01 

10 

2.97 

2.98 

—.01 
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532.  BoRDA  vibrated  a  platinum  sphere  of  16^  lines  in  diameter, 
weighing  with  the  wire  and  screw  9963  grains,  and  suspended  by  a 
wire  so  that  the  length  of  the  pendulum  was  3.95497  metrea  These 
observations  give  for  the  values  of  Hi  and  H^  in  air 

JJi  =  0.10722  sec/?, 
J3i  =  0.6267  sec /!». 

In  his  observations  for  determining  the  length  of  the  seconds 
pendulum,  this  same  pendulum  was  vibrated  by  Borda,  and  the 
lengths  of  its  arcs  of  vibration  were  observed.  From  the  mean  of 
these  observations,  I  have  obtained  the  values  of  Hi  and  Z^, 

J3i  =  0.11214  sec/?, 
JJa  =  0.6564  sec/?. 

BoRDA  vibrated  the  same  sphere  with  a  smaller  wire,  so  that 
the  weight  was  reduced  to  9958  grains,  and  the  length  increased  to 
3.95597  metres.    From  these  observations  I  have  derived 

iZ;  =  0.1134  sec/?, 
H^  =  0.590  sec  /? . 

The  comparison  of  Borda's  experiments  with  the  computations 
based  upon  these  values  of  Hi  and  H^  is  contained  in  the  following 
tables. 


COMPARISON   OP   BORDA's    OBSERVATIONS   UPON    THE    DIMINISHED    VIBRATIONS    OP 

THE   PENDULUM    WITH    COMPUTATION. 

FlrU  ErperimerU  with  direct  reference  to  tite  Diminution  of  the  Arc  of  Mbration, 


m 

Computed 

Obflcrred 

C      0 

• 
7)1 

Computed 

Ol>M>rved 

4.1 

C     0 

0 

120'0 

120'0 

d. 

12600 

4.2 

/ 

0.1 

1800 

61.2 

61.2 

0. 

14400 

2.8 

2.7 

3600 

35.6 

35.4 

.2 

16200 

1.9 

1.8 

5400 

22.1 

21.9 

.2 

18000 

1.3 

1.2 

.1 

7200 

14.2 

14.1 

.1 

19800 

0.9 

0.8 

9000 

9.4 

9.4 

0. 

21600 

.   0.6 

0.5 

10800 

6.2 

6.3 

.1 

36000 

0.002 

Very  minute,  j 
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ExperimenU  for  determining  the  Length  of  the  SecontTa  Pendulum  with  the  Pendulum  used  in  the  f\r8t 

Experiment, 


m 

MeuiTaliM. 


0 
2169 
4338 
6507 
8676 

0 
2169 
4338 
6507 
8676 

0 
2169 
4338 
6507 
8676 

0 
2169 
4338 
6507 
8676 

0 
2169 
4338 
6507 
8676 

0 
2169 
4338 
6507 
8676 


CSompnted 


67 
34 
18i 
11 

71 
35 
19i 
11 

7 


Obeerred 


64 
32 
19 
11 

7 

60 
31 
17 
10 

63 
32 
18 
10 

59i 
30| 
17 
10 

67 
34 
19 
11 
6 

71 
3^ 
19 
11 

7 


C—0 


0 

i 
— 1 

=1 

0 
0 

0 


0 
0 
0 

4 

0 
0 
0 
0 


Computed 

A. 


Observed 


C—0 


0 
0 

-i 

0 


0 
0 


0 
0 


Computed 

A  ' 


'm 


63 
32 

18 
lOi 
6 

64^ 
32i 
18 
lOi 
6i 

61 

3H 
17i 

10 

6 

62 

3U 
18 

lOi 

6 

63 
32 

18 

6 


Obierred 


C—0 


0 
0 
0 


0 


Experiments  f 

br  determining  the  Length  of  the  Second* 

8  Pendulum  with  the  Second  Pendulum. 

m 

Comp^d 

Oheerr'd 

A^ 

c-o 

m 

Comp*d 

A^ 

Obeerr'd 

A^ 

c-o 

m 

Oompoted 

Obaerred 

A^ 

c^o 

0 
1575 
3150 
4725 
6300 
7875 
9450 

55% 

22I 

15 

10 

7 
5 

54 
35 
23 
16 

% 

5 

0' 

—1 

4 

0 

0 
1538 
3114 
4690 
6266 
7842 
9418 

76 
47 
30 

13 
9 
5 

79 
47 
30 
20 
14 

St 

0' 
0 
0 

-i 
—1 

4 

6 

1445 
2970 
4495 
6020 
7545 
9070 

Ill 

64^ 
40| 
26 

m 

12 

8 

116 
64^ 
40 
26 
18 
12 

/ 

1 

0 

i 

0 
0 

38 
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533.  In  Bessel's  experiments  made  for  the  determination  of 
the  length  of  the  second's  pendulum  of  Konigsbero,  a  brass  sphere 
of  24.164  lines  in  diameter,  weighing  0\695364  was  suspended  so 
that  the  length  of  the  pendulum  was  1305.3  line&  From  his  ob- 
servations with  this  pendulum,  I  have  found  these  values  of  ffi 
and  II2. 

i]ri  =  0.05698  sec /J, 
J5ra=0.529sec/J. 

The  same  sphere  was  also  vibrated  with  a  length  of  pendulum 
of  441.8  lines,  from  the  observations  of  which  I  have  deduced 

£;  =  0.0452  sec /J, 
J5ra  =  0.587sec/J. 

Bessel  also  vibrated  an  ivory  sphere,  weighing  0^.15112,  and 
having  a  diameter  of  24.094  lines,  with  each  of  the  preceding 
lengths  of  pendulum.  From  his  observations  with  this  sphere  and 
the  long  pendulum,  I  have  obtained 

J?;  =  0.05517  sec /J, 
jya  =  0.512  sec/?; 

and  from  his  observations  with  the  short  pendulum, 

iZi=  0.0509  sec/?, 
i]ra=  0.282  sec/?. 

In  Bessel's  experiments  for  the  determination  of  the  length  of 
the  second's  pendulum  at  Berlin,  a  hollow  cylinder  was  vibrated, 
of  which  the  diameter  of  the  base  was  15.305  lines,  and  the  altitude 
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15.296  lines,  weighing,  with  its  appendages,  when  it  was  filled  with 
lead,  0^.67920,  and  when  it  was  empty,  0*.22595.  It  was  suspended 
in  two  different  modes,  in  one  of  which  the  length  of  the  pen- 
dulum was  1304.8  lines,  when  the  cylinder  was  filled,  and  1303.8 
lines,  when  it  was  empty ;  and,  in  the  other  mode  of  suspension 
the  length  was  440.9  lines  when  the  cylinder  was  filled,  and 
440.7  lines  when  it  was -empty.  From  his  observations  with  this 
pendulum,  I  have  obtained  the  following  values  of  Hi  and  H^ . 

When  the  cylinder  was  full,  and  the  suspension  was  long,  the 
values  were 

JSTj  1=0.08544  sec /9, 
JJa  =  0.733  sec  ^ ; 

when  it  was  full,  and  the  suspension  shorty  they  were 

i]ri=:  0.07026  sec /J, 
J5ra=  0.724  sec/?. 

When  the  cylinder  was  empty,  and  the  suspension  long,  the 
values  were 

J5r=:  0.09578 sec/?, 
JJ=  0.559  sec  /? ; 

when  it  was  empty,  and  the  suspension  short,  they  were 

J5ri=:  0.07003  sec/?, 
i]ra=  0.270  sec /?. 

In   order  to   compare   the  theory  of  these   values  with  ex- 
periment, all  the  values  of  observation  have  been  recomputed, 

and  the  comparisons  are  contained  in  the  following  tables. 
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COMPARISON  OF  BESSEL'S    OBSERVED  ARCS   OF  VIBRATION  OF  THE  PENDULUM  WITH 

THE  COMPUTED  ARCS. 


1.  Experimenti  with  the  Brats  Sphere  and  Long  Suspemion, 


m 

Computed 

Obaerred 

C     0 

Comimted 

Obtenrwi 

C     0 

Comimtod 

ObMired 

C     0 

A. 

A. 

^y           \y 

A. 

A. 

A. 

A. 

\y            y^ 

0 

38.3 

38.3 

0 

89.0 

39.0 

0 

39.5 

39.5 

0 

500 

33.7 

33.8 

—.1 

34.2 

34.2 

.  0 

34.6 

34.6 

0 

1000* 

29.7 

29.8 

—.1 

30.2 

30.1 

.1 

30.5 

30.5 

0 

1500 

26.4 

26.4 

0 

26.8 

26.8 

0 

27.1 

26.8 

.3 

2000 

23.5 

23.6 

—.1 

23.9 

23.8 

.1 

24.1 

23.9 

.2 

2500 

21.0 

20.9 

.1 

21.3 

21.3 

0 

21.6 

21.6 

0 

3000 

18.8 

18.8 

0 

19.1 

19.2 

—.1 

19.3 

19.3 

0 

3500 

16.9 

16.9 

0 

17.2 

17.2 

0 

17.4 

17.3 

—.1 

4000 

15.3 

15.4 

—.1 

15.5 

15.5 

0 

15.7 

15.7 

0 

0 

39.7 

39.9 

—.2 

39.0 

39.3 

—.3 

39.6 

39.7 

—.1 

500 

34.8 

34.6 

.2 

34.2 

34.1 

.1 

34.7 

34.8 

—.1 

1000 

30.7 

30.4 

.3 

30.2 

30.0 

.2 

30.6 

30.5 

.1 

1500 

27.2 

27.1 

.1 

26.8 

26.4 

.4 

27.1 

26.9 

.2 

2000 

24.2 

24.1 

.1 

23.9 

23.5 

.4 

24.2 

24.0 

.2 

2500 

21.6 

21.5 

.1 

21.3 

20.9 

.4 

21.6 

21.4 

.2 

3000 

19.4 

19.3 

.1 

19.1 

18.5 

.6 

19.4 

19.3 

.1 

3500 

17.4 

17.3 

.1 

17.2 

16.4 

.8 

17.4 

17.3 

.1 

4000 

15.7 

15.5 

.2 

15.5 

14.6 

.9 

15.7 

15.5 

.2 

0 

38.6 

38.6 

0 

40.0 

40.3 

—.3 

40.1 

39.9 

.2 

500 

33.9 

33.9 

0 

35.1 

34.9 

.2 

35.1 

35.2 

1 

1000 

29.9 

29.9 

0 

30.9 

30.8 

.1 

31.0 

31.0 

0 

1500 

26.5 

26.6 

—.1 

27.4 

27.2 

.2 

27.4 

27.5 

— 1 

2000 

23.7 

23.6 

.1 

24.4 

24.2 

.2 

24.4 

24.4 

0 

2500 

21.1 

21.2 

—.1 

21.8 

21.8 

0 

21.8 

21.9 

— 1 

3000 

19.0 

19.0 

0 

19.5 

19.5 

0 

19.6 

19.6 

0 

3500 

17.1 

17.1 

0 

17.5 

17.4 

.1 

17.6 

17.6 

0 

4000 

15.4 

15.4 

0 

15.8 

15.6 

.2 

15.8 

15.9 

— 1 

0 

39.1 

39.1 

0 

39.3 

39.2 

.1 

38.8 

38.5 

.3 

500 

34.3 

34.3 

0 

34.5 

34.5 

0 

34.0 

34.0 

0 

1000 

30.3 

30.3 

0 

30.4 

30.5 

—.1 

30.1 

30.2 

— 1 

1500 

26.9 

26.9 

0 

27.0 

27.1 

—.1 

26.7 

27.0 

— 3 

2000 

23.9 

23.9 

0 

24.0 

24.2 

—.2 

23.8 

24.0 

— 2 

2500 

21.4 

21.4 

0 

21.5 

21.8 

—.3 

21.3 

21.5 

— 2 

3000 

19.2 

19.3 

—.1 

19.3 

19.4 

—.1 

19.1 

19.3 

—.2 

3500 

17.2 

17.3 

—.1 

17.3 

17.5 

—.2 

17.2 

17.4 

—.1 

4000 

15.5 

15.6 

—.1 

15.6 

15.7 

-1 

15.5 

15.5 

0 
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1.  Experiments  vnth  the  Brass  Sphere  and  Long  Suspension,  —  Continued. 


m 

Computed 

Obserred 

C      0 

Computed 

Obsenred 
An. 

C—0 

Computed 
4. 

Obierrvid 

C     0 

0 

39.1 

39.1 

0 

37.8 

37.7 

.1 

39.6 

39.7 

.1 

500 

34.3 

34.2 

.1 

33.2 

33.3 

—.1 

34.7 

34.7 

0 

1000 

30.3 

30.2 

.1 

29.4 

29.3 

.1 

30.6 

30.6 

0 

1500 

26.9 

27.0 

—.1 

26.1 

26.2 

—.1 

27.1 

27.1 

0 

2000 

23.9 

24.0 

—.1 

23.2 

23.4 

—.2 

24.2 

24.1 

.1 

2500 

21.4 

21.5 

—.1 

20.8 

20.9 

—.1 

21.6 

21.6 

0 

3000 

19.2 

19.2 

0 

18.7 

18.7 

0 

19.4 

19.4 

0 

3500 

17.2 

17.3 

.1 

16.8 

16.7 

.1 

17.4 

17.3 

.1 

4000 

15.5 

15.5 

0 

15.1 

15.2 

— .1- 

15.6 

15.6 

.1 

0 

39.0 

39.0 

0 

41.7 

41.6 

.1 

39.4 

39.4 

0 

500 

34.2 

34.1 

.1 

36.5 

36.6 

—.1 

34.6 

34.5 

.1 

1000 

30.2 

30.1 

.1 

32.1 

32.3 

—.2 

30.5 

30.4 

.1 

1500 

26.8 

26.5 

.3 

28.4 

28.6 

—.2 

27.0 

27.1 

—.1 

2000 

23.9 

24.0 

—.1 

25.3 

25.5 

—.2 

24.1 

24.1 

0 

2500 

21.3 

21.4 

—.1 

22.5 

22.7 

—.2 

21.5 

21.6 

—.1 

3000 

19.1 

19.2 

—.1 

20.2 

20.3 

—.1 

19.3 

19.4 

—.1 

3500 

17.2 

17.2 

0 

18.1 

18.1 

0 

17.3 

17.3 

0 

4000 

15.5 

15.5 

0 

16.3 

16.3 

0 

15.6 

15.6 

0 

0 

39.2 

39.4 

—.2 

88.6 

38.6 

0 

38.5 

39.3 

—.8 

500 

34.4 

34.4 

0 

33.9 

33.4 

.5 

33.8 

34.2 

—.4 

1000 

30.3 

30.3 

0 

29.9 

29.9 

0 

29.8 

30.0 

—.2 

1500 

26.9 

26.9 

0 

26.5 

26.7 

2 

26.5 

26.3 

.2 

2000 

24.0 

24.0 

0 

23.7 

23.6 

.1 

23.6 

23.2 

.4 

2500 

21.4 

21.5 

— 1 

21.1 

21.4 

_3 

21.1 

20.5 

.6 

3000 

19.2 

19.2 

0 

19.0 

19.2 

— 2 

18.9 

18.3 

.6 

3500 

17.2 

17.1 

.1 

17.1 

17.2 

— 1 

17.0 

16.3 

.7 

4000 

15.6 

15.4 

.2 

15.4 

15.4 

0 

15.3 

14.5 

.8 

0 

40.0 

39.9 

.1 

39.9 

39.6 

.3 

39.3 

39.0 

.3 

500 

35.1 

34.9 

.2 

35.0 

35.0 

0 

34.5 

34.5 

0 

1000 

30.9 

30.9 

0 

30.8 

30.9 

— 1 

30.4 

30.5 

—.1 

1500 

27.4 

27.5 

— 1 

27.3 

27.5 

—.2 

27.0 

27.1 

—.1 

2000 

24.4 

24.4 

0 

24.3 

24.3 

0 

24.0 

24.1 

— 1 

2500 

21.8 

21.9 

.1 

21.7 

21.7 

0 

21.5 

21.5 

0 

3000 

19.5 

19.7 

.2 

19.5 

19.5 

0 

19.3 

19.3 

0 

3500 

17.5 

17.6 

— 1 

17.5 

17.3 

.2 

17.3 

17.3 

0 

4000 

15.8 

15.8 

0 

15.8 

15.5 

.3 

15.6 

15.5 

.1 

0 

39.7 

39.8 

—.1 

38.9 

38.8 

.1 

38.7 

38.7 

0 

500 

34.8 

34.8 

0 

34.1 

34.0 

.1 

34.0 

34.3 

—.3 

1000 

30.7 

30.7 

0 

30.1 

30.2 

.1 

30.0 

29.9 

.1 

1500 

27.2 

27.2 

0 

26.7 

26.9 

— 2 

26.6 

26.4 

.2 

2000 

24.2 

24.2 

0 

23.8 

24.0 

—.2 

23.7 

23.5 

.2 

2500 

21.7 

21.8 

—.1 

21.3 

21.4 

.1 

21.2 

21.1 

.1 

3000 

19.4 

19.4 

0 

19.1 

19.2 

.1 

19.0 

18.9 

.1 

3500 

17.4. 

17.4 

0 

17.2 

17.2 

0 

17.1 

16.8 

.3 

4000 

15.7 

15.6 

.1 

15.5 

15.4 

.1 

15.4 

15.2 

.2 

l"i 
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1.  Experiments  with  the  Brass  Sphere  and  Long  Stupendon,  —  ContinQed. 


m 

Computed' 

Obserred 

C      0 

Oompatod 

Obwrrwl 

A^ 

G      0 

Oomputed 

A^ 

Observed 

A^ 

C-0 

0 

38.7 

38.7 

0 

39.3 

39.3 

0 

39.1 

39.2 

—.1 

500 

34.0 

34.1 

—.1 

34.5 

34.7 

—.2 

34.3 

34.2 

.1 

1000 

30.0 

30.0 

0 

30.4 

30.2 

.2 

30.3 

30.3 

0 

1500 

26.6 

26.6 

0 

27.0 

27.0 

0 

26.9 

27.0 

—.1 

2000 

23.7 

23.6 

.1 

24.0 

24.1 

—.1 

23.9 

23.9 

0 

2500 

21.2 

21.2 

0 

21.5 

21.5 

0 

21.4 

21.4 

0 

3000 

19.0 

19.0 

0 

19.3 

19.3 

0 

19.2 

'19.3 

—.1 

3500 

17.1 

16.9 

.2 

17.3 

17.3 

0 

17.2 

17.2 

0 

4000 

15.4 

15.3 

.1 

15.6 

15.5 

.1 

15.5 

15.5 

0 

0 

39.0 

39.0 

0 

39.8 

39.7 

.1 

500 

34.2 

34.1 

.1 

34.9 

34.9 

0 

1000 

30.2 

30.1 

.1 

80.8 

30.8 

0 

1500 

26.8 

26.8 

0 

27.3 

27.2 

.1 

2000 

23.9 

23.7 

•2 

24.3 

24.3 

0 

2500 

21.3 

21.2 

0 

21.7 

21.7 

0 

3000 

19.1 

19.2 

—.1 

19.4 

19.4 

0 

3500 

17.2 

17.2 

0 

17.5 

17.4 

.1 

4000 

15.5 

15.4 

.1 

15.7 

15.6 

.1 

2. 

Experiments  with  the  Brass  Sphere  and 

the  Short  Suspension 

. 

m 

Gompated 

A^ 

Obnerred 

A^ 

0—0 

Computed 

A^ 

Obserred 

A^ 

c—o 

Computed 

A^ 

Obwrred 

A^ 

0     0 

0 

14.4 

14.65 

—.2 

13.2 

18.5 

—.3 

12.4 

12.4 

0 

560 

13.5 

13.7 

—.2 

12.4 

12.7 

—.3 

11.7 

11.6 

.1 

1120 

12.7 

12.8 

—.1 

11.7 

11.9 

.2 

11.0 

10.9 

.1 

1680 

12.0 

11.9 

•1 

11.0 

11.0 

.0 

10.3 

10.2 

.1 

2240 

11.3 

11.0 

.3 

10.4 

10.3 

.1 

9.7 

9.6 

•1 

2800 

10.6 

10.3 

.3 

9.7 

9.7 

0 

9.2 

9.0 

.2 

3360 

10.0 

9.6 

.4 

9.2 

9.0 

.2 

8.6 

8.5 

.1 

3920 

9.4 

8.9 

.5 

8.6 

8.4 

.2 

8.1 

8.0 

.1 

4480 

8.8 

8.3 

.5 

8.1 

7.9 

.2 

7.6 

7.5 

.1 

5040 

8.3 

7.8 

.5 

7.6 

7.4 

.2 

7.2 

7.1 

.1 

5600 

7.8 

7.3 

.5 

7.2 

7.0 

•2 

6.8 

6.7 

.1 

0 

12.2 

12.3 

—.1 

11.5 

11.6 

—.1 

12.2 

12.2 

0 

560 

11.5 

11.5 

0 

10.9 

10.9 

0 

11.5 

11.5 

0 

1120 

10.8 

10.8 

0 

10.3 

10.3 

0 

10.8 

10.9 

—.1 

1680 

10.2 

10.1 

.1 

9.7 

9.7 

0 

10.2 

10.3 

—.1 

2240 

9.6 

9.5 

.1 

9.1 

9.1 

0 

9.6 

9.7 

—.1 

2800 

9.0 

8.9 

.1 

8.6 

8.6 

0 

9.0 

9.1 

—.1 

3360 

8.5 

8.4 

.1 

8.1 

8.15 

—.1 

8.5 

8.5 

0 

3920 

8.0 

8.0 

0 

7.6 

7.7 

—.1 

8.0 

8.1 

—.1 

4480 

7.5 

7.5 

0 

7.1 

7.3 

—.2 

7.5 

7.7 

—.2 

5040 

7.1 

7.0 

.1 

6.7 

6.9 

—.2 

7.1 

7.2 

—.1 

5600 

6.7 

6.5 

.2 

6.3 

6.4 

—.2 

6.7 

6.8 

—.1 

r 
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2.  Experimenta  with  the  Bran  Sphen  and  the  Short  Sutpensim,  —  Continued. 


m 

Computed 

Ohferrea 

C     0 

Compiitad 

Ohaerred 

C—0 

Gompoted 

Obflerrvd 

A^ 

C     0 

0 

12.5 

12.3 

.2 

12.8 

12.7 

.1 

12.9 

12.8 

.X 

560 

11.8 

11.7 

.1 

12.0 

11.95 

.1 

12.1 

12.0 

•  X 

1120 

11.1 

11.0 

.V 

11.3 

11.3 

0 

11.4 

11.3 

.X 

1680 

10.4 

10.4 

0 

10.7 

10.7 

0 

10.8 

10.7 

.  X 

2240 

9.8 

9.8 

0 

10.0 

10.15 

—.1 

10.1 

10.2    ' 

^^~.  i 

2800 

9.2 

9.2 

0 

9.5 

9.5 

0 

9.5 

9.7 

—.2 

3369 

8.7 

8.75 

—.1 

8.9 

8.9 

0 

9.0 

9.1 

—.1 

3920 

8.2 

8.3 

—.1 

8.4 

8.4 

0 

8.4 

8.6 

—.2 

4480 

7.7 

7.9 

—.2 

7.9 

8.0 

—.1 

7.9 

8.1 

—.2 

5040 

7.2 

7.45 

—.2 

7.4 

7.6 

—.2 

7.5 

7.7 

—.2 

5600 

6.8 

7.0 

—.2 

7.0 

7.2 

—.2 

7.0 

7.2 

— ^ 

0 

13.0 

12.9 

.1 

10.9 

10.9 

0 

13.4 

13.2 

.2 

560 

12.2 

12.1 

.1 

10.4 

10.3 

.1 

12.6 

12.5 

.1 

1120 

11.5 

11.4 

.1 

9.7 

9.7 

0 

11.9 

11.8 

.1 

1680 

10.8 

10.8 

0 

9.2 

9.2 

0 

11.2 

11.2 

0 

2240 

10.2 

10.3 

—.1 

8.6 

8.7 

—.1 

10.5 

10.6 

—A 

2800 

9.6 

9.8 

—.2 

8.1 

8.2 

—.1 

9.9 

9.9 

0 

3360 

9.0 

9.2 

—.2 

7.6 

7.7 

—.1 

9.3 

9.3 

0 

8920 

8.5 

8.8 

—.3 

7.2 

7.2 

0 

8.8 

8.8 

0 

4480 

8.0 

8.2 

—.2 

6.8 

6.8 

0 

8.3 

8.3 

0 

5040 

7.5 

7.8 

—.3 

6.4 

6.4 

0 

7.8 

7.85 

'       .X 

5600 

7.1 

7.4 

—.3 

6.0 

6.0 

0 

7.3 

7.45 

■*^~.x 

0 

18.3 

13.3 

0 

11.1 

11.3 

—.2 

12.4 

12.5 

■"■".* 

560 

12.5 

12.5 

0 

10.5 

10.5 

0 

11.7 

11.7 

0 

1120 

11.8 

11.8 

0 

9.9 

9.8 

.1 

11.0 

10.9 

•  X 

1680 

11.1 

11.1 

0 

9.3 

9.3 

0 

10.3 

10.2 

.X 

2240 

10.4 

10.5 

— 1 

8.8 

8.8 

0 

9.7 

9.6 

«x 

2800 

9.8 

9.8 

0 

8.3 

8.3 

0 

9.2 

9.0 

.2 

3360 

9.2 

9.2 

0 

7.8 

7.8 

0 

8.6 

8.5 

.X 

8920 

8.7 

8.7 

0 

7.3 

7.2 

•1 

8.1 

8.0 

•  X 

4480 

8.2 

8.2 

0 

6.9 

6.8 

.1 

7.6 

7.6 

0 

5040 

7.7 

7.7 

0 

6.5 

6.4 

.1 

7.2 

7.2 

0 

5600 

7.3 

7.3 

0 

6.1 

6.1  • 

0 

6.8 

6.8 

0 

0 

11.7 

11.8 

—.1 

560 

11.1 

11.1 

0 

1120 

10.4 

10.4 

0 

1680 

9.8 

9.8 

0 

2240 

9.3 

9.2 

.1 

2800 

8.7 

8.7 

0 

3360 

8.2 

8.2 

0 

3920 

7.7 

7.7 

0 

4480 

7.3 

7.3 

'     0 

5040 

6.8 

6.8 

0 

5600 

6.4 

6.4 

0 

304 


3.  Experiments  with  the  Lrory  Sphere  and  Long  Suspension. 


m 

Compoted 

Obflerred 

C      0 

Computed 

Obferred 

A^ 

C     0 

Compnted 

A^ 

Oteerrcd 

A^ 

C     0 

0 

36.5 

36.4 

.1 

38.9 

38.9 

0 

38.7 

38.6 

.1 

500 

21.5 

22.0 

—.5 

22.7 

22.7 

0 

22.6 

22.7 

—.1 

1000 

13.5 

13.2 

.3 

14.2 

14.3 

—.1 

14.1 

14.3 

—.2 

0 

38.9 

38.9 

0 

37.9 

37.8 

.1 

37.9 

37.9 

0 

500 

22.7 

22.9 

—.2 

22.2 

22.6 

.4 

22.2 

22.4 

—.2 

1000 

14.2 

14.5 

.3 

13.9 

14.3 

—.4 

13.9 

14.0 

—.1 

0 

39.1 

39.2 

—.1 

37.4 

37.5 

—.1 

38.5 

38.5 

0 

500 

22.7 

22.4 

.3 

21.9 

21.7 

.2 

22.5 

22.3 

.2 

1000 

14.2 

13.7 

.5 

13.7 

12.9 

.8 

14.0 

14.2 

—.2 

0 

38.4 

38.4 

0 

37.0 

37.1 

—.1 

37.3 

37.3 

0 

500 

22.4 

22.0 

.4 

21.7 

21.1 

.6 

21.9 

21.8 

.1 

1000 

14.0 

14.0 

0 

13.6 

13.4 

.2 

13.7 

13.9 

— 2 

0 

37.2 

37.3 

—.1 

36.8 

36.8 

0 

37.1 

36.9 

.2 

500 

21.8 

21.7 

.1 

21.6 

21.7 

—.1 

21.8 

22.1 

.3 

1000 

13.7 

13.8 

—.1 

13.6 

13.4 

.2 

13.7 

13.9 

—•2 

0 

34.7 

34.7 

0 

500 

20.5 

20.6 

—.1 

1000 

13.3 

13.0 

.3 

4.  Experiments  with  the  Ivory  Sphere  and  Short  Suspension, 


m 

Computed 

A^ 

Obflerrod 

C     0 

Computed 

A^ 

ObMrred 
An 

C      0 

Computed 

Arn 

Obeenred 

C      0 

0 

12.3 

12.3 

0 

13.6 

13.6 

0 

13.9 

14.0 

—.1 

650 

9.3 

9.3 

0 

10.1 

10.0 

.1 

10.3 

10.1 

.2 

1300 

7.1 

7.2 

—.1 

7.6 

7.8 

—.2 

7.8 

7.8 

0 

1950 

5.4 

5.7 

—.3 

5.8 

5.9 

—.1 

5.9 

5.8 

.1 

2600 

4.2 

4.3 

—.1 

4.4 

4.3 

.1 

4.5 

4.3 

.2 

0 

13.0 

13.1 

—.1 

14.8 

14.9 

—.1 

14.3 

14.3 

0 

650 

9.9 

9.9 

0 

10.9 

10.9 

0 

10.6 

10.7 

.1 

1300 

7.5 

7.5 

0 

8.2 

8.0 

.2 

8.0 

8.0 

0 

1950 

5.7 

5.7 

0 

6.2 

6.0 

.2 

6.0 

6.0 

0 

2600 

4.5 

4.5 

0 

4.8 

4.5 

.3 

4.6 

4.6 

0 

0 

12.9 

13.1 

—.2 

14.0 

14.0 

0 

13.2 

13.0 

J2 

650 

9.6 

9.6 

0 

10.4 

10.4 

0 

19.8 

19.9 

—.1 

1300 

7.2 

7.0 

.2 

7.8 

8.0 

—.2 

7.3 

7.4 

—.1 

1950 

5.5 

5.4 

.1 

5.9 

6.1 

—.2 

5.6 

5.9 

—.3 

2600 

4.2 

4.1 

.1 

4.5 

4.5 

0 

4.3 

4.4 

—.1 

0 

13.3 

13.1 

.2 

16.0 

16.0 

0 

16.8 

16.8 

0 

650 

9.8 

10.0 

.2 

11.8 

11.8 

0 

12.4 

12.5 

.1 

1300 

7.4 

7.3 

.1 

8.9 

8.8 

.1 

9.3 

9.4 

—.1 

1950 

5.6 

5.8 

—.2 

6.7 

6.8 

—.1 

7.1 

7.1 

0 

2600 

4.3 

4.5 

.2 

5.2 

5.2 

0 

5.4 

5.5 

.1 

r 
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4.  Experiments  with  the  Ivory  Sphere  ami  Short  Suspension.  —  Continued. 


m 

Computed 

Obserred 

0     0 

Computed 

Oheerred 

C     0 

Computed 

A^ 

Observed 

A^ 

C     0 

0 

16.6 

16.6 

0 

17.8 

18.0 

—.2 

16.3 

16.3 

0 

650 

12.2 

12.1 

.1 

13.0 

13.0 

0 

12.0 

12.2 

.2 

1300 

9.2 

9.2 

0 

9.7 

9.5 

.2 

9.0 

9.1 

—.1 

1950 

7.0 

7.0 

0 

7.3 

7.1 

.2 

6.8 

7.0 

.2 

2600 

5.3 

5.5 

—.2 

5.6 

5.5 

.1 

5.2 

5.2 

0 

0 

16.1 

16.0 

.1 

650 

11.8 

12.0 

—.2 

1300 

8.8 

9.0 

—.2 

1950 

6.7 

6.8 

—.1 

2600 

5.1 

5.1 

0 

5 

.  Experiments  with  the  Full  Cylinder  and  Lorn/  S 

iispension. 

m 

Computed 

A^ 

Obaeired 

A^ 

C     0 

Computed 

A^ 

Observed 

A^ 

C      0 

Computed 

A^ 

Observed 
An. 

C      0 

0 

39.8 

39.8 

0 

41.5 

41.2 

.3 

38.3 

38.9 

—.6 

500 

35.8 

35.9 

—.1 

37.3 

37.3 

0 

34.5 

34.3 

.2 

1000 

32.4 

32.2 

.2 

33.6 

33.8 

—.2 

31.2 

30.8 

.4 

1500 

29.4 

29.4 

0 

30.5 

30.7 

—.2 

28.4 

27.8 

.6 

2000 

26.7 

26.6 

.1 

27.7 

27.8 

—.1 

25.8 

25.2 

.6 

2500 

24.3 

24.3 

0 

25.2 

25.3 

—.1 

23.6 

22.9 

.7 

3000 

26.3 

22.0 

.3 

23.0 

23.2 

—.2 

21.6 

20.6 

1.0 

3500 

20.4 

20.3 

.1 

21.1 

21.3 

—.2 

19.8 

18.7 

1.1 

4000 

18.7 

19.0 

3 

19.3 

19.5 

—.2 

18.2 

17.1 

1.1 

0 

39.4 

39.6 

—.2 

41.0 

41.5 

—.5 

41.7 

41.8 

.1 

500 

35.5 

35.3 

.2 

36.9 

36.9 

0 

37.5 

37.6 

.1 

1000 

32.1 

31.9 

.2 

33.3 

32.9 

.4 

33.8 

33.5 

.3 

1500 

29.1 

29.0 

.1 

30.1 

29.9 

.2 

30.6 

30.5 

.1 

2000 

26.5 

26.2 

.3 

27.4 

27.1 

.3 

27.8 

27.7 

.1 

2500 

24.1 

24.0 

.1 

25.0 

24.6 

.4 

25.3 

25.4 

—.1 

3000 

22.1 

22.0 

.1 

22.8 

22.5 

.3 

23.1 

23.2 

.1 

3500 

20.2 

20.0 

.2 

20.9 

20.6 

.3 

21.2 

21.2 

0 

4000 

18.6 

18.3 

.3 

19.1 

19.0 

.1 

19.4 

19.3 

.1 

0 

39.5 

39.2 

.3 

40.2 

40.3 

—.1 

42.7 

42.7 

0 

500 

35.6 

35.6 

0 

36.2 

36.1 

.1 

38.3 

38.1 

.2 

1000 

32.1 

32.4 

—.3 

32.7 

32.7 

0 

34.5 

34.6 

—.1 

1500 

29.2 

29.4 

—.2 

29.6 

30.0 

.4 

31.2 

31.4 

.2 

2000 

26.5 

26.6 

.1 

26.9 

27.1 

—.2 

28.4 

28.3 

.1 

2500 

24.2 

24.3 

—.1 

24.5 

24.7 

.2 

25.8 

25.9 

.1 

3000 

22.1 

22.3 

—.2 

22.4 

22.6 

—.2 

23.6 

23.6 

0 

3500 

20.3 

20.5 

.2 

20.6 

20.7 

.1 

21.6 

21.6 

0 

4000 

18.6 

18.7 

.1 

18.9 

18.9 

0 

19.8 

19.9 

.1 

39 
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5.  Experiments  with  the  Full  Cylinder  and  Long  Suspension,  —  Continued. 


m 

Computed 

Obcenred 

C-nO 

Computed 

Obeerred 

C—0 

Computed 

ObMrrvd 

C     0 

0 

42.3 

42.5 

--.2 

43.2 

43.1 

.1 

42.0 

41.8 

.2 

500 

38.0 

37.9 

.1 

38.8 

38.8 

0 

37.7 

88.4 

—.7 

1000 

34.2 

34.0 

.2 

34.9 

35.0 

—.1 

34.0 

34.0 

0 

1500 

31.0 

31.1 

—.1 

31.6 

31.6 

0 

30.8 

30.9 

—.1 

2000 

28.1 

28.1 

0 

28.7 

28.6 

.1 

28.0 

28.1 

—.1 

2500 

25.6 

25.5 

.1 

26.1 

26.1 

0 

25.5 

25.7 

—.2 

3000 

23.4 

23.5 

—.1 

23.8 

23.9 

—.1 

23.3 

23.5 

—.2 

3500 

21.4 

21.5 

—.1 

21.8 

21.7 

.1 

21.3 

21.5 

—.2 

4000 

19.G 

19.4 

.2 

20.0 

20.0. 

0 

19.5 

19.6 

—.1 

0 

41.5 

41.4 

.1 

41.4 

41.2 

.2 

41.6 

41.4 

.2 

500 

37.3 

37.2 

.1 

37.2 

37.3 

—.1 

37.4 

37.4 

0 

1000 

33.6 

33.5 

.1 

33.6 

33.6 

0 

33.7 

33.8 

.1 

1500 

30.5 

30.5 

0 

30.4 

30.4 

0 

30.5 

30.6 

—.1 

2000 

27.7 

27.9 

—.2 

27.6 

27.6 

0 

27.7 

27.9 

.2 

2500 

25.2 

25.3 

—.1 

25.2 

25.2 

0 

25.3 

25.5 

—.2 

3000 

23.0 

23.1 

—.1 

23.0 

23.1 

—.1 

23.1 

23.2 

—.1 

3500 

21.1 

21.3 

—.2 

21.0 

21.2 

—.2 

21.1 

21.3 

—.2 

4000 

19.3 

19.4 

—.1 

19.3 

19.1 

.2 

19.5 

19.6 

—.1 

0 

41.4 

41.1 

.3 

40.5 

40.3 

.2 

39.3 

39.4 

—.1 

500 

37.2 

37.2 

0 

36.4 

36.5 

—.1 

35.4 

35.3 

.1 

1000 

33.6 

33.6 

0 

32.9 

33.0 

—.1 

32.0 

32.0 

0 

1500 

30.4 

30.5 

—.1 

29.8 

29.8 

0 

29.0 

29.0 

0 

2000 

27.6 

27.7 

—.1 

27.1 

27.0 

.1 

26.4 

26.4 

0 

2500 

25.2 

25.2 

0 

24.7 

24.6 

.1 

24.1 

24.1 

0 

3000 

23.0 

23.1 

—.1 

22.6 

22.5 

.1 

22.0 

22.1 

—.1 

3500 

21.0 

21.2 

— 2 

20.7 

20.7 

0 

20.2 

20.3 

—.1 

4000 

19.3 

19.5 

— 2 

19.0 

19.0 

0 

18.5 

18.5 

0 

0 

38.0 

38.3 

—.3 

39.6 

39.5 

.1 

42.0 

41.8 

.2 

500 

34.1 

33.5 

.6 

35.6 

35.6 

0 

37.7 

37.9 

—.2 

1000 

30.9 

30.4 

.5 

32.2 

32.1 

.1 

34.0 

34.2 

.2 

1500 

28.0 

27.8 

.2 

29.2 

29.3 

—.1 

30.8 

31.0 

—.2 

2000 

25.5 

25.3 

.2 

26.6 

26.7 

—.1 

28.0 

28.2 

.2 

2500 

23.2 

23.0 

.2 

24.2 

24.3 

—.1 

25.5 

25.6 

_1 

3000 

21.3 

21.3 

0 

22.2 

22.3 

—.1 

23.3 

23.4 

.1 

3500 

19.6 

19.6 

0 

20.3 

20.4 

—.1 

21.3 

21.5 

.2 

4000 

18.0 

17.8 

.2 

18.6 

18.7 

.1 

19.5 

19.6 

.1 

0 

42.1 

42.0 

.1 

41.7 

41.7 

0 

40.6 

40.6 

0 

500 

37.8 

37.9 

.1 

37.4 

37.4 

0 

36.5 

36.6 

— 1 

1000 

34.1 

34.1 

0 

33.8 

33.9 

—.1 

33.0 

33.0 

0 

1500 

30.9 

30.9 

0 

30.6 

30.6 

0 

29.9 

30.0 

.1 

2000 

28.0 

28.1 

.1 

27.8 

27.9 

.1 

27.2 

27.2 

0 

2500 

25.5 

25.7 

—.2 

25.3 

25.5 

.2 

24.8 

24.8 

0 

3000 

23.3 

23.3 

0 

23.1 

23.2 

—.1 

22.6 

22.7 

.1 

3500 

21.3 

21.3 

0 

21.2 

21.4 

—.2 

20.7 

20.8 

.1 

4000 

19.5 

19.5 

0 

19.4 

19.6 

.2 

19.0 

18.9 

.1 

r 
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6. 

EzperimenU  with  the  Full  Cylinder  and  Short  S 

uspension. 

m 

Ccnnputed 

Obaerred 

C—0 

Computed 

Obfleired 

C     0 

Ck>mputed 

Obeerred 

A^ 

C     0 

0 

12.4 

12.45 

0 

12.1 

12.15 

0 

13.2 

13.15 

0 

730 

11.7 

11.6 

.1 

11.4 

11.35 

0 

12.5 

12.5 

0 

1460 

11.0 

11.0 

0 

10.8 

10.65 

.1 

11.8 

11.95 

—.1 

2190 

10.4 

10.4 

0 

10.2 

10.25 

—.1 

11.2 

11.1 

.1 

2920 

9.9 

9.8 

.1 

9.6 

9.55 

.1 

10.5 

10.55 

—.1 

3650 

9.3 

9.3 

0 

9.1 

9.1 

0 

9.9 

10.0 

.1 

4380 

8.8 

8.85 

0 

8.6 

8.6 

0 

9.4 

9.45 

—.1 

5110 

8.3 

8.35 

0 

8.1 

8.15 

0 

8.9 

8.9 

0 

5840 

7.9 

7.85 

0 

7.7 

7.65 

0 

8.4 

8.5 

—.1 

0 

13.0 

13.0 

0 

12.1 

12.05 

0 

12.6 

12.55 

0 

730 

12.3 

12.25 

0 

11.5 

11.7 

—.2 

12.0 

12.0 

0 

1460 

11.6 

11.55 

0 

10.9 

11.05 

——.1 

11.3 

11.3 

0 

2190 

10.9 

11.05 

— 1 

10.4 

10.5 

—.1 

10.8 

10.75 

0 

2920 

10.3 

10.3 

0 

9.8 

9.95 

—.1 

10.2 

10.1 

.1 

3650 

9.8 

9.75 

0 

9.5 

9.45 

9.7 

9.65 

.1 

4380 

9.2 

9.2 

0 

8.9 

9.05 

—-.1 

9.2 

9.25 

0 

5110 

8.7 

8.8 

— 1 

8.5 

8.6 

—.1 

8.8 

8.8 

0 

5840 

8.2 

8,2 

0 

8.0 

8.05 

0 

8.4 

8.35 

0 

0 

12.4 

12.4 

0 

12.4 

12.4 

0 

13.5 

13.5 

0 

730 

11.8 

11.65 

.1 

11.8 

11.75 

0 

12.8 

12.75 

.1 

1460 

11.2 

11.15 

.1 

11.2 

11.2 

0 

12.2 

12.35 

—.1 

2190 

10.6 

10.55 

.1 

10.6 

10.6 

0 

11.6 

11.65 

0 

2920 

10.1 

10.2 

1 

10.1 

10.05 

.1 

11.0 

11.0 

0 

3650 

9.6 

9.6 

0 

9.6 

9.55 

.1 

10.5 

10.55 

0 

4380 

9.2 

9.15 

•  0 

9.2 

9.15 

.1 

10.0 

10.0 

0 

5110 

8.7 

8.7 

0 

8.7 

8.65 

.1 

9.5 

9.55 

0 

5840 

8.3 

8.35 

0 

8.4 

8.3 

.1 

9.1 

9.1 

0 

0 

13.0 

12.95 

0 

13.6 

13.6 

t 

0 

13.9 

14.0 

—.1 

730 

12.4 

12.4 

0 

12.9 

13.0 

—.1 

13.2 

13.2 

1460 

11.7 

11.85 

— 1 

12.3 

12.05 

.2 

12.5 

12.65 

2190 

11.2 

11.3 

— 1 

11.6 

11.5 

.1 

11.9 

11.95 

2920 

10.6 

10.8 

— 2 

11.1 

11.0 

.1 

11.3 

11.4 

— .1 

3650 

10.1 

10.1 

0 

10.5 

10.55 

0 

10.7 

10.55 

4380 

9.7 

9.7 

0 

10.0 

10.0 

0 

10.2 

10.25 

5110 

9.2 

9.2 

0 

9.5 

9.55 

0 

9.7 

9.8 

— .1 

5840 

8.8 

8.9 

—.1 

9.0 

9.0 

0 

9.3 

9.2 
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7. 

Experiments  with  th^  Empty  Qflinder  and  Long  Suspension 

. 

m 

Gompnted 

Obterrcd 

C     0 

Compotad 
An. 

Obierred 

C     0 

CkMnpated 

A^ 

ObMrred 

C     0 

0 

37.5 

37.7 

—.2 

38.2 

37.8 

.4 

37.6 

37.6 

0 

500 

28.1 

27.7 

.4 

28.6 

28.8 

—.2 

28.2 

28.3 

——•1 

1000 

21.4 

21.0 

.4 

21.8 

22.0 

—.2 

21.5 

21.4 

1500 

16.5 

16.6 

—.1 

16.8 

16.7 

.1 

16.6 

16.7 

2000 

12.9 

13.1 

—.2 

13.1 

13.0 

.1 

12.9 

13.0 

— .1 

0 

38.0 

37.9 

.1 

39.2 

38.8 

.4 

38.9 

38.8 

500 

28.4 

28.6 

—.2 

29.3 

29.4 

—.1 

29.1 

29.2 

—.1 

1000 

21.7 

21.6 

.1 

22.3 

22.4 

—.1 

22.1 

22.3 

—.2 

1500 

1G.7 

16.8 

—.1 

17.2 

17.2 

0 

17.1 

17.2 

—.1 

2000 

13.0 

13.0 

0 

13.4 

13.4 

0 

13.3 

13.2 

0 

40.3 

40.4 

—.1 

40.8 

40.8 

0 

38.0 

38.0 

0 

500 

30.0 

29.9 

.1 

30.4 

30.4 

0 

28.4 

28.4 

0 

1000 

22.8 

22.5 

.3 

23.1 

23.1 

0 

21.7 

21.7 

0 

1500 

17.6 

17.8 

—.2 

17.7 

17.9 

—.2 

16.7 

16.8 

—.1 

2000 

13.7 

13.9 

—.2 

13.8 

13.9 

—.1 

13.0 

13.0 

0 

0 

37.9 

37.9 

0 

40.2 

40.2 

0 

39.9 

40.0 

.1 

500 

28.4 

28.4 

0 

30.0 

30.0 

0 

29.7 

29.6 

.1 

1000 

21.6 

21.5 

.1 

22.8 

22.9 

—.1 

22.6 

22.5 

.1 

1500 

16.7 

16.8 

—.1 

17.5 

17.6 

—.1 

17.4 

17.3  . 

.1 

2000 

13.0 

13.0 

0 

13.6 

13.9 

—.3 

13.6 

13.6 

0 

0 

39.8 

40.0 

_2 

39.2 

39.1 

.1 

40.7 

40.5 

.2 

500 

29.7 

29.7 

0 

29.3 

29.6 

—.3 

30.3 

30.4 

—.1 

1000 

22.6 

22.4 

.2 

22.3 

22.3 

0 

23.0 

23.1 

—.1 

2500 

17.4 

16.7 

.7 

17.2 

17.2 

0 

17.7 

17.6 

.1 

2000 

13.5 

13.2 

.3 

13.4 

13.4 

0 

13.8 

13.7 

.1 

0 

40.4 

40.4 

0 

40.1 

40.2 

—.1 

40.4 

40.4 

0 

500 

30.1 

30.3 

—.2 

29.9 

29.9 

0 

30.1 

30.2 

—.1 

1000 

22.9 

22.7 

.2 

22.7 

22.7 

0 

22.9 

22.7 

.2 

1500 

17.6 

17.5 

.1 

17.5 

17.5 

0 

17.6 

17.6 

0 

2000 

13.7 

13.7 

0 

13.6 

13.6 

0 

13.7 

13.6 

.1 

0 

38.9 

38.9 

0 

38.6 

38.8 

— 2 

38.7 

38.7 

0 

500 

29.1 

29.1 

0 

28.8 

28.6 

.2 

28.9 

28.8 

.1 

1000 

22.1 

21.9 

.2 

22.0 

21.9 

.1 

22.0 

22.2 

—.2 

1500 

17.0 

17.0 

0 

16.9 

16.9 

0 

17.0 

17.1 

—.1 

2000 

13.3 

13.4 

— 1 

13.2 

13.2 

0 

13.2 

13.4 

—.2 

0 

39.5 

39.5 

0 

38.1 

38.0 

.1 

38.5 

38.5 

0 

500 

29.5 

29.8 

—.3 

28.5 

28.6 

—.1 

28.8 

29.0 

— 2 

1000 

22.4 

22.4 

0 

21.7 

21.8 

—.1 

21.9 

21.9 

0 

1500 

17.3 

17.2 

.1 

16.8 

16.6 

.2 

16.9 

16.8  • 

.1 

2000 

13.4 

13.4 

0 

13.0 

12.9 

.1 

13.2 

13.0 

.2 

f 
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7.   Experiments  with  the  Empty  Cylinder  and  Long  Susiyension.  —  Continued. 


m 

Goiuputed 

Obienrcd 

C      0 

Computed 

Obflcrred 

C      0 

Computed 

Obmrrcd 

C     0 

0 

39.2 

38.8 

A 

38.5 

38.4 

.1 

39.0 

39.0 

0 

500 

29.3 

29.5 

—.2 

28.8 

29.0 

—.2 

29.1 

29.2 

.1 

1000 

22.3 

22.4 

—.1 

21.9 

21.9 

0 

22.2 

22.2 

0 

1500 

17.2 

17.2 

0 

16.9 

16.9 

0 

17.1 

17.2 

—.1 

2000 

13.4 

13.6 

—.2 

13.2 

18.2 

0 

13.3 

13.4 

.1 

0 

89.9 

39.9 

0 

38.4 

38.4 

0 

38.9 

88.9 

0 

500 

29.8 

29.8 

0 

28.7 

28.8 

.1 

29.1 

29.2 

— 1 

1000 

22.6 

22.8 

—.2 

21.9 

22.0 

.1 

22.1 

22.1 

0 

1500 

17.4 

17.6 

—.2 

16.9 

17.0 

1 

17.1 

17.1 

0 

2000 

13.6 

13.6 

0 

13.1 

13.1 

0 

13.3 

13.2 

.1 

0 

38.6 

38.6 

0 

39.1 

39.1 

0 

36.8 

36.8 

0 

500 

28.9 

28.9 

0 

29.2 

29.3 

1 

27.6 

27.6 

0 

1000 

22.0 

21.9 

.1 

22.2 

22.1 

.1 

21.1 

21.1 

0 

1500 

16.9 

16.8 

.1 

17.1 

17.0 

.1 

16.3 

16.3 

0 

2000 

13.2 

13.1 

.1 

13.3 

13.1 

.2 

12.6 

12.6 

0 

0 

86.3 

36.3 

0 

38.3 

38.3 

0 

39.4 

39.3 

.1 

500 

27.3 

27.4 

1 

28.6 

28.7 

.1 

29.4 

29.5 

—.1 

1000 

20.8 

21.0 

2 

21.8 

21.8 

0 

22.4 

22.4 

0 

1500 

16.1 

16.1 

0 

16.8 

16.8 

0 

17.2 

17.3 

—.1 

2000 

12.5 

12.5 

0 

13.1 

13.1 

0 

13.4 

13.5 

.1 

0 

40.1 

40.1 

0 

39.4 

39.3 

.1 

38.8 

38.8 

0 

500 

29.9 

29.9 

0 

29.4 

29.5 

.1 

29.0 

29.4 

—.4 

1000 

22.7 

22.6 

.1 

22.4 

22.4 

0 

22.1 

22.0 

.1 

1500 

17.5 

17.4 

.1 

17.2 

17.3 

.1 

17.0 

17.0 

0 

2000 

13.6 

13.5 

.1 

13.4 

13.5 

.1 

13.2 

13.3 

—.1 

0 

40.0 

40.0 

0 

38.7 

38.7 

0 

38.8 

38.9 

—.1 

500 

29.8 

30.0 

—.2 

28.9 

28.9 

0 

29.0 

28.9 

.1 

1000 

22.7 

22.5 

.2 

22.0 

21.9 

.1 

22.1 

22.0 

.1 

1500 

17.4 

17.3 

.1 

17.0 

16.9 

.1 

17.0 

17.1 

—.1 

2000 

13.6 

13.6 

0 

13.2 

13.2 

0 

13.2 

13.3 

—.1 

0 

3J^.l 

39.1 

0 

38.5 

38.5 

0 

38.7 

88.7 

0 

500 

29.2 

29.1 

.1 

28.8 

28.8 

0 

28.9 

29.0 

— 1 

1000 

22.2 

22.1 

.1 

21.9 

21.8 

.1 

22.0 

22.0 

0 

1500 

17.1 

17.1 

0 

16.9 

16.9 

0 

17.0 

16.9 

.1 

2000 

13.3 

13.3 

0 

13.2 

13.1 

.1 

13.2 

13.2 

0 

0 

37.7 

37.7 

0 

38.8 

38.8 

0 

38.1 

38.2 

—.1 

500 

28.2 

28.0 

.2 

29.0 

29.0 

0 

28.5 

28.5 

0 

1000 

21.5 

21.5 

0 

22.1 

22.0 

.1 

21.7 

21.5 

.2 

1500 

16.6 

16.7 

—.1 

17.0 

16.9 

.1 

16.8 

16.6 

.2 

2000 

12.9 

12.9 

0 

13.2 

13.1 

.1 

13.0 

12.9 

.1 

k 
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8.  ExperimeniB  with  the  Empty  Cylinder  and  the  Short  Suspetuion, 


m 

Computed 

Obflerred 

C      0 

Gompated 

Obwrred 

C—0 

Oomputed 

ObMnr«d 

C—0 

0 

11.4 

11.4 

0 

12.2 

12.3 

—.1 

13.3 

13.3 

0 

800 

9.5 

9.4 

.1 

10.1 

10.15 

0 

11.0 

10.95 

0 

1600 

7.9 

7.7 

2 

8.5 

8.45 

0 

9.1 

9.05 

0 

2400 

6.6 

6.5 

1 

7.1 

7.05 

0 

7.6 

7.55 

0 

3200 

5.5 

5.5 

.0 

6.0 

5.9 

.1 

6,3 

6.3 

0 

4000 

4.7 

4.6 

.1 

5.0 

4.9 

.1 

5.3 

5.3 

0 

4800 

4.0 

3.9 

.1 

4.2 

4.1 

.1 

4.4 

4.5 

—.1 

0 

13.3 

13.3 

0 

13.4 

13.4 

0 

12.1 

12.1 

0 

800 

11.0 

11.1 

—.1 

11.3 

11.3 

0 

10.2 

10.25 

0 

1600 

9.1 

9.15 

0 

9.5 

9.4 

•1 

8.7 

8.65 

0 

2400 

7.6 

7.8 

—.2 

8.0 

8.05 

0 

7.3 

7.4 

— 1 

3200 

6.3 

6.2 

.1 

6.8 

6.7 

.1 

6.2 

6.25 

0 

4000 

5.3 

5.4 

—.1 

5.8 

5.7 

.1 

5.3 

5.3 

0 

4800 

4.4 

4.45 

0 

4.9 

4.9 

0 

4.5 

4.5 

0 

0 

12.3 

12.2 

.1 

13.0 

13.0 

0 

13.2 

13.15 

0 

800 

10.5 

10.5 

0 

11.0 

11.0 

0 

11.2 

11.15 

0 

1600 

8.9 

9.0 

—.1 

9.4 

9.3 

.1 

9.5 

9.6 

— 1 

2400 

7.6 

7.85 

—.2 

8.0 

8.0 

0 

8.1 

8.0 

.1 

3200 

6.5 

6.7 

—.2 

6.9 

6.9 

0 

6.9 

6.85 

0 

4000 

5.6 

5.75 

—.2 

5.9 

5.9 

0 

5.9 

5.95 

0 

4800 

4.8 

4.95 

—.1 

5.0 

5.1 

—.1 

5.1 

5.1 

0 

0 

13.0 

12.95 

0 

14.1 

14.25 

—.1 

12.9 

12.9 

0 

800 

11.0 

11.05 

0 

11.9 

11.9 

0 

10.9 

10.95 

0 

1600 

9.4 

9.4 

0 

10.1 

10.1 

0 

9.3 

9.15 

.1 

2400 

8.0 

8.05 

—.1 

8.6 

8.65 

—.1 

7.9 

7.85 

0 

3200 

6.8 

6.9 

—.1 

7.3 

7.35 

—.1 

6.7 

6.85 

—.1 

4000 

5.8 

5.85 

0 

6.2 

5.95 

.3 

5.7 

5.85 

—.1 

4800 

5.0 

5.0 

0 

5.3 

5.25 

.1 

4.9 

4.9 

0 

In  the  computation  of  these  values,  there  has  been  no  regard 
to  the  resistance  arising  from  the  wires  of  suspension.  The  dif- 
ference between  the  values  of  jE^  may  be  attributed  to  the  uncer- 
tainty of  the  observations,  and  those  of  Hi  may,  perhaps,  be  ac- 
counted for,  in  the  same  way.  The  value  of  jE^  is  nearly  ten 
times  as  great  as  that  which  is  given  by  the  observations  of  Borda 
upon  the  resistance  of  the  atmosphere.  It  must,  therefore,  be 
doubtful,  whether  the  observed  diminution  of  the  arcs  of  vibration 


r 
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of  the  pendulum  is,  wholly  or  principally,  due  to  the  medium  in 
which  it  vibrates,  or  to  some  more  latent  cause.  This  doubt  is 
much  increased  by  the  discussion  of  the  observations  of  Baily. 

534.  In  Baily's  experiments,  various  pendulums,  which  were 
mostly  spheres  and  cylinders,  were  vibrated  in  the  receiver  of  an 
air-pump^  with  the  air  either  at  its  ordinary  pressure,  or  at  the 
small  density  of  about  one  thirtieth  of  an  atmosphere.  For  the 
full  and  exact  description  of  the  pendulums  the  original  memoir 
must  be  consulted,  but  the  following  brief  description  is  sufficient 
for  the  present  purpose.  Numbers  1,  2,  3,  and  4  are  spheres  of 
platina,  lead,  brass,  and  ivory,  all  of  the  same  diameter,  which  is 
somewhat  less  than  H  inches,  and  of  which  the  weights  with  their 
vibrating  appendages  are,  respectively  9050,  4648,  3217,  and  776  i 
grains.  Noa  5,  6,  and  7  are  spheres  of  lead,  brass,  and  ivory,  all 
of  the  same  diameter,  which  is  2.06  inches,  and  of  which  the 
weights  are  respectively,  13019,  9302,  and  2066i  grains.  Noa  8 
and  9  are  the  same  spheres  of  lead  and  ivory  with  those  of  Noa  5 
and  7,  but  suspended  from  a  wire  passing  over  a  small  cylinder 
instead  of  from  a  knife  edge.  In  Noa  10,  11,  12,  and  13  the 
vibrating  mass  was  a  brass  cylinder,  of  which  the  diameter  of  the 
base  is  2.06  inches,  the  altitude  2.06  inches,  and  the  weight  14190 
grains ;  in  Nos.  10  and  13  the  axis  of  the  cylinder  coincides  with 
that  of  the  pendulum  rod,  but  the  rod  of  No.  13,  w^hich  was  also 
adopted  in  Noa  11  and  12,  was  a  thick  brass  wire  0.185  inch  in 
diameter,  37i  inches  long,  and  weighing  2050  grains;  in  Noa  11 
and  12  the  axis  of  the  cylinder  was  horizontal,  in  No.  11  it  was 
perpendicular  to  the  plane  of  vibration,  and  in  No.  12  it  was  in  the 
plane  of  vibration.  No.  14  is  a  cylinder  of  lead,  of  which  the 
diameter  of  the  base  is  2.06  inches,  the  altitude  4  inches,  the  weight 
34500  grains,  and  the  axis  coincident  with  the  rod  of  the  pendulum. 
In  Noa  15,  16,  17,  18,  and  19  the  vibrating  mass  was  a  hollow  cyl- 
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inder  of  the  s.ime  position  and  external  dimensiona  with  No.  14 
in  No,  1-5  both  ends  were  open ;  in  No.  IG  the  top  was  open  and 
the  bottom  closed;  in  No.  17  the  top  was  closed  and  tlio  hottom 
open;  in  No.  18  both  ends  were  closed ;  in  No.  19  an  inner  sliding 
tube  was  removed  ao  as  to  reduce  the  weight;  and  the  weighti^ 
with  the  inclosed  air,  were,  respectively,  8497,  8922,  SG22,  9048, 
and  7250  grains.  No.  20  is  a  lens  of  lead  2.00  uiehes  in  diameter, 
an  inch  thick  in  the  middle,  with  a  flat  circumference  of  about  a 
quarter  of  an  inch  wide,  and  a  weight  of  6505  gi'ains.  No.  21  ia  & 
solid  copper  cylindrical  rod  of  0.41  inch  in  diameter,  58.8  inches 
long,  and  weighing  16810  grains.  In  Noa.  25,  26,  27,  28,  29,  30,  31, 
32,  33,  and  34,  the  vibrating  mas.?es  were  convertible  pendulimia, 
formed  of  plane  bars,  and  they  are  vibrated  successively  with  each 
of  their  points  of  suspension,  which  were  knife  edges ;  in  Nos.  25 
and  26  the  bar  was  brass,  two  inches  wide,  three  eighths  of  an  inch 
thick,  62.2  inches  long,  and  weighing  121406  grains;  in  Noa  27 
hnd  28  it  was  copper  of  the  same  width  with  the  brass  bar,  half 
an  inch  thick,  62.5  inches  long,  and  weighed  155750  grains 
Noa.  29  and  30,  it  was  iron  of  the  same  width  and  thickness  with  the 
copper  bur,  62.1  inches  long,  and  weighed  140547  grains ;  in  Nos.  31, 
32,  33,  and  34  it  was  a  doubly  convertible  brass  bar,  three  quarters  of 
an  inch  thick,  62  inches  long,  and  weighed  231437  grains.  lu  Noa  35, 
36,  37,  and  38,  a  doubly  convertible  pendulum,  made  of  a  brass  cylin- 
drical tube  of  li  inches  in  diameter,  56  inches  long,  and  weighing 
81047  grains  was  vibrated  upon  a  knife  edge  with  all  four  of  its 
planes  of  suspension.  No.  39  is  a  mercurial  pendulum.  Nos.  40  anj 
41  are  clock  pendulums  in  which  the  vibrating  mass  was  a  leaden' 
cylinder  1.8  inches  in  diameter,  13.5  inches  long,  and  weighing 
93844  grains;  in  No.  40  it  was  suspended  from  a  spring,  by  a  cylin- 
drical i-od  of  deal  of  three  eighths  of  an  inch  in  diameter,  and  ia 
No.  41  by  a  flat  rod  of  deal  one   inch  wide,  0.14  inch  thick  in  thi 
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middle  of  its  width  and  bevelled  on  each  side  to  a  thin  edge,  which 
was  opposed  to  the  direction  of  its  motion.- 

In  the  discussion  of  Baily's  experiments,  the  value  of  ii^  is 
neglected,  because  it  is  of  small  influence,  and  the  arcs  of  vibration, 
being  usually  given  only  for  the  beginning  and  end  of  the  experi- 
ment, are  just  sufficient  to  determine  one  of  the  quantities  H^ 
and  H% ;  and  the  values  of  Hi  are  not  reduced  to  the  same  density 
of  air.  The  ratio  of  the  value  of  Hi  for  the  ordinary  state  of  the 
air  to  its  value  in  the  exhausted  receiver,  varies  from  1.9  to  4.2,  in- 
stead of  being  about  30,  which  it  should  be  if  it  were  proportional 
to  the  density  of  the  air ;  the  value  of  this  ratio  in  the  following 
table  is  expressed  by  J.  The  total  resistance  to  the  motion  of  the 
pendulum,  supposed  to  be  proportional  to  the  velocity  is,  for  the 
unit  of  velocity,  expressed  by  Hi  in  the  table ;  and  this  same  re- 
sistance, reduced  to  the  unit  of  weight,  is  expressed  by  II{. 

The  observation  of  the  arcs  of  vibration  in  Baily's  experiments 
is  limited  to  the  initial  and  final  arcs,  and  the  direct  comparison  of 
the  computed  and  observed  arcs  is,  consequently,  quite  unnecessary, 
and  cannot  contribute  to  verify  the  accuracy  of  the  hypothesis  upon 
which  the  computation  is  based.  The  only  two  cases  in  which  an 
intermediate  arc  was  observed  with  Nos.  6  and  14  seem  to  sustain 
the  hypothesis ;  for  they  differ  from  it  slightly,  but  in  opposite  direc- 
tions. 

The  diversity  of  the  values  of  Hi  indicates  that  the  resisting 
force  of  the  motion  to  the  pendulum  demands  a  new  experimental 
investigation,  conducted  with  a  direct  object  to  its  determination ; 
and  that,  until  such  an  investigation  has  been  made,  the  length  of 
the  seconds  pendulum  must  be  regarded  as  liable  to  an  unknown 
error. 

40 
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Valuet  of  III  in  Baily*i  Exparimenii  upon  the  Vibraiiont  of  Pendulunu. 


No.  of 
Pendalonui. 

Barometer. 

n. 

m 

H{' 

J 

1 

0.7689 

.0673 

.000077 

.000132 

2.68 

3 

07646 

.0702 

.00(H)80 

.000384 

2.62 

2 

0.7523 

.0662 

.000075 

.000250 

2.55 

4 

0.7660 

.0561 

.000063 

.001272 

2.71 

6 

0.7638 

.0570 

.000123 

.000204 

2.74 

7 

0.7630 

.0538 

.000116 

.000864 

2.62 

5 

0.7644 

.0627 

.000128 

.000161 

3.18 

9 

0.7682 

.0589 

.000127 

.000945 

2.86 

8 

0.7677 

.1021 

.000219 

.000261 

2.92 

10 

0.7652 

.0651 

.000179 

.000194 

3.42 

11 

0.7637 

.0558 

.000270 

.000256 

2.62 

12 

0.7623 

.0603 

.000290 

.000277 

8.33 

13 

0.7552 

.0571 

.000235 

.000262 

2.98 

18 

0.7491 

.0535 

.000285 

.000484 

3.27 

15 

0.7554 

.0658 

.000350 

.000635 

4.10 

16 

0.7495 

.0595 

.000292 

.000505 

2.95 

17 

0.7584 

.0558 

.000297 

.000531 

3.39 

14 

0.7747 

.0592 

.000315 

.000140 

4.22 

19 

0.7620 

.0510 

.000272 

.000578 

3.33 

20 

0.7620 

.0656 

.000065 

.000156 

2.09 

21 

0.7575 

.0661 

.000742 

.000682 

2.72 

25 

0.7522 

.0789 

.005606 

.000333 

3.32 

26 

0.7465 

.0756 

.004782 

.000319 

8.74 

31 

0.7522 

.1555 

.003666 

.000245 

8.32 

32 

0.7520 

.1581 

.003673 

.000245 

8.55 

34 

0.7529 

.1661 

.003772 

.000251 

8.72 

33 

0.7535 

.1417 

.003480 

.000232 

3.13 

35 

0.7595 

.0739 

.003091 

.000589 

3.48 

36 

0.7627 

.0660 

.002763 

.000526 

3.31 

37 

0.7577 

.0701 

.002931 

.000558 

3.39 

38 

0.7564 

.0659 

.002760 

.000526 

2.97 

39 

0.7622 

.001396 

.000209 

1,87 

41 

0.7573 

.0664 

.001260 

.000207 

2.52 

40 

0.7589 

.0769 

.001299 

.000213 

2.39 
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Vidues  of  Hi  in  BaUy*8  Experiments  upon  the  Vibrations  of  Pendulums.  —  Continued. 


No.  of 
Pendnhims. 

Barometer. 

n. 

m 

B[' 

J 

1 

0.0288 

.0251 

.000028 

.000049 

2.68 

3 

0.0294 

.0267 

.000031 

.000146 

2.62 

2 

0.0265 

.0259 

.000030 

.000098 

2.55 

4 

0.0347 

.0284 

.000024 

.000470 

2.71 

6 

0.0268 

^0285 

.000044 

.000074 

2.74 

7 

0.0270 

.0282 

.000044 

.000330 

2.62 

5 

0.0290 

.0275 

.000042 

.000050 

3.18 

9 

0.0360 

.0282 

.000044 

.000331 

2.86 

8 

0.0299 

1 

.0348 

.000075 

.000089 

2.92 

10 

0.0239 

.0190 

.000052 

.000057 

3.42 

11 

0.0478 

.0213 

.000103 

.000098 

2.62 

12 

0.0348 

.0182 

.000088 

.000083 

3.33 

13 

0.0370 

.0192 

.000092 

.000089 

2.98 

18 

0.0300 

.0164 

.000087 

.000148 

3.27 

15 

0.0271 

.0164 

.000097 

.000148 

4.10 

16 

0.0266 

.0186 

.000099 

.000171 

'  2.95 

17 

0.0362 

.0165 

.000088 

.000157 

3.39 

14 

0.0298 

.0139 

.000074 

.000033 

4.22 

19 

0.0305 

• 

.0154 

.000083 

.000174 

3.33 

20 

0.0305 

.0313 

.000031 

.000074 

2.09 

21 

0.0288 

.0244 

.000274 

.000251 

2.72 

25 

0.0313 

.0238 

.001505 

.000101 

3.32 

26 

0.0325 

.0202 

.001277 

.000086 

3.74 

31 

0.0414 

.0469 

.001105 

.000074 

3.32 

32 

0.0391 

.0439 

.001034 

.000069 

3.55 

34 

0.0410 

.0431 

.001014 

.000067 

3.72 

33 

0.0,463 

.0472 

.001111 

.000074 

3.13 

35 

0.0384 

.0213 

.000888 

.000170 

3.48 

36 

0.0367 

.0200 

.000834 

.000160 

3.31 

37 

0.0422 

.0206 

.000859 

.000166 

3.39 

38 

0.0412 

.0222 

.000930 

.000178 

2.97 

39 

0.0477 

.000747 

.000112 

1.87 

41 

0.0457 

.0263 

.000498 

.000083 

2.52 

40 

0.0434 

.0320 

.000543 

.000089 

2.39 
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THE  TAUTOCHRONE. 


535.  The  consideration  of  the  pendulum  leads,  directly,  to 
the  investigation  of  that  curve,  upon  which  the  duration  of  the 
vibration  is  independent  of  the  length  of  the  arc  of  oscillation. 
Such  a  curve  is  called  a  tautachrone^  and  is  readily  determined  when 
the  body  is  only  subject  to  the  action  of  fixed  forces. 

536.  If  the  force  which  acts  in  the  direction  of  the  motion 
of  the  body  is  denoted  by  8^  the  equation  of  its  motion  is 

iyi8=8. 

In  the  case  in  which  /S^  is  a  function  of  s^  let  ^o  denote  the 
point,  at  which  the  velocity  vanishes,  or  the  extremity  of  the  arc 
of  vibration.    Hence 


and  if  the  origin  of  coordinates  is  at  the  point  of  maximum  velocity, 
the  time  of  vibration  is  determined  by  the  equation 


If  A—-, 


if  i2  is  a  function  of  s  expressed  by  12,,  and  if  ^  is  written  instead 
of  Sqj  the  value  of  T  becomes 


m_r        sy/2 

0 


In  order  that  the  special  value  of  the  arc  may  disappear  from 
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this  integral^  it  is  obvious  that  S2^  has  the  form 

which  reduces  the  value  of  T  to 


The  tangential  force  along  the  curve  is,  therefore, 

8=D.a  =  —  2B8. 

537-  If  F  denotes  the  actual  force,  which  acts  upon  the  body 
in  the  direction  of/,  the  preceding  equation  gives  for  an  equation  of 
the  tautochrone 

Fco8{  =  —  2Bs=FDJy 
or 


B^=fF. 


538.  In  the  case  in  which  the  body  is  restricted  to  move  upon  a 
curve  which  rotates  uniformly  about  a  fixed  axisy  the  equations  and 
notation  of  §468  combined  with  the  previous  section,  give  for 
the  equation  of  the  tautochrone 

A  —  B^  =  ^a^t?y 

which  may  assume  the  form 

-4--  — 1 

in  which  a  and  h  are  constants. 

539.  When  the  revolving  curve  is  a  plane  curve,  and  situated  in 
the  same  plane  with  the  axis  of  revolution^  the  notation 

b^a  cot t , 

9  =  a  sin  d  =  a  sin  9  sin  /, 
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and  that  of  elliptic  functions  give 

u  =  i  cosd, 
z  =  T—.  S,  cp  —  b  cos  i  ^i  w  ; 

and  if  r  is  the  inclination  of  the  curve  to  the  axis  of  rotation,  its 
value  is 

sin  r  =  —  cot  e  tan  d. 
The  maximum  ofuiaby  but  its  least  value,  corresponding  to 

or  d  =  ljle, 

is  w  =  Jcos/; 

and  the  corresponding  value  of  «  is 

«  =  ipasine. 

The  curve  consists  of  several  branches^  wldch  fonn  cusps  by  thdr 
mutual  contact  at  their  eztremities,  and  it  resembles  the  cycloid  in  its  general 
character. 

540.  In  the  case  of  a  heavy  body  moving  upon  a  plane  vertical  curvcy 
let  V  denote  the  angle  which  the  radius  of  curvature  q  makes  with 
its  horizontal  projection,  and  the  equation  (SlTu)  gives 


2B 


*= rr-r.COSV, 


which  is  the  equation  of  the  cycloid  referred  to  its  radius  of  curva- 
ture and  angle  of  direction,  so  that  the  cycloid  is  the  tautochrone  of  a 
free  heavy  body  in  a  vacuum.      The  same  curve,  drawn  upon  the  de- 
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vehped  surface^  is  the  tautochrone  of  a  heavy  hody^  moving  upon  a  vertical 
cylinder. 

541.  Every  curve  may  be  regarded  as  being  upon  the  surface 
of  its  vertical  cylinder  of  projection ;  and,  therefore,  the  tautochrone 
of  a  heavy  body  moving  in  a  vacuum  upon  any  surface  whatever y  is  the 
intersection  of  the  surface  tvUh  such  a  vertical  cyUnder^  that  the  intersection 
is  a  cycloid  upon  the  developed  vertical  cylinder.  The  determination  of 
the  tautochrone  upon  any  surface  is  thus  reduced  to  a  problem  of 
pure  geometry.  If  the  axis  of  z  is  the  upward  vertical,  and  if  z^  is 
the  height  of  the  lowest  point  of  the  curve  above  the  origin,  the 
equation  (SlTie)  becomes,  in  the  present  case, 

9        ' 

542.  If  a  heavy  body  is  restricted  to  move  upon  a  cyKnder  of  which 
the  axis  is  horusontal,  and  of  which  the  equation  of  the  base  is 

Qy  =  na  cos  Vj  sin*~^  Vj , 

in  which  Vj  is  the  angle,  which  the  radius  of  curvature,  denoted  by 
Qiy  makes  with  the  upward  vertical ;  and  when  the  cylinder  is  devel- 
oped into  a  vertical  plane,  if  y  is  the  height  of  the  moving  body 
above  the  horizontal  line,  which  corresponds  to  the  lowest  side  of 
the  undeveloped  cylinder,  the  value  of  y  is 

y  =z=asin*Vi. 

The  force  of  gravity,  resolved  in  a  direction  tangential  to  the 
cylinder,  is 


gsmv,=g^^; 


so  that  the  present  problem  corresponds  to  that  of  a  body  moving  in  a  ver- 
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tical  plane,  and  subject  to  a  force  which  is  fixed  in  direction^  and  propor- 
tional to  some  potver  of  the  height  above  a  given  level.  The  equation 
(319i8)  gives  for  the  equation  of  the  tautochrone 

643.  If  V  denotes  the  angle  which  the  radius  of  curvature  (p) 
of  the  tautochrone  makes  with  the  upward  vertical  in  the  developed 
cylinder,  the  equation  (317u)  gives 

2B 

sinvsin  Vi^  —  8. 

9 

which,  substituted  in  (3206),  reduces  the  equation  of  the  tautochrone  to 

g        i^   ^       w  +  1     Vysinr/ 

544.  When  Zq  vanishes  in  the  problem  of  the  preceding  sec- 
tion, the  eqtiaiion  of  the  tautochrone  becomes 


or 

in  which 


p  =  — ^  b  sin"-*  V  cos  V ; 


(2»)"-="i^(S)"> 


SO  that  the  tautochrone  on  the  developed  cylinder  of  §  542  is  of  the  same 
trigonometric  class  of  curves  imih  the  base  of  the  cylinder^  when  it  passes 
through  the  lotvest  side  of  the  undeveloped  cylinder.  This  case  is  impos- 
sible, when  n  is  included  between  positive  and  negative  unity ;  for 
when  n  is  negative  and,  independently  of  its  sign,  less  than  unity,  s 
becomes  infinite  when  y  vanishes,  but  when  n  is  positive  and  less 
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than  unity,  the  derivative  of  (32O19),  which  is 


I)yS  =  cosecv=z  i\/-S\-)  *-«»  9 


gives  the  impossible  result  that  cosec  v  vanishes  with  t/. 

545.  l^Ae  differential  equcUion  of  the  tautochrone^  in  the  case  of  § 
542,  referred  to  rectangular  coordinates  upon  the  developed  cylinder^  is 
readily  obtained  from  the  equations  of  §  542,  which  give 

*'(0'=((D'+*-^'.)w^+i). 

in  which 

"^~4Ji   na   ' 

and  the  axis  of  z  is  horizontal. 

In  the  case  of  §  544,  in  which  e^  vanishes,  this  equation  becomes 

i>,;r«+l=F(f)--\ 

546.  In  the  case  in  which  n  is  unity,  that  is,  in  which  the  base 
of  the  cylinder  is  a  cychidj  the  equation  of  the  tautochrone  on  the  developed 
cylinder  J  becomes 

When  Zq  vanishes,  this  curve  is  reduced  to  a  straight  line,  but 
in  all  other  cases,  its  form,  if  it  is  infinitely  extended  in  the  plane 
of  the  developed  cylinder,  resembles  the  hyperbola.  By  the  adop- 
tion of  the  notation 

8iirt  = , 

9 

y=  ^{2azo)  secy, 
41 
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and  that  of  elliptic  functions,  its  equation  may  be  expressed  in  the 
forms 

^rziy/^tancjp, 

X  =  i/^  (cos  d  tan  9  +  ^1 9  —  ^^  9)  • 

547.  If  a  heavy  lody  is  restricted  to  move  upon  a  surface  of  revo- 
lution about  a  vertical  aodsy  of  which  the  equation  of  the  meridian 
curve  is  that  of  (319i7).  If  y  is  the  distance  of  the  body  on  the 
meridian  curve  from  the  lowest  point  of  the  surface,  the  value  of 
y  is  given  by  the  equation  (31925),  ^^d  the  force  of  gravity,  resolved 
in  a  direction  tangential  to  the  meridian  curve  is  expressed  by 
(31829),  so  that  the  present  problem  resembles  that  of  a  body 
moving  in  a  plane,  and  subject  to  a  force,  which  is  directed 
towards  a  fixed  point  in  the  plane,  and  is  proportional  to  some 
power  of  the  distance  from  that  point  The  equation  (317i4)  of  the 
tautochrone,  gives 

Bs^  =    ^   y    — yo 

in  which  m  is  the  reciprocal  of  w,  and  y^  the  value  of  y  at  the  lowest 
point  of  the  tautochrone. 

548.  When  m  vanishes,  the  surface  of  revolution  is  a  riffht 
conCy  and  the  equation  (322i9)  becomes 

"By  means  of  the  notation 

an'^  =  y(y— yo), 
sec/5  =  l+'-^; 


—  323  — 

the  angle  (9)  which  y  makes  with  y^  in  the  developed  cone  is  given 
by  the  formula 

tan[(^+i9)tani/5]  =  j^; 

so  that  the  polar  equation  of  this  tatdochrone  upon  the  devehped  cone  is 
expressed  by  the  combination  of  (32228)  and  (3238). 

549.  When  yo  vanishes,  (i  also  vanishes,  and  the  equation 
(3233)  becomes 

6 -{-iip-^  cot  6=0. 

550.  When  m  is  unity,  the  surface  of  revolution  is  cycloidal 
and  the  equation  (322j9),  becomes 

aB^  =  iy{f-yl), 

which  becomes  the  meridian  curve  itself,  when  yo  vanishes. 

551.  In  the  case  given  in  (322^4),  of  a  body  moving  in  a  plane 
and  subject  to  a  force^  which  is  directed  towards  a  fixed  point  in  the  planCj 
and  is  proportional  to  some  power  (m)  of  the  distance  fro^n  that  pointy 
the  equation  of  the  tauiochrone  may  be  given  in  the  form 

in  which  the  attracting  point  is  the  origin  of  polar  coordinates. 
The  polar  difereniial  equation  is 

552.  If  the  attraction  or  repulsion  of  the  point  had  been  any  function 
whatever  of  the  distance  from  the  origin^  the  equation  of  the  tauiochrone 
would  have  assumed  the  form 

s^z=zFr  —  Froy 
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in  which  F  denotes  the  function  of  which  the  derivative  expresses 
the  given  law  of  attraction.  This  equation  may  therefore  assume 
the  form 

in  which  S^  is  a  function  of  /SI  If  then  v  is  the  angle  which  the 
radius  of  curvature  makes  with  the  axis  of  x^  the  derivatives  of 
this  equation  are 

2a:  sin  V  —  2y  cos  v  =  S[j 

(2a:cosv  +  2y  sinv)  D,v  =  8'(—  2 ; 
whence 

2:r  Av  = /S; sm i/i?.v +(/Sr  — 2)  cos  V, 

2^i?,v=  — /SIcosvAv  +  (>yr  — 2)sinv, 

^    -^v^ (^»       o\2" ^2> 

which  is  the  equation  of  the  taidochrone  expressed  in  terms  of  the  radius 
of  curvature  and  the  arc. 

553.     The  polar  differential  equation  of  the  tautochrone  in  the  case 
of  the  preceding  section  is 


which  is  the  same  equation  with  that  which  is  given  by  Puiseux. 
554.     The  derivative  of  (324i6)  relatively  to  v  is 

so  that  the  elimination  of  s  between  (324i6)  and  (32427)  gives  tlie 
differential  equation  of  this  tautochrone  in  terms  of  the  radium  of  curvature 
and  the  angle  of  its  direction. 
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555.  In  the  case  of  §  552,  when 

Si  =  a8  -\-by 
the  value  of  /S^  ^ 

Si  =  as-\-b  —  i  a\ 

The  equation  (32427)  becomes  therefore 

and  the  equation  of  the  tauiochrone  is 

{}=iav, 

which  is  that  of  the  involute  of  the  circle.     This  case   corresponds  to 
that  in  which  the  law  of  the  central  force  is  of  the  form 

556.  In  the  case  of  §  552,  when 

the  value  of  /Si  is 

S^  =  i>^  =  m^s  +  bf, 

in  which  m^  =  z , 

1 — a' 

so  that  a  must  be  positive   and  less  than  unity.      The  equation  of 
the  tauiochrone  iSj  then, 

which  is  that  of  the  logarithmic  spiral.     This  case  corresponds  to  that 
in  which  the  law  of  the  central  attraction  is  of  the  form 

r  —  Tp 
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that  is,  in  which  the  force  is  proportional  to  the  distance  of  the  hody  from 
the  circumference  of  the  circle  described  from  the  origin  as  the  cadre  wUh 
a  radius  equal  to  that  of  the  imiial  position  of  the  hody.  This  case  is 
discussed  by  Puiseux. 

557.  In  the  case  of  §  552,  when  the  force  is  proportumal  to 
the  distance  from  the  origin.  The  equation  (3238i)  assumes  the 
form 

a     ' 

which,  with  the  value  of  m  in  (32522),  reduces  /Si  and  82  to 

S,  =  a^  +  f», 

The  equation  of  the  tautochrone  is,  therefore, 


^^Q="^^=-^\/k-(i^J] 


of  which  the  integral  is 


<?=r=^Cos(mv) 


in  which  the  arbitrary  constant  is  detennined  so  that  v  may  vanish 
with  s. 

The  second  derivative  of  this  equation  gives,  for  the  radius  of 
curvature  of  the  second  evolute  of  the  tautochrone 


Q'^z=m^Q 


so  that  the  second  evolute  is  similar  to  the  tautochrone  itself 

In  the  case  in  which  m  is  real,  which  corresponds  to  that   in 
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which  a  is  positive  and  less  than  unity,  this  curve  runs  oflf  to 
infinity  in  each  direction,  with  a  constantly  increasing  radius  of 
curvature. 

In  the  case  in  which  m  is  imaginartf,  the  substitution  of 

reduces  the  equation  of  the  tautochrone  to  the  form 

^=j^cos(;av), 

which  is  the  equation  of  an  epicycloid.  The  epicycloid  is  formed  ly  the 
external  rotation  of  one  circle  upon  another ,  when  n  is  less  than  unity,  in 
which  case  a  is  negative  and  the  force  is  repulsive ;  hut  the  epicycloid  is 
formed  by  internal  rotation,  when  n  is  greater  than  unity,  which  corresponds 
to  the  case  when  a  is  positive  and  greater  than  unity.  In  either  of  these 
cases,  the  initial  velocity  must  not  be  more  than  sufficient  to  carry 
the  body  to  either  of  the  cusps. 

In  the  case  in  which  a  is  infinite,  the  tautochrone  is  reduced  to  a 
straight  line. 

The  example  of  this  section  is  discussed  by  Puiseux. 

558.  The  example  of  the  preceding  section  embraces  the  case 
of  any  force,  which  is  a  function  of  a  distance  from  the  origin,  in  the 
immediate  vicinity  of  the  point  of  greatest  velocity.  The  form  of 
the  tautochrone,  near  the  point  of  greatest  velocity,  in  the  example  of 
§  552,  is  typified,  therefore,  by  the  epicycloid,  or  by  the  curve  of  equa- 
tion (32621). 

559.  The  investigation  of  the  tautochrone  in  a  resisting 
medium  is  postponed  to  the  general  case  of  the  chronic  curves. 
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THE    BBACHTSTOCHRONE. 


560.  The  curve  upon  which  a  body  moves  in  the  least  pos- 
sible time  from  one  given  point  to  another^  is  called  the  bracks- 
tochrone. 

561.  The  investigation  of  the  general  case  of  a  brachysto- 
chrone  which  is  confined  to  any  surface  or  limited  by  any  condition, 
may  be  conducted  by  means  of  rectangular  coordinates  The  time 
of  transit  from  the  first  to  the  last  of  the  given  points  may  be  ex- 
pressed by  the  equation 

which  is  to  be  a  minimum.     This  condition  gives,  for  each  of  the 
other  axes,  the  equation 


<¥)-i>M^)=o- 


562.  When  the  body  is  only  subject  to  the  action  of  fixed 
forces,  V  does  not  involve  either  y'  or  z\  and  the  preceding  equation 
becomes 


+A{^0=0> 


orby(316„), 


D^£2-\-i^D,{^)=Q 


563.    If  the  plane  of  or  y  is  assumed,  at  each  instant,  to  be 
that  in  which  the  body  moves,  and  if  the  axis  of  y  is  taken  normal 
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to  the  path  of  the  body,  the  preceding  equation  becomes,  if  q  ex- 
presses the  radius  of  curvature  of  the  path 

80  that  the  cenirifngal  force  of  the  body  is  eqtial  to  the  normal  pressure, 
and  the  whole  pressure  upon  the  hrachystochrone  is  double  the  centrifugal 
force.    This  proposition  was  discovered  by  Euler. 

564.  WJien  the  normal  pressure  vanishes^  the  radius  of  curvature 
is  infinUcy  which  corresponds  in  general  to  a  point  of  conirary  flexure. 
When  there  is  no  force  acting  upon  the  body  throughout  its  path,  the 
brachystochrone  is  reduced  to  a  straight  line. 

565.  Any  conditions  to  which  the  path  must  be  subject, 
whether  elementary  such  as  that  it  is  confined  to  a  given  sur- 
face, or  integral  such  as  that  its  whole  length  is  given,  must  be 
combined  with  the  general  condition  of  brachystochronity  by  the 
usual  methods  of  the  calculus  of  variations 

566.  If  the  only  force  which  acts  upon  the  body  is  directed  to  a  given 
pointy  and  if  the  path  is  subject  to  no  condilionSy  let  the  plane  of  2:2?  be 
assumed  to  be  that  which  passes  through  the  centre  of  action  and 
the  initial  element  of  the  path.  In  this  case  th6  equation  (82827) 
gives 

cosj  =  0,    ;=^7r, 

or  the  brachystochrone  is  contained  in  a  plane  which  passes  through  the 
centre  of  action. 

567.  The  preceding  case  includes  that  in  which  the  centre 
of  action  is  removed  to  an  infinite  distance,  so  that,  in  the  case  of 
parallel  forces,  the  free  brachystochrone  is  contaified  in  a  plane,  w/uch  is 
parallel  to  the  direction  of  the  forces. 

568.  When  the  body  is  acted  upon  by  no  forces,  or  only  by  those 
which  are  normal'  to  its  path  and  do  not  tend  to  change  its  velocity,  the 

42 


'_* 
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eqtiatian  (328i3)  sJimos  that  the  brachyBtochrone  is  the  shortest  line  which 
can  he  drawn  under  ilie  givai  conditions. 

569.  When  the  force  is  directed  towards  a  fixed  centre,  the 
equation  (3299),  combined  with  (316i8)  gives,  if  the  centre  is  adopt- 
ed as  the  origin 


DrSl    _     2 

£1  —  SIq       (*  sin 


r> 


If  p  18  the   perpendicular  let  fall  from  the  origin  upon  the 
tangent  to  the  curve,  this  equation  becomes 


r   _        9 


SI  —  i^        rsiii^  p 


of  which  the  integral  is 


•^-^— '^o=(;-y, 


wliich  is  the  eqttation  of  the  brachf/stochrone  referred  to  tlie  radius  vector 
and  the  perpendicular  from  tlie  origin  vpon  t/ie  tangent  as  the  coordinates. 
This  form  is  given  by  Euler. 

570.      When  the  force  in  the  preceding  case,  is  proportional  to  the 
distance  from  the  origin  so  that  11  has  the  form 


n  =  ar', 


the  equation  ( 330^4)  becomes 


«(^-^)=(|;=('-^')', 


of  which  the  derivative  gives 


P 
ao  =  ^,. 

^       Pi 


If  V  is  the  angle  which  q  makes  with  the  fixed  axis,  the  de- 
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rivative   of  this  last   equation   gives,   by   means  of  the  preceding 
equation 

\vhich  becomes 

if 

m  —  — 


a  pi 


The  integral  of  this  equation  is 

Q  =  — —^  Sin  (m  v) 

SO  that  its  second  evolute  is  similar  to  the  hrachystochrone  itself. 

When  m  is  real,  which  corresponds  to  the  case  of  a  repulsive 

force,  and  a]^  less  than  unity,  this  hrachystochrone  is  a  spiral  which  has 

a  cusp  at  the  point  at  which  v  vanishes. 

When  m  is  imaginary,  the  substitution  of  (3276)  reduces  (331n) 

to  the  real  form 

0  = ;sin  (nv) 

so  that  in  t/us  case,  the  hrachystochrone  is  an  epicycloid  which  is  formed  hy 
internal  rotation  tvlien  the  force  is  attractive,  and  hy  external  rotation  when 
the  force  is  repulsive.     This  case  is  given  by  Euler. 

571.      When  the  forces  are  parallel,  the  equation  (3298)  gives,  if 
the  axis  of  z  is  supposed  to  be  in  the  direction  of  the  forces 


of  which  the  integral  is 

£2  —  i2o  =  a  sin* ' , 
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in  which  a  is.  an  arbitrary  constant,  and  this  is  the  equation  of  the 
hrachystochrone  referred  to  the  coordinates^  which  are  z  and  the  incUnor 
tion  of  the  curve  to  the  axis  of  z ;  and  the  equation^  referred  to  q 
and  I  as  coordinates^  is  obtained  hy  eliminating  z  between  (33I27)  and 
(331si). 

572.    In  the  case  of  a  constant  force,  the  preceding  equation 
assumes  the  forms 


ff{^  —  sfo)  =  asw?',, 

2a  . 
7 


(?  =— sm:; 


so  that,  in  tlds  casCy  the  brachffstochrone  is  a  cycloid. 

573.  W/ien  the  parallel  forces  are  proportional  to  the  distance  from 
a  given  Une,  which  may  be  adopted  for  the  axis  of  x,  the  value  of 
i2  has  the  form 

whence  the  equation  of  the  brachgstochro)ie  is 

a  sin; 

Wlien  the  force  is  repulsive,  or  when  it  is  attractive,  but 

this  curve  consists  of  branches,  wJuch  are  united  by  cusps,  and  resemble 
tlte  cychid  in  general  form  ;  but  when  the  force  is  attractive,  and 

this  curve  consists  of  branches  which  are  still  united  by   external  cusps ; 
but  the  middle  point  of  each  branch  is  upon  the  axis  of  x,  and  is  a  point 


—  333  — 

of  inflexion^  and  the  interval  between  two  successive  points  of  inflexion^  ex- 
pressed by  elKptic  integrals^  is 

in  which 

Bini  =  2rov/— -, 

In  the  case  of  the  attractive  force^  and 

the  equation  of  the  brachystochrone  becomes 

which  consists  of  two  infinite  branches  joined  by  an  external  cuspy  and  the 
axis  of  X  is  an  asymptote  to  each  of  the  branches. 

574.  When  the  body  is  subjected  to  move  upon  a  given  sur- 
face, the  force  by  which  it  is  retained  upon  the  surface  is  perpen- 
dicular to  its  path,  and  must  be  united  with  the  second  member  of 
equation  (3298).  Hence  it  follows  tJiai  the  centrifugai  force  of  the 
body  in  the  direction  of  the  tangent  plane  to  the  surface^  upon  which  it  is 
confined,  is  equal  to  the  normal  force  which  acts  in  this  plane  normal  to 
the  brachystochrone. 

At  the  beginning  of  the  motion  when  the  velocity  is  zero, 
there  is  no  centrifugal  force,  so  that  the  initial  direction  of  the 
brachystochrone  upon  the  surface  coincides  with  thai  of  the  tangential 
force. 

575.  If  the  first  and  last  points  of  the  brachystochrone  are 
so  situated  upon  the  given  surface,  that  a  line  can  be  drawn 
through  them,  which  coincides  throughout  with  the  direction 
of  the  tangential  force  to  the  surface,  this  Kne  is  the  brachysto- 
chrone. 
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Hence,  the  brachystochrone  upon  the  surface  of  revolutian  is  the 
fneridian  line,  when  both  its  extremities  are  upon  the  same  mendian  line, 
a)id  the  force  is  directed  to  a  poijit  upoti  the  axis  of  revolution^  or  is  parallel 
to  this  axis. 

576.  In  the  general  case  of  a  surface  of  revolution  and 
a  force  which  is  directed  to  a  point  upon  the  axis  of  revo- 
lution, let 

a  denote  the  arc  of  the  meridian  curve  measured  from  the  pole, 
u  the  perpendicular  from  the  surface  upon  the  axis, 
Q^  the  radius  of  curvature  of  the  projection  of  the  brachystochrone 
upon  the  tangent  plane  to  the  surface, 

and  the  proposition  (3332o)  is  expressed  by  the  equation 


which  gives 


-  =  i>,i2tan; 

Qt 


D,Sl    B,(v^ 2  cot? 


But  the  equations 


D^u  =  cos  •;  =  cos  J  cos  J, 


give 


81  n 

?C09? 

u        ' 

D,  {u  sin  7) 

U  COS  % 

C'r     ' 

and  if  A  is  an  arbitrary  constant, 


i>,  log  V  =  A^og  (u  sin  ^) 
Av=u8in  f  =  u^  Ds 
Av^=luv  sin  ;=  m^  Dt 


u 

X 


u 

X 


so   that  the  area   described  by  the  projection  of  tlie  radius  vector  upmi 
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the  plane  of  xy  is  proportional  to  the  square   of  i/ie  velocity  of  the 
body. 

577.     The  equation  (33428)  gives 


i>^=:sec;= 


u  u 


^(u^—A'v')~y/lu^—2A'(Si  —  Slo)y 


r\]_ Av A    I 2 (/2  —  .Qp) 


578.     If  ^  is  the  angle  which  the  radius  rector  makes  with  the 
axis,  the  preceding  values  give 

D  s—J  «'_['^  +  (^^  ^)'] 
When  the  forces  are  parallel  these  equations  give 


D.s  = 


yl[u^—2A^{fl  —  ^)'] 

2  (.Q  —  ^) 


a:=^V.-^ 


2A^{^—^^y 


579.     Upon  the  surface  of  revolution  which  is  determined  by 
the  equation 

Bv=^u 

in  which  B  is  an  arbitrary  constant,  the  value  of  %  is  by  (33428) 
constant,  so  that  upon  this  surface  the  hrachf/stochrone  makes  a  comtant 
angle  wUh  the  meridian  curve.     In  the  case  in  which 

A  =  B 

the  brachystochrone  becomes  perpendicular  to  the  meridian,  and  is 
a  small  circle,  of  which  the  plane  is  horizontal. 

Whatever  is  the  value  of  By  the  point   at  which  v  vanishes, 


336 


coincides  with  that  at  which  u  vanishes,  so  that  at  the  pole  of  this 
surface  the  velocity  vanishes. 

Upon  any  other  surface  of  revoMion  about  the  same  axisy  the  incU- 
nation  of  the  brachystochrone  to  the  meridian  arc  is  the  same  tmih  iJte 
corresponding  inclination  upon  the  suiface  of  equation  {^Z^\at  the  conv- 
man  circle  of  intersection  of  these  two  surfaces.  Hence  the  limit  of  the 
brachystochrone  upon  a  given  surface  of  revolution  is  its  circle  of  intersection 
mth  the  surface  of  equation 

AV  =  Uy 

and  the  brachystochrone  extends  over  that  pofiion  of  the  given  surface^ 
which  is  exterior  to  the  given  surface^  by  wluch  the  limits  are  thus  defined. 

580.  In  the  case  of  a  heavy  body,  the  surface  of  equation 
(33622)  is  a  paraboloid  of  revolution.  When  the  velocity  of  a  heavy  body 
upon  any  paraboloid  of  revolutiony  of  which  the  axis  is  vertical  and  directed 
downwards^  is  just  sufficient  to  carry  it  to  the  vertex^  the  brachystochrone 
makes  a  constant  angle  with  the  meridian  curve;  but  when  the  velocity  is 
too  small  to  carry  the  body  to  the  vertex^  the  brachystochrone  is  a  curve 
wluch  makes  an  imreasing  angle  with  the  mendian  as  it  descends^  and  may 
sometimes  become  perpendicular  to  the  meridian ;  and  when  the  velocity  is 
more  than  sufficient  to  carry  the  body  to  the  vertex  of  the  paraboloid,  the 
brachystochrone  is  an  infinite  curve,  toMch  is  Jwrizontal  at  its  highest  point, 
and  diminishes  its  angle  tmih  the  meridian  as  U  descends. 

If  the  equation  of  the  paraboloid  is 

M^  =  ^^pz 

in  which  the  axis  of  2?  is  the  downward  vertical,  the  equation  (33428) 
becomes 

-i=^v/[4(i-?)l- 

If  £^0  is  positive  and 
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the  substitution  of 


r        —      p  —  q 

gives 

8=iiseca  {p  —  §')  (y  +  Sin  (p), 

in  which  the  upper  signs  correspond  to  the  case  in  which  p  is 
greater  than  y,  and  the  lower  to  that  in  which  p  is  less  than  g. 
In  the  case  in  which  p  is  greater  than  j,  the  substitution  of 

C0S^1//=:^~^, 

sin^e=^  ,  ^  , 

i'  +  ^o' 
gives 

=  —  tan  « y  ( 1  +  -)  1 3^i V^  —  ^» V'  —  cot i//  v/(l — »in^/ sin^ ijf) 


X 

u 


2o 


P  +  '^ 


5P 


^(-^^.VOI- 


When  jp  is  smaller  than  j,  the  substitution  of 


n  2r Zq 

COS^  V^  =  — i — • , 

•  »i .       a — p 


gives 


=  tan  a  y/(?±^")  [S,  v^  — ^  2F,  t//  +  cot  vW  (1  —  sin^'  sin^  t//) 


*  ^^  tuu  «  1/  I — 

V  \    ;>    /  L   •  '        y 

When 

43 
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the  arc  is 

8  =  sec  a  (z  —  Sq)  , 

so  that  lis  incUnation  to  the  axis  is  canstardly  equal  to  a,  and  the  bnichya- 
tochrone  is  defined  by  the  equations 

z=.eQ  sec^  if , 

=  tan  a i/ -  (tan  9)  —  9). 
When 

the  arc,  measured  from  its  cusp,  is 


u 

X 


and  if 


^  =  .^  [(^ +;>)*- (^0+;^)^]. 


tany=y/^% 


the  brachystochrone  is  defined  by  the  equations 

p  -f"^=J^sec^  y  Cos^y, 

Tan  go  _  ^^^ /Sin  2  y    ,        y      \ 

tan  y  \28in2y~*    tan2y       V' 

when 

in  which  case  the  brachystochrone  has  a  lower  limit  at  which  it  is 
horizontal,  the  substitution  of 

sec«a  =  ^, 

^ gp 

^        sin*  a' 

cos  w  =  — ^-r — ^ , 


v*' 
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gives,  at  the  lowest  point  of  the  curve,  where  9  vanishes 

and  for  the  value  of  «,  measured  from  the  lowest  point, 

« :=  i  (ji?  -j-  g-)  cot  a  (sin  y  -|-  9) . 
The  substitution  of 


Z Zq 


•    A  .        a  —  Zq 

sm^e  =  ^— i — . 
gives 

If ^ 


[3^.V-^^^8v+^^.(-'-^%V')].. 


When  Zq  is  negative,  in  which  case  the  condition  (336ao)  is 
satisfied,  the  substitution  of  the  equations  (SST^^s)  with  the  lower 
sign  gives  the  corresponding  value  of  (SSTy)  for  the  arc  measured 
from  its  upper  limit,  which  corresponds  to  the  vanishing  of  y. 

When 

—  ^q<Pj 
the  substitution  of 

cos^  w  =  ^4-^> 

P  —  9 

gives 

;;  =  tan  a  v/(^--^)  I  ^»  Y  —  9^»  V  +  cos  iff  ^  (cot^  t//  -[-  ^^^  0 


+^.«'.(-.-^,.t)]. 


/>— ?        ^      P—9 

When 


^o>P    « 
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the  substitution  of 


u 


•     2   •  P"f"*o 


gives 

;  =  tan  a  t/ ( ~ "° "" ^ j  I  f\  1/;  —  3^^ i//  -|- cos  1//  y^ (cos?  1//  -[- cos^ 0 

When 
the  brachystochrone  is  defined  by  the  equation 

:='»"4v/(-+-')+Vf>"«v'!:+-|R:v:]- 

581.  In  the  case  of  the  heavy  body  upon  the  paraboloid  of  revolu- 
tion in  which  the  axis  is  vertical  and  directed  vpivards,  tlie  brachystochrone 
forms  an  increasing  angle  tcith  the  mendian  as  it  descends  and  is  perpen- 
dicular to  the  meridian  at  Us  hivest  point.  In  this  case,  the  inclination 
to  the  meridian  is  determined  by  the  equation 

sin 


"■=V[^(?+i)]. 


if  (33625)  ^^  tli^  equation  of  the  paraboloid.     By  the  substitution  of 

sm^  a  =  — ^ , 

2/;  ' 

J  =  ^Q  tan^  a , 
Cos  9  =  ^-^+^, 

(f  vanishes  at  the  lowest  point  where 
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and  the  value  of  the  arc,  measured  from  the  lowest  point,  is 

s=  i  (^p  -^  q)  sec  «  (y  +  S^^ T) • 
The  substitution  of 

tan^  Iff  = 


z-q' 


•    o  •        Zq  —  g 


gives 

=..n„^(2±2)[l,^_-^_2F.,,--X_9,(_5=».,,)]. 


Z' 


582.     In  the  case  of  a  lieavy  body  upon  a  vedical  right  cone^  if  the 
vertex  of  the  cone  is  assumed  as  the  origin,  and  if 

a  is  the  angle  which  the  side  of  the  cone  makes  with  the  axis, 

0  =  the  angle  which  r  makes  with  the  axis  upon  the  developed 
cone, 

the  inclination  to  the  meridian,  the  derivative  of  the  arc  and  of  (3  are 

sm  %  =  ^'-^ — ^-^^ —  , 

D,8  = 


v/[r«-2r,(r-ro)]' 
^  r^[r'^-2r,{r-r,)Y 


When 

2ro>ri, 

the  substitution  of 


,'2/ **! 


sm**  = 


2ro' 


.  r,  cot  t 

tan  1/^  =  — -- , 
r  =  /'o  sec^  i  if , 
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gives 

cos J=  cose  sec(y  —  i), 

8  =  ro  sin^  i (cosec  i^  —  cosec  2i)  —  Vi  log  (tan  i  i//  cot  i) , 
6  =  —  sW~^^  (sin  i  sin  y )  -J-  sin  itf^^fp, 

in  which  the  arc  is  measured  from  the  cusps,  at  which  point 

Tliis  hr achy stochr one  extendi  to  infinity  from  the  cusp  withmd  ever  becaimng 
perpendicular  to  tlie  side  of  tlie  cone.  The  greatest  angle  which  it  makes 
with  the  side  is  /,  and  at  this  point  of  least  inclination  to  the  side 

x{j  =  i,     r=2ro,     (p  =  i7if 

&  =  —  J  -|"  sin  e  SFi  ( i  71 ) . 
When 

the  hr achy stochr one  is  defined  by  the  equation 

i^  =  tanC-y(^-l)-Cot'-y(l-l), 

and  the  length  of  the  arc,  measured  from  the  point  of  least  inclina- 
tion to  the  side,  is 

5  =  r  — 2ro4-rolog(^^— l). 

When  To  is  positive  and 

2ro<ri, 
the  substitution  of 

SecV  =  — % 


n 


fjy  ,  r,  Tan  8 

Tan  v^  =:  + , 
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gives 

s  =  ri  Tan  (i  Cosec  i//  —  rj  log  Tan  i  i// , 

in  which  the  arc  is  measured  upon  each  branch  from  the  point  at 
which  it  is  horizontal  and  the  upper  sign  belongs  to  the  lower 
branch  and  the  reverse.  The  upper  branch  is  finite y  ivhile  the  hiver 
branch  is  infinite,  and  the  value  of  iff  extends  on  the  upper  branch 
from  2(i  to  infinity,  and  on  the  lower  branch  from  infinity  to  zer6. 
For  the  upper  branch  the  substitution  of 

sin  i  =  e""^^, 

r  ^  ro  =  To  sin  i  sin^  (p , 
gives 

^  =  2(1 -[- sin f)  [9^,9  — ^,(sint,9))]. 

Upon  the  lower  branch  the  substitution  of 

^0 

"        Sin  t  siir  \f) 

gives 

^  =  2(l  +  sini)^,(sine,i//). 

When  Tq  vanisheSj  the  equation  of  the  brachystochrone  upon  tlie  de- 
veloped cone  is 

r  =  2risec^  M, 

and  the  length  of  the  arc  is 

8  =  2  ritan  i6  sec  H  +  2rilog  tan  (i  tt  -j-  i  6). 

When  ro  is  negative,  the  substitution  of 

n         2  a  '^^0  —  4  sin  t 

Co8ec»  (i  =  -—  =  -^Yjf:^^,, 
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gives 

8  =  ri  Cot  (i  Coscc  iff  —  r^  log  Tan  i  iff , 

in  which  the  order  of  the  signs  and  of  the  value  of  y  is  the  same  as 
in  (3484)  with  reference  to  the  brfinches.  l^he  vpjyer  ami  finite  branch 
of  the  brachjstochrone  lies  in  this  case  vj)on  the  upper  and  inverted  portion 
of  the  cone.  The  formulae  (343ii,  343i^i9),  apply  to  this  case,  in 
which  it  must,  however,  be  noticed  that  the  sin  i  is  negative. 

583.      When  the  solid  of  revolution  upon  which  t/ie  heavy  body  moves^ 
is  the  ellipsoid  of  which  the  equation  is 


(T;+(i)=i, 


the  inclination  to  the  meridian  is  determined  by  the  equation 

The  problem  naturally  divides  itself  into  two  cases.  In  the  first  case 
the  velocity  is  viore  than  sufficient  to  carry  the  body  to  the  highest  point  of 
the  ellipsoid^  the  br achy stochr one  is  a  continuous  curve  which  is  horizontal  at 
its  highest  and  hivest  liniits,  ami  which;  always  running  round  the  ellipsoid^ 
is  most  inclined  to  the  meridian  curve  at  the  point 

In  the  second  case^  the  velocity  is  not  sufficient  to  carry  the  body  up  to 
the  highest  point  of  the  ellipsoid^  and  tlie  brachystochrone  is  horizoidal  at 
its  lowest  pointy  but  has  cusps  for  its  upper  jwints.  In  each  of  these 
cases  the  length  of  the  arc  can  be  found  by  means  of  elliptic 
functions.  If  in  the  first  case  — Zi  and  Z2  are  the  coordinates  of  the 
upper  and  lower  limits,  or  of  the  common  intersections  of  the 
ellipsoid  with  the  paraboloid  of  revolution  of  which  the  equation  is 

n^  =  2A^g{z  —  z^), 
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and  if  in  the  second  case  %  refers  to  the  intersection  of  the  ellipsoid 
with  the  paraboloid,  while  —  Zi  is  the  coordinate  of  the  intersection 
of  this  paraboloid,  inverted  at  the  horizontal  plane  of  war,  with 
the  hyperboloid  of  revolution,  of  which  the  equation  is 


(i)-a)'=i. 


the  derivative  of  the  arc  is 


In  the  fint  case,  tvheii  the  elHpsoid  is  prolate^  and 


the  substitution  of 


gives 


^^  —  Al-AV 


/-<t  ^  Z  —  Z^  ——  Z\ 

Cos  0)  = \ 


^  =  ^S^^  —  ^^)^^^^f  +  ^)' 


When  the  eHipsaid  is  a  spherey  of  which  the  radius  is  M^  the 
hyperbola  (3456)  becomes  equilateral,  and  the  length  of  the,  arc, 
measured  from  the  lowest  point,  is  determined  by  the  equation 


s         2r  +  2r,  —  Za 

cos  ^  =  — h"^ — -^• 


In  the  first  case  (344i7),  the  substitution  of 


8in  xtfi 
COS  l=- 


8m  If;,' 

44 
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gives,  for  the  sphere, 


u 

X 


2  cos'  ^  \pi  ^  /cos  V'a  +  cos  U;,     s  \  j^  2  sin*  J  ip, -jjj  /       cos  U;,  +  cos  i|;i      s   \ 

BuiWi        *  \    1— cosv^j,  ''2^/ "I       Bin ^p^        A  l+cosv^g    ^2^/ 

4 cos' i^ficpfi  /cos xp^-]-co8 xffi     s  \       cost//]  —  <^osxp2qe  {  *  \ 

sin XV.J        'V     1  —  cosv^j     '2^/  sinif;,  *  \2^/ 

. tan^-i] co8V;a+cosv>, 


V^  (sin'  \p^  cosec'  g^  +  ^'^'  V'l  ^^^  O  ) 

In  the  second  case  (34428),  the  substitution  of 

2            2  z  —  z^  —  Zq 
9  = — -9 

Z^ Zq 

•      Q    •  2t»  —  Zq 

z^-f-Zi 

gives,  for  the  sphere, 

w^_gi+-^  g^ Y^sy^g— cost^o     \ Zi  —  R  qp  /cos%po  —  cos\pi      \ 

^       -ftsinT/;^     *\     1 — costfa     '^        i^sint/;,     'V     l-j-cosii;^     '  '  / 

_g^-{-i?  r,y  /cosy;,— cos yiQ      \ op   /ig(l— cosv>,)       \1 

i?cos v^i L    *  \    1  —  cos  i/;j     '  '  /  ^\z^-\-R cos  i/»j  '  '  / J 

,  cosv>.-co8v.,  g;^y_co8ec»tant-»>  ,„i"''1"'^  ,  ,. 

'  smt/'s  '  y  (l-|-cos*»  tan*9') 

In  the  case  in  which 

the  brachystochrone  is  defined  by  the  equation 

;  =  tan  i  t//a  Tan^'^i  sin  -^  +  tan^-i]  sin  ,-^ 

584.     In  the  case  of  a  heavy  body  upon  any  surface  whatever, 
it  follows  from  (3293)  that 
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I^  then,  N^  is  the  normal  to  the  brachystochrone  drawn  in  the 
tangent  plane,  and  extended  to  meet  the  horizontal  plane  from 
which  the  body  must  fall  to  acquire  its  velocity,  the  preceding 
equation  gives 

or  the  tangential  radius  of  curvature  of  the  Irachystochrone  is  tivice  the 
tangential  normal  which  extends  to  the  horizontal  plane  of  evanescent 
velocity.     This  proposition  is  given  by  Jellett. 

585.  When  the  force  is  parallel  to  the  axis  and  proportional  to  the 
distance  from  a  plane  which  is  perpendicular  to  the  axis,  the  surface  of 
revolution  of  equation  (33522)  w  an  ellipsoid  when  the  force  is  attractive 
towards  the  plane,  and  it  is  an  hgperboloid  of  two  sheets  when  the  force 
is  repulsive  from  the  plane. 

586.  When  the  force  is  directed  towards  a  fixed  point  and  propor- 
tional to  the  distance  from  the  pointy  the  surface  of  equation  (33522)  is  an 
ellipsoid  if  the  force  is  attractive^  hut  if  the  force  is  repulsive^  the  surface 
mag  be  an  ellipsoid  or  it  mag  be  an  hgperbohid  of  two  sheets. 

587.  When  the  force  is  directed  towards  a  fixed  point,  and 
inversely  proportional  to  the  square  of  the  distance  from  the  point, 
the  surface  of  revolution  of  equation  (33522)  is  defined  by  an  equar 
tion  of  the  form 


588.  Other  conditions  might  be  combined  with  that  of  the 
brachystochrone.  Thus  if  the  total  length  of  the  arc  is  given,  the  normal 
pressure  to  the  brachystochrone  is 

in  which  A  is  an  arbitrary  constant,  and  is  dependent,  for  its  value. 
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upon  the  given  length  of  the  arc.    This  constant  is  generally  infinite, 
when  the  brachystochrone  is  a  straight  line. 

589.  Under  the  condition  of  the  preceding  section,  the  eqmiion 
of  the  hrachysloclwone,  in  tlie  case  of  §  569,  referred  to  the  eoorditiates  of 
(33O17)  M 


^-•^^0=^^)'- 


In  the  case  of  §  570,  this  equation  gives 

590.     In  the  case  of  the  paraUel  forces  of  §  571,  (34728)  ^^ 


"  \1  —  oasmy 


,  When  the  force  is  constant,  this  equation  gives 

'  a*  sin  J 

^        y(l  — Aasin'.)'' 

SO  that  when 

ha>\, 

the  curve  has  points  of  contrary  flexure. 

591.     In  tlie  case  of  §  576,  and  with  the  condition  of  §  589,  the 
eqxialion  of  the  brachystochrone  has  the  form 

=  wsin?  =  w^i?,;j. 


The  inclination  of  the  curve  to  the  meridian  arc  is  therefore  con- 
stant upon  the  surface  of  revolution,  which  is  defined  by  the  equation 

and  this  sfiirface  lias  the  same  relation  to  other  stiff  aces  of  revoMton  in 
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respect  to  the  Iracht/stochrone  formed  tinder  the  present  conditions  tvith 
those  tohich  are  indicated  for  the  surface  o/"  §  579. 

In  the  case  of  a  heavy  body,  the  equation  of  this  defining 
surface  of  revolution  is 


2g{z-z,)^{-^^^\ 


592.  If  the  condition  is  a  mechanical  one,  such  that  the  total 
expenditure  of  action^  denned  as  in  §  308,  shaU  be  given^  tlie  normal  pres- 
sure to  the  hrachystochrone  is 

^y^'^  —  Q'i  —  bt^' 

in  which  i  is  an  arbitrary  constant,  and  is  dependent,  for  its  value, 
upon  the  given  expenditure  of  action.  When  this  constant  is  in- 
finite, the  normal  pressure  is  equal  and  opposed  to  the  centrifugal 
force. 

It  is  apparent,  from  the  preceding  equation,  that  imder  the 
action  of  finite  forces,  this  hrachystochrone  cannot  be  a  continuous 
curve,  in  one  portion  of  which  the  direction  of  the  normal  pressure 
coincides  with  that  of  the  centrifugal  force,  and  is  opposed  to  it  in 
another  portion. 

593.  Under  the  condition  of  the  preceding  section,  the  eqtudion 
of  the  Irachystochr&nej  in  the  case  of  §  569,  referred  to  the  coordinates  of 
(330n)  is 

^-^   _  _/?.V 

In  the  case  of  §  570,  this  equation  gives 

n  —  [1+1*«  (^^<il  V^(^-^ 

594.  In  the  case  of  the  parallel  forces  of  §  571,  (34924)  ffives 

QlTl 
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When  the  force  is  constant,  this  equation  gives 

595.     In  the  case  of  §  576   and  with  i/ie  condition  of  §  592,  the 
equation  of  tlie  hr achy dochr one  has  the  form 

=  wsin;=M^Z>,JJ. 


\-^bv^ 


The  inclination  of  the  curve  to  the  meridian  arc  is,  therefore, 
constant  upon  the  surface  of  revolution,  which  is  defined  by  the 
equation 

and  this  snrface  involves^  for  the  present  cajse^  the  properties  of  the  defining 
surface  f/  §  579. 

In  the  case  of  a  heavy  body,  the  equation  of  this  defining 
surface  of  revolution  is 

596.  The  hrachjstochrone  in  a  medium  of  constant  resistance  is 
entitled  to  special  consideration.  In  this  case,  it  is  convenient  to 
introduce  the  length  of  the  arc  as  the  independent  variable.  The 
equation  of  motion  along  the  curve  is 

i^=2S2  —  2kSy 

in  which  k  is  the  constant  of  resistance.     This  equation  must  be 
combined  with  the  equation 

If  i  fii  and  i  u  are  the  respective  multipliers  of  these  equations  in 
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the  method  of  variations,  the  brachf/stochrone  is  defined  hy  the  differential 
equations 


Hi- 

1 

tr" 

D.fi 

and  by  the  following  expression  of  the  normal  pressure  directed  in 
the  opposite  way  to  the  centrifugal  force 

D^ SI  Binv  -{- D^Sicosv  =  ^-—. 

When  k  vanishes,  the  value  of  fi  is 

1 

and,  therefore,  ike  value  of  fi  is  the  negative  of  the  reciprocal  of  the  ex- 
pression which  is  obtained  for  v  tvhen  there  is  no  resisting  mediufn,  and 
which  is  independent  of  the  magnitude  of  the  fixed  force. 

597.  When  tlie  force  is  directed  tmvards  a  fixed  cenirCy  the  nota- 
tion of  §  569  gives  by  (SSOis)  for  the  value  of /i, 

598.  When  the  forces  are  paraUel,  the  equation   (SSlai)   gives 

fi  in  the  form 

fip 

^  "^        cos  V  * 

599.  From  the  preceding  equations,  the  equation  of  the  brachys- 
tochrone  of  a  heavy  body  in  a  medium  of  constant  resistance  fuzs  the  form 

ii^sin  y 

in  which  72,  //,  and  I'o  are  arbitrary  constants. 
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600.  In  a  medium  of  which  tlie  law  of  remlance  is  ez2}ressed 
as  a  given  function  of  the  vehcity^  the  derivative  equation  of  mo- 
tion is 

in  which  F  is  a  given  function  of  i\  The  differential  equations,  by 
which  the  brachystochrone  is  defined,  become,  if  i  jit  and  \ix  are  the 
miiltipliers  of  (35O29)  ^^^  (3524), 

2?,(jLt  sin  v)  =  D^ll  D.fiij 
—  2?,  {fi  sin v)  =  D^ il  Dsf^ij 

The  reduction  of  these  equations  gives 

and  the  expression  of  the  normal  pressure  to  the  brachystochrone 
becomes 

D^S2  sin  V  -^ I)^S2  cos V  ==1'^^  ==—-L — = -^ —  ffL^ — 

601.  When  the  forces  are  parallel  to  the  axis  of  z^  the  equations 
(3529)  and  (352,7)  give 


a 

^         smi' ' 

r                    « 

1 

Ml  . 

*^  *        Sin  f 

V 
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602.     These   equations  give   for  the  hrachjstochrone  of  a  heavy 
hody  in  a  resisting  medium, 

by  which  v  is  determined  in  terms  of  v.  The  substitution  of  this 
value  of  V  in  the  equation 

— ^^  =  —  a  cos  V  —  Vy 

gives  the  equation  of  the  Irachydochrone  in  terms  of  q  and  v.  The  pre- 
ceding formulae  include  the  results  obtained  by  Jellett  in  his  inves- 
tigation of  this  particular  case. 

When  V  is  inversely  proportional  to  the  velocity,  the  equation 
of  the  brachystochrone  may  assume  the  form 

2  A  [Acos2  (y  — «)+q»8in  2  (y  — «) 

*  m-\-g  cos  V  \Ji  cos  2  (y  —  «)  "j~  ^] 

When  V  is  proportional  to  the  square  of  the  velocity  and  has 
the  form 

the  equation  of  the  brachystochrone  is  derived  from  the  elimination 
of  V  between  the  equations 

/  V         a  COS  a        AT  sin  y 

co9«    /or cosy        ,\        fSflrcosiz        «  /  \l/^coay   ,     ,\ 


l;(>siD 


603.  In  these  cases  of  the  brachj^stochrone  in  a  resisting 
medium,  it  is  apparent  that  the  condition  (329e)  is  usually  violated, 
and  that  Euler,  consequently,  erred  in  extending  this  proposition  to 


the  case  of  the  resisting  medium. 

45 
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604.  The  detennmation  of  the  form  of  the  curve  constitutes 
the  principal  feature  of  the  general  problem  of  the  brachystochrone. 
But  the  nature  of  the  curve  may  be  given,  and  the  problem  is  then 
reduced  to  one  of  maxima  and  minima,  in  which  the  various  param- 
eters of  the  curve  are  to  be  determined.  Euler  has  shown  that 
there  is  a  peculiar  analytic  difficulty  in  some  problems  of  this  class. 
A  single  example  will  illustrate  this  species  of  inquiry. 

Let  the  given  curve  be  the  circumference  of  a  circle,  of  which 
the  plane  is  vertical,  and  let  the  ball  start  from  a  state  of  rest  at  the 
upper  point.  If,  then,  2  a  is  the  angle  which  the  line,  joining  the 
two  points,  makes  with  the  horizontal  line,  and  if  2  i  is  the  angle 
which  the  radius  drawn  to  the  upper  point  makes  with  the  vertical, 
the  equation  for  determining  i  is 

sec  i  [S.  ( J  tt)  —  S^  (2  a  —  t)]  —  [cot  2  (i  —  «)  -[-  ^^^ 0 

*-    ^        ^  *  ^  ^-*    '      COS »    V        sin  2  a 


THE  noLOcimoxE. 


605.  A  curve,  in  which  the  time  of  descent  along  a  given  arc, 
is  a  given  function  of  the  arc,  or  of  its  defining  elements  may  be 
called  a  holochrone. 

606.  The  problem  of  the  holochrone  becomes  simple,  when  tJie 
forces  are  fixed^  and  the  time  of  descent  is  proportional  to  a  given  power  of 
the  arc.     Thus,  if  the  time  of  descent  is  expressed  by 

in  which  s  is  the  length  of  the  arc.     Let 


^=±i':zi^[/,(i-A--)-»J 
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in  whi'jh  the  upper  sign  corresponds  to  the  case,  in  which  n  is  less 
than  unity,  and  the  lower  to  that  in  which  n  exceeds  unity.  The 
force  along  the  curve  is 

S  =  —  Bs''-'^\ 
When 

w  =  1, 

the  force  along  the  curve  is 

rt  B 


8= 


"2  A^s  8 


607.  When  the  force  is  that  of  gravity,  the  equation  of  the 
holochrone  of  the  preceding  problem  assumes  the  form 

^  sin  r  =  —  Bi^~^\ 

608.  If  the  time  of  descent  admits  of  being  developed  according  to 
integral  ascending  powers  of  s,  the  developed  expressions  of  8  and 
a,  are  obtained  from  the  formulae 

8=D.£2.', 

in  which  the  successive  terms  of  P,  are  obtained  from  the  equations 
represented  by 

0  ^ 
The  second  member   of  this  equation  is  to   be  developed   in 
form  precisely  as  if  F  were  the  symbol  of  derivation,  and  in  the 
result  there  must  be  substituted  for  P,«o  ^^^  ^r^*=o>  the  values 

J^,«o  =  cosy  P,„o> 
^rP,.o  =  (l  — sin'"+?y)Z>rP,.o. 
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> 

609.  Whm  the  forces  are  fixed,  and  the  time  of  descent  is  a 
given  function  of  the  initial  value  of  the  poteiilialj  the  problem  of  the 
holochrone  can  be  solved  by  the  method  applied  by  Abel  to  the 
case  of  a  heavy  body.  If  -4  is  the  final  value  of  the  potential,  in 
which  the  arbitrary  constant  is  determined  so  that  the  potential 
may  vanish  with  the  velocity,  the  time  of  transit  expressed  as  a 
function  of  A,  assumes  the  form 


V'2ja  )J{A—a) 

The  integral,  relatively  to  -4  of  the  product  of  this  expression, 

multiplied  by 

1 

is 

1  r_^^L__j__  rr_i_—  r  ^q^  i 

But  the  notation 

rA=j^(- log  a:)*-s 

0 

with  the  familiar  equation 


x 


Qfi-^    ra  r(i— n) 


^[i—xy—i\a^\—ny 


gives,  by  a  ready  reduction 


X  1(^-^)1- Jo  {A-ar\—  a  ^^^(1       ^)  — asinn^r 


Note.  —  The  notation  (356jo)  is  substituted  for  that  of  (Olji),  which  was  unwisely 
introduced  instead  of  the  usual  form,  Which  is  here  restored. 
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If  the  product  of  this  equation  multiplied  by  a  (p  (a)  is  in- 
tegrated relatively  to  a,  and  if  the  function  f^  of  x  is  defined  by 
the  equation 

so  that 

the  integral  gives 


X 

sm 


«nn£  r\         1  r     Da/a  !_. 

0  0 

which,  when 
gives  by  (356i6) 

njAsl{Sl—Ay 

0 

The  general  relations  between  s  and  £1  complete  the  solution, 
and  indicate  the  form  of  coordinates  in  which  the  solution  should 
be  finally  exhibited. 

610.  If  the  forces  are  parallel  to  the  axis  of  sr,  i2  is  a  function 
of  ^,  and  the  elimination  of  z  between  (SSTis)  ^^^  t^®  equation 

gives  this  holochrone  expressed  in  terms  of  the  length  and  direction 
of  the  arc, 

611.  If  the  forces  are  directed  towards  a  fixed  point,  which  is 
assumed  to  be  the  origin  of  coordinates,  the  elimination  of  r  be- 
tween (357i6)  aod 

cos;  =  DrSy 

gives  this  holochrone  expressed  in  terms  of  the  length  of  the  arc 
and  its  inclination  to  the  radius  vector. 
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G12.     If  Tji,  developed  according  to  powers  of  A,  is  expressed 

by 

it  is  evident  that 


613.  An  inter esling  case  of  this  potential  hohchrone  is  obtained, 
when  tlie  hody  is  supposed  to  approach  the  point  of  maximum  potential 
ahng  a  given  curve,  and  the  required  airve  is  to  be  such  that  tlie  wliolc 
time  of  oscillation  shall  be  a  given  function  of  tlie  maximum  potential.  If 
Si  denotes  the  given  arc,  the  time  of  oscillation  has  the  form 

rp  _JL   r    ^Oii+fi). 

SO  that,  by  the  process  of  §  609, 

In  order  that  the  two  curves  may  be  continuous,  the  direction 
of  the  given  curve  must  coincide  with  that  of  the  level  surface  at 
the  point  of  maximum  potential.  But  this  direction  may  be  given 
by  an  infinitesimal  bend  at  the  extremity  of  the  curve,  so  that  this 
is  not  a  practical  limitation  of  the  problem. 

614.  If  the  given  time  of  oscillation  is  constant,  the  equation 
(358i8)  assumes  the  form 

and  the  compound  curve  becomes  a  peculiar  species  of  tautochrone,  which 
was  investigated  by  Euler  in  the  case  of  heavy  bodies. 

615.  When  the  forces  are  not  wliolb/  fixed  but  may  depend  upon 
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the  velocity y  the  prohlcnn  of  the  holochrom  becomes^  to  a  certain  extent^ 
iiidetemwiate.     For,  if 

TF=0, 

is  an  assumed  equation  between  s^  t  and  v,  such  that  t  and  8  vanish 

together,  but  when  v  vanishes,  the  resulting  equation  between  s  and 

t  assumes  a  given  form  corresponding  to  the  given  condition  of  the 

holochrone,  the  derivative  of  this  equation  ffives^  for  t/ie  expression  of  t/ie 

force  along  the  cxine^ 

P A  W-{-vD,  W 

^—  jjTw        ' 

frofn  which  the  time  is  to  be  eliminated  by  means  of  the  assumed  equation. 
616.     In  most  problems,  in  which  the   forces   are   dependent 
upon  the  velocity,  tJie  form  of  ^  is  not  unlimited^  but  is  usually  so  re- 
stricted that 

in  which  ^  is  a  function  of  s  and  represents  the  action  of  tlie  fixed 
forceSy  white  ^is  a  function  of  v  and  represents  the  resistances^  to  wluch 
the  body  is  subject.  In  this  form  of  the  problem,  geometers  have  not 
made  much  progress  towards  its  solution,  although  the  case  of  the 
tautochrone,  exhibited  in  this  aspect,  has  been  the  occasion  of  much 
discussion  and  many  difficult  memoirs. 

617*     If  the  equation  (SSOa)  solved  with   reference   to  /,  ac- 
quires the  form 

the  expression  for  R  is 

j^_\—vD.l\, 


V    "*  «j  » 


which  is  essentially  identical  with   Lagrange's  most  general  formula 
in  the  case  of  the  tautochrone. 
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618.  If  the  equation  (SSOg),  solved  with  reference  to  i*,   ac- 
quires the  form 

the  expression  for  R  is 

R  =  vD,V.,,  +  D,V„„ 

which   formula  comprises  Laplace's  general  form  of  solving  the  tatUo- 
chrone. 

619.  If  the  equation  (3598),  solved  with   reference  to  «,  ac- 
quires the  form 

the  expression  for  R  is 

620.  When  the  equation  (3598)  is  presented  in  the  form 

in  which  T^  Sy  and  V  are  respectively  functions  of  /,  5,  and  Vy  the 
value  of  R  is 


But  DfT  18  a  function  of  t  and,  therefore,  of  >S^-|-  F;  it  may, 
indeed,  be  any  arbitrary  function  of  S-^V,  so  that  if  iff  denotes 
this  arbitrary  function,  R  becomes 


R  =  — 


D.  V 


621.     When,   in   the   preceding    section,   S   is   changed    into 
log  S  and 

F=logi^, 


361 


the  value  of  R  may  be  presented  in  the  form 


R  =  vn^{^-^v'DAogS) 


which  is  the  same  with  a  familiar  formula  of  Lagrange  for  the  case 
of  the  iautochrone. 

622.     The  cases,  in  which  the  formula  (oGlg)  assumes  the  form 
(359i5)  are  easily  investigated.     For  this  purpose  let 


V 

and  the  derivatives  of  (36 la)  give 

I)sI),R  =  —"^ntx  +  ^^SDsD,\ogS=Oi 

whence 

jytx  =  ^S^I>sI>s^ogS=2a, 

in  which  a  is  any  constant.     Hence 

X  =  a^  '{-bs-\-ey 

in  which  b  and  e  are  constants  introduced   by  integration.     The 
value  of  R  is,  then, 

R  =  eS+bV'\-{a-^I),S)'^; 

so  that,  if  h  and  IT  are  constants,  the  final  values  of  S  and  R  are 

46 
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and  this  formula  of  Lagranqe  is  restricted  to  the  resisting  meditim,  in 
which  t/ie  resistance  has  the  form 

aJ^lv-\-hf? 

which  was  first  remarked  by  Fontaine. 

The  form  of  Ty  in  this  case,  may  be  derived  from  the  equations 

—  A3^=-  =  «^  +  ^  +  -=*  +  ^c''  +  «^-''; 
which  give 

v/(2.«)cos[(r-0v/(2.«-*«)]  =  '-^^±^^^^-^ 

When  V  vanishes  this  equation  becomes 

v/(2^a)cos[(r  — <)v/(2^a  — ^2)]=^, 

so  that  the  interval  r  —  /is  independent  of  the  length  of  the  arc, 
and  the  curve  is  a  tautochrone  if  r  is  also  independent  of  «,  which 
is  the  case  when  S  vanishes  with  Sy  that  is,  when 

M=-l. 

This  condition  is  always  observed,  if  the  direction  of  the   curve 
coincides  with  that  of  the  level  surface  at  its  termination,  so  that  in 
every  case,  this  hobchrone  is  essentiidlt/  tatitochronous. 
623.     If,  instead  of  (3592fi)  we  suppose 

and  if  \\f  denotes  an  arbitrary  function,  the  value  of  R  has  the  form 


R  = 


il'(T,^r)—vJ),Ts,. 


^9    -*  »,  » 
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When 

in  which  S  and  Si  are  functions  of  Sy  and  F  is  a  function  of  Vy  the 
vahie  of  B  becomes 

which  includes  Lagrange's  formula.  Forms  of  this  kind  may  be 
indefinitely  multiplied,  without  diminishing  the  difficulty  of  obtain- 
ing such  as  are  new  and  not  included  in  the  investigations  of  §  622. 
624.  A  curious  case  of  the  holochrone  is  introduced,  when  the 
form  of  a  is 

R:^  Rg  -|-  R^  -j-  tr  Sly 

in  which  Si  is  a  function  of  s.  The  only  case  of  (3618),  which  can 
assume  this  form  is  easily  proved  to  be  that  of  (36l8i)  when  S 
is  left  undetermined.  If,  then,  the  factor  of  f^,  diminished  by  a 
constant,  is  inversely  proportional  to  the  radius  of  curvature,  the 
form  of  the  remtanee^  by  including  in  it  part  of  the  term  e  S,  is 
that  of  (3623)  increased  hy  a  terni  proportional  to  the  friction  upon  the 
curve. 

If  the  fixed  force,  in  this  case,  is  that  of  gravity,  and  the  axis 
of  z  is  vertical,  and  if  v  is  the  inclination  of  the  radius  of  curvature 
to  the  axis  of  0,  the  first  and  last  terms  of  R  give,  if  k  is  the  con- 
stant of  friction, 

ry  g  SAW  V -\- k  g  CO&  V 

1 ae  —  hg»\nv  —  khg  cos  v 

Q  (1  —  F)  g  cos  V  ' 
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80  that  the  curve  deteinnined  hy  (36I29)  i»  included  in  this  form.  This 
is  a  generalization  of  Bertrand's  similar  investigation  with  regard 
to  the  cycloid. 


THE    TACHTTROPE. 


G25.  A  curve  in  which  the  law  of  the  velocity  is  given  may 
be  called  a  tachjtrope. 

626.  Wlien  the  latv  of  the  velocity  is  given  in  an  equation  between 
the  velocity^  the  space,  and  the  time,  the  formulce  (/  §615  are  directly 
applicable  to  tlie  complete  solution  of  the  problem  ;  and  all  the  stibseqiiejit 
transformations  of  these  formulce  may  be  applied  to  the  present  case. 

627.  When  the  time  is  not  involved  in  the  equation  (SSOg), 
but  the  portion  B^  of  the  force  E  is  given,  the  other  portion  JR,  is 
determined  by  the  equation 

P_       vD.W      J. 

from  which  v  is  to  be  eliminated  by  the  given  equation  (SSOag). 
EuLER  has  solved  various  cases  of  this  tachytrope. 

628.  One  of  the  simple  examples,  solved  by  Euler,  is  when, 
in  the  case  of  a  heavy  body, 

i?^=— Art'*", 

and  the  velocity  is  to  depend  upon  the  arc  in  the  same  form  as 
if  the  body  descended  in  a  vacuum  upon  an  inclined  straight  line, 
so  that  the  equation  (SSOa)  acquires  the  form 

t^=zhSy 
whence 

g8mv=z  j?,=  i h-^-kihsy^. 


—  366  — 

631.  When  the  given  forces  are  parallel  to  the  axis  of  0,  and 
the  given  equation  (SSOa)  is  expressed  in  terms  of  v  and  sr,  the 
equation  of  the  tachytrope  is 

{DJi  sin  V  +  R^)  D,  W-^D,  Wv  sinv  =  0, 

from  which  v  is  eliminated  by  means  of  the  given  equation.     Euler 
has  solved  several  cases  of  this  tachytrope. 

632.  If,  in  this  case,  the  curve  is  to  be  such,  that  the  velocity 
shall  have  a  constant  ratio  to  that  which  it  would  have  acquired  in 
a  vacuum,  the  equation  (3665)  assumes  the  form 

/?,  /2  sin  V  =  - 


I  — a 


If  the  resistance  is  proportional  to  the  square  of  the  velocity, 
so  that  R^  has  the  form 

R^=—kv'=—2ka{n-]-n), 

the  equation  of  the  tachytrope  is 

8invAlog(i2  +  JEr)  =  ^. 

633.  When  the  given  forces  are  directed  towards  the  origin ^  and 
the  given  equation  (3598)  is  expressed  in  terms  of  v  and  r,  the  equation 
of  the  tachytrope  J  in  a  inedium  of  given  resistance  is 

{D,n  cos;  +  i?,)  D^  W-^  Dr  Wv  cos;  =  0 

from  which  v  is  eliminated  by  means  of  the  given  equation. 

634.  If,  in  this  case,  the  curve  is  to  be  such  that  the  velocity 
shall  have  a  constant  ratio  to  that  which  it  would  have  acquired  in 
a  vacuum,  the  equation  (36624)  assumes  the  form 


i),i2cos;  = 


\—a' 
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If  the  resistance  has  the  form  (366i6),  the  equation  of  the 
tachytrope  is 

cos:Alog(/2  +  JJ)  =  ^. 

635.  When  the  law  of  the  velocity^  in  a  medium  of  knoum  resist- 
ancey  is  given  in  a  given  direction^  siich  for  instance  as  thai  of  the  axis 
of  X,  and  so  given  that 

in  which  Tf^, «  is  a  given  function  of  s  and  Xy  the  equation  of  the 
tachytrope  is  derived  from  the  equation 

(A-f2+i?,)cosi  — ^sini  =  t;ATF,,,+  e;cosiAfr,,,; 

from  which  v  is  eliminated  by  the  given  equation. 

636.  When  the  velocity  in  the  given  direction  is  uniform, 
these  equations  become 

V  cosi  =  a, 

0*81111 


Q  = 


(Ai2  +  ^t,)co3- 


8«  • 

X 


637.  When  the  given  force  is  that  of  gravity ^  and  (i  is  the  in- 
clination of  the  given  Une  to  the  verticaly  the  equation  of  tins  tachytrope 
becomes 


(}  = 


a*  sin 


,8«  • 

X 


((7cos(f;  — i)  +  i?,)  W 

This  problem  is  solved  by  Euler  in  the  case  in  which  the  given 
direction  is  horizontal  and  in  that  in  which  it  is  vertical.  A  special 
solution  is  obtained  upon  the  hypothesis  of  a  constant  velocity ;  in 
this  case,  the  tachytrope  is  a  straight  line  determined  by  the  con- 
dition 

^cos(/^  — i)  +  i?,  =  0. 


—  368  — 

6S8.     When  t/iere  is  iio  resistvig  viediumy  t/ie  eqvatioii  (36724)  ^/ 
the  tachf/lrope  becomes 

__  a*  sin  i 

When  the  line  is  horizontal 
and  the  equation  becomes 


a« 


80  that  the  iachytrope  of  tJds  case  is  a  parabola. 
When  the  line  is  vertical 

and  the  equation  becomes 

a*  sin  i 

n  — 1 

^        y  cos*  i ' 

SO  that  the  iachytrope  of  this  case  is  ilie  evolute  of  the  parabola. 
With  the  notation 

,2  _  gji^ 

the  equation  (3683),  expressed  in  rectangular  coordinates  is 

2  J  y/ (a; -}- y  cot /J)  —  J  a:  =  2  cot /^  log  [cot /9  +  i  V  (« +y  cot  Z')]  • 

m 

639.     If  the  resistance  is  proportional  to  the  velocity,  so  that 

i?«  =  —  kv^ 

and  if  the  direction  of  the  line  in  which  the  velocity  is  given  is 
such  that 

g  cos  (i=:ka^ 

the  equation  of  the  tachytrope  of  a  heathy  body  is 

X  sin  \i  — y  cos  /5  =:  -  c""  a  . 
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THE    TACHYSTOTROPE. 


640.  The  curve  on  which  the  final  velocity  in  a  given  resist- 
ing medium  is  a  maximum,  may  be  called  a  tach/stotrope. 

641.  In  a  medium  in  tvhich  the  law  of  resistance  is  expressed  as 
it  is  in  \  600,  the  notation  of  that  section  gives  for  the  differential 
equations  of  the  tachystotrope 

A  (l^  sin  v)  =  2?^  i2 /?,  |tti, 
The  reduction  of  these  equations  gives 

and  the  expression  of  the  normal  pressure  to  the  tachystotrope  be- 
comes 

V 


— eAiogr 

642.    In   the  case  in  which  the  law  of  the  resistance  is  ex- 
pressed by  the  formula 

the  normal  pressure  becomes 

SO  that  the  normal  pressure  has  a  constant  ratio  to  the  centrifagal  force^ 
which  result  was  obtained  by  Euler  in  the  case  of  a  heavy 
body, 

47 
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643.  When  the  resistance  is  constant^  the  tachystotrope  is  a  strcdghl 
Kne. 

644.  When  the  forces  are  parallel  to  the  axis  of  z,  the   equa- 
tions (SeOg)  and  (SSOie)  give 

ra 
.  -     =-T— . 

•  8iny 

645.  The  equation  of  the  tachystotrope  of  a  heavy  body  is  ob- 
tainedj  t/iereforCj  by  the  elimination  of  v  between  the  equations 

IT—  9^ 


ftsiny  —  a  cosy' 


^  =  — 9C0SV — -7—, — ~ . 

Q  *'  osmy  —  acosi' 

646.     When  V  has  the  /(>rm -(36924),  the  equation  of  the  tachy- 
stotrope of  a  heavy  body  is 


rj—, r3=  F  (in  a  Q  sin  v)*". 


THE  BARYTROPE  AND  THE  TAUTOBARTD. 


647.  The  curve,  in  which  the  law  of  pressure  is  given,  may 
be  called  a  barytrope,  and  that  barytrope,  in  which  the  pressure  is 
everywhere  the  same,  may  be  called  a  tauiobaryd. 

648.  When  the  pressure  is  a  given  function  of  the  arc,  which 
may  be  denoted  by  Sy  its  equivalent  expression,  if  F  is  the  fixed 
force  which  acts  in  the  direction  /,  is 

and  the  differenlial  equation  of  ilie  barytrope  is 


/ 


—  371  — 

649.  In  the  case  of  a  heavy  hody^  if  the  axis  of  z  is  vertical^  the 
differential  equation  of  this  harytrope  becomes 

(^_|_^  cos  v)  i?, (7  =  — ()  A  ^5^+ 3^  sin  V  +  2  7?„ 
from  which  v  may  be  eliminated  by  means  of  the  equation 

In  this  case,  the  differential  equation  of  the  taiitoharyd  is 

{a-^-y  co^v)  D,Q  =  3^sinv  -|-  2  7?^. 

650.  When  the  resistance  is  constant,  the  equation  of  the  barytrope 
of  %  648  is 

In  the  case  of  the  heavy  body,  this  equation  becomes 

SD^s-\-gcoHvD^s  =  2gz-\'2H-{'2sR^\ 
and  that  of  the  tautobaryd  is 

{a-^-g  cos  v)*+*(7  =  A  [^g  -{-  a  cosv  -\'  smv  ^  (y^  —  ^^)]*> 
if  ^  is  an  arbitrary  constant, 


and 


h=  2^" 


V(jr'-«')' 
But  if 

the  eqmtion  of  the  tavtobaryd  is 

log  [^  («  4-y  cos  vf\  =  ^^^  corf-"f±^;. 


—  372  — 

When  there  is  no  resistance^  the  iatdobaryd  of  the  heavy  hody  is 
denned  by  the  equaiion 

_  A 

651.  When  8  vanishes,  there  is  no  pressure  against  the  bary- 
trope,  and  this  curve  is  that  on  which  the  body  moves  freely. 
Thus  the  equation  of  the  bary trope  of  the  heavy  body  becomes, 
under  this  condition, 


? 


(cos  v) 
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which  is  that  of  a  parabola. 

652.  When  the  curve  of  the  barytrope  is  given^  the  equations  (37O27) 
and  (37O31),  determine  the  law  of  the  fixed  force  when  that  of  tJie  re- 
sisiance  is  knoivn^  or^  reciprocally^  that  of  the  resistance^  when  the  fixed 
force  is  knoum. 

653.  When  the  forces  are  parallel  to  the  axis  of  z,  the  equation 
(37O81)  becomes 

which  is  applicable  when  the  curve  is  given. 

When  there  is  no  resistance,  this  equation  gives 

F(}co^vz=—J^Ico^vD,{Sq)']  =  —/^Icos'vD^{S())']. 

654.  In  the  case  of  parallel  forces,  when  the  tautobaryd  is  a 
circle,  and  there  is  no  resistance,  the  fixed  force  has  the  form 


QCO&^V^ 


in  which  b  and  F  must  vanish,  if  v  can  become  a  right  angle. 


—  373  — 

When  the  fixed  force  is  that  of  gravity,  and  the  tautobaryd 
is  a  circle,  the  expression  of  the  resistance  is 


-'?•=— fi/t  —  ^)- 


Q 

655.  In  the  case  of  parallel  forces^  when  the  tautobaryd  is  a 
cycloid  of  which  the  base  makes  an  angle  a  with  the  direction  of 
the  parallel  forces,  and  when  there  is  no  resistance,  the  equation  of 
the  cycloid  being 

^  =  2^Bin(v  —  a), 
the  er^pression  of  the  force  is 

vy       asin  {y  —  a)-|-i^8in  (3y  —  ii)-\-\a^\Xi  (»'  +  a)  +  ^ 

2  sin  (y  —  a)  cos*  v 

When  h  vanishes  and  a  is  a  right  angle,  this  expression  is  re- 
duced to 

J^^=:  iacosect^) 
which  coincides  with  Euler's  solution  of  this  example. 


THE   STNCHBONE. 


656.  The  surface  or  curve  which  is  the  locus,  at  any  instant, 
of  all  the  bodies  which  start  simultaneously  from  a  given  point 
with  a  given  velocity,  and  move  upon  paths  which  are  related  by 
a  given  law,  is  called  a  synchroney  and  the  given  starting  point  may 
be  called  its  dynamic  pole.  This  class  of  loci  was  first  discussed  by 
John  Bernoulli. 

657.  If  an  integral  of  the  motion  of  the  body  along  one  of 
the  paths  to  the  synchrone  is  obtained  in  the  form 

TF=0, 


—  374  — 

in  which  W  is  a  function  of  the  time,  of  the  arc  of  the  path,  and  of 
the  parameters  by  Avhich  the  relationship  of  the  paths  is  expressed ; 
this  equation  is  the  required  equation  of  t1\e  synchrone^  if  the  time  is  as- 
sumed to  be  constant ;  and  it  is  referred  to  tJie  system  of  coordinates^  conr 
sisting  of  the  dcscnbed  arc  and  tJie  given  parameters. 

658.  If  the  only  force  is  that  of  a  resisting  mediunl,  and  if 
the  form  of  the  path  is  given,  and  also  the  position  of  the  d3aiamic 
pole  upon  it,  but  not  its  direction  in  space,  the  symlirone  is  obviously 
the  surface  of  a  sj)/ierey  of  tvhich  tJie  dynamic  pole  is  t1\e  centre. 

659.  If  the  body  moves,  without  external  force  and  without 
resistance,  upon  a  straight  line,  which  rotates  uniformly  about  a 
given  axis  passing  through  the  dynamic  pole,  the  synclirone  is  a 
surface  of  revolution  about  the  same  axis,  and  it  is  defimd  by  the  polar 
equation  (2502,))  ^^  (SSls)  tvhoi  p  vanishes  and  t  is  constant. 

660.  When  tlie  fixed  forces  are  directed  towards  a  pointy  or  when 
they  are  parallelj  the  syiichrone  of  bodies  moving  upon  straigM  lines,  is  a 
surface  of  revolution,  of  which  the  azi3  is  the  line  of  action  which  passes 
through  the  dynamic  pole. 

661.  In  the  rectilinear  motion  of  a  heavy  body,  it  is  obvious  from, 
(255i3),  tlixd  the  polar  equation  of  the  synchrone  has  the  form 

r=a  cos^-f-^j 

tvliich  becomes  a  sphere,  tvlicn  b  vanishes,  that  is,  when  the  initial  velocity 
vanishes. 

662.  In  the  rectilinear  motion  of  a  heavy  body  through  a  medium, 
of  tvhich  the  resistance  is  propodional  to  the  square  of  the  velocity,  the 
polar  equation  of  tlie  synchrone  has  tJte  form, 

A(f=Go^{BQOs^l). 
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THE    SYNTACHYD. 


663.  The  surface  or  curve  which  is  the  locus  of  all  the  points, 
at  which  bodies  have  the  same  velocity,  when  they  move  from  a 
given  point,  with  a  given  velocity,  upon  paths  which  are  related  by 
a  given  law,  may  be  called  a  syntachf/d. 

664.  If  an  integral  of  the  motion  of  a  body  along  one  of  the 
paths  which  proceed  to  the  syntachyd  is  obtained  in  the  form 

TF=0, 

in  which  TF  is  a  function  of  the  velocity,  of  the  described  arc,  and 
of  the  parameters,  this  equation  is  that  of  the  syntachyd  in  the 
same  form  of  coordinates  with  those  in  which  the  synchrone  of 
§  657  is  expressed. 

665.  In  the  case  of  §658,  the  syntachyd  coincides  tvith  the  syn- 
chrone. 

666.  In  the  cases  of  §§  659  and  660,  the  syntachyd  is  a  surface  of 
revolution  about  the  same  axis  tvilh  the  synchrone, 

667.  When  the  action  is  exclusively  tJuxt  of  fixed  forces ^  the  syn- 
tachyd is  a  level  surface. 

668.  When  a  heavy  body  moves  upon  a  straight  line^  on  which  there 
is  a  constant  friction,  and  through  a  medium  of  which  the  resistance  is 
proportional  to  the  square  of  the  velocity,  the  equation  of  tlie  syntachyd  is 

in  which  the  notation  of  §  515  is  adopted,  A  and  B  are  constants 
and 

a^g  tan  a . 

669.  .  When  a  heavy  body  moves  upon  a  straigU  line,  on  which 
the  friction  is  constant  and  through  a  medium   of  wJiich  Hie  resistance  is 


—  376  — 
proportional  to  the  velocity,  the  equation  of  the  syrdachyd  has  the  form 

670.  When  the  hody  moves  upon  a  line  on  which  the  friction  is 
constant  and  through  a  medium  of  which  the  resistance  is  proportional  to  the 
square  of  the  velocity^  tJie  equation  of  the  syntachyd^  expressed  in  the  form 
of  coordinaies  (?/*  §  657,  w 

which  coincides  with  Jacobi's  investigation  of  this  case  of  motion. 


A   POINT   MOVING   UPON  A  FIXED   SURFACE* 

671.  Among  the  various  forms,  in  which  the  motion  of  a  point 
upon  a  fixed  surface,  with  fixed  forces,  can  be  discussed,  that  of  the 
principle  of  least  action  is  here  selected.  In  this  case,  therefore, 
the  whole  amount  of  action,  denoted  by 

is  to  be  a  minimum.    If,  then,  the  equation  of  the  surface  is 

X  =  0, 

if  rectangular  coordinates  are  adopted,  if  jUj  is  the  multiplier  of  the 
preceding  equation  of  the  surface,  and  fi  that  of  the  conditional 
equation 

the  equation  of  the  path  of  the  body,  with  reference  to  either  axis,  is 


—  377  — 

The  sum  of  these  three  equations,  multiplied  respectively  by  7!^  y\ 
and  z\  is 

or 

Whence 

672.  If  the  tangent  plane  to  the  given  surface  is  assumed,  at 
each  instant,  to  be  that  of  xy^  and  if  the  axis  of  y  is  taken  normal 
to  the  path  of  the  body,  the  preceding  equation  becomes,  if  ()j  de- 
notes the  radius  of  curvature  of  the  projection  of  the  path  upon  the 
tangent  plane, 

^=  — i?,i2; 

SO  that  the  centrifvgal  force  of  the  hodjf  in  tlie  direction  of  ilie  surface  to 
which  it  is  restricted  is  equal  to  the  normal  pressure  upon  the  path  in  the 
direction  of  the  tangent  plane. 

673.  When  the  direction  of  the  force  is  normal  to  the  surface j  which 
is  the  case  with  tlie  level  surface^  or  when  there  is  no  force^  tlie  path  of  the 
hodjf  is  the  sJiortest  line  which  can  he  draimi  upon  the  surface^  and  coincides 
with  the  hr achy stochr one. 

674.  Wlien  the  velocity  is  constant ^  the  equation  (377i3)  expresses  the 
condition  that  the  hody  may  move  upon  the  intersection  of  a  level  surface 
unth  tlie  given  surface.  In  this  case  ^>i  is  the  radius  of  curvature  of  this 
intersection,  and  Dy  il  is  the  whole  force  in  the  direction  of  the 
tangent  plane  to  the  surface. 

675.  When  the  velocity  is  a  given  function  of  the  parameter  of 
the  level  surface,  the  equation  (377i3),  with  the  notation  of  the  pre- 
ceding section,  expresses  the  equation  of  a  surface  over  which  the 
body  moves  upon  the  intersection  of  this  surface  Avith  the  level 

surface. 

48 
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676.  When  the  force  is  directed  towards  the  origin^  and  the  given 
surface  is  a  plane  passing  through  the  axis,  the  equation  (377i3),  com- 
bined with  (316i8),  gives  in  the  notation  of  §  569 

Si  —  Sio  (>  sin  i  p     ' 

of  which  the  integral  is 

Sl  —  Sio  =  ^-^=iv'=iI>i^^ 

Whence,  if  (p  is  the  angle  which  r  makes  with  the  axis, 

ir^D,(p=zpl. 

But  i  t^dtp  is  the  elementary  area  described  by  the  radius  vector  in 
the  instant  dt,  and  it,  therefore,  follows  that  t/ie  area  described  hy  the 
radius  vector  is  proportional  to  the  time. 

The  equation  (378u),  combined  with  that  of  living  forces,  gives 


^'•''^        JJ,r        r^l{2f^{Si  —  Slo)  —  ^p\} 

Whence 

2pl 


*=/.- 


n> 


^l2f^(Si  —  Sio)  —  ^pt] 


which  is  the  polar  equation  of  the  path  of  tlie  body.  That  this  equation 
can  be  obtained  by  integration  by  quadratures,  is  a  simple  case  of 
the  principle  of  the  last  multiplier. 

677.     When  the  potential  of  the  force  has  the  form 

and  the  initial  velocity  ia  such  that 


I 


379 


or 


e;»=2Xi=^?^., 


the  polar  eqtuition  of  the  path  of  the  hody  is 

^?/— iz=V(ia)sin[(«-l)(9)-a)], 

which  was  given  by  Eiccati. 

K 

w=  i, 

the  law  of  the  force  is  that  of  gravitation^  and  the  path  is  a  parabola  of 

which  tJie  origin  is  the  focus. 

K 

»=  1, 

the  attractive  force  is  inversely  proportional  to  the  ciibe  of  the  radius  Vector ^ 
and  the  path  is  a  logarithmic  spiral,  which  was  proved  by  Newton.       ^ 
If 

the  attractive  force  is  inversely  proportional  to  the  fourth  power  of  the  radius 
tector^  and  the  path  is  the  epicycloid  formed  by  the .  extemr  rotation  of  a 
circle  upon  an  equal  circle,  which  was  proved  by  Stader. 
If 

the  attractive  force  is  inversely  proportional  to  the  fifth  power  of  the  radius 
vector,  and  tlie  path  is  tlie  circumference  of  a  circle,  which  was  proved  by 
Newton. 
If 

the  attractive  force  is  inversely  proportional  to  the  sixth  power  of  the  radius 
vector,  and  Hie  path  may  be  called  tlie  trifoUa  of  Stader,  by  whom  it  was 
investigated. 


] 


—  380  — 

If 

w  =  3, 

t/ie  attractive  force  is  iuversel//  projwrtional  to  the  seventh  pmoer  of  the 
radius  vector^  and  the  path  is  the  lanniscate  of  James  Bernoulli,  which 
was  proved  by  Stader. 
If 

71  = 1, 

the  repulsive  force  is  proportional  to  the  radius  vector^  and  the  path  is 
an  eqxdlateral  lufperhola. 
When 

r  becomes  infinite  when  (y  —  a)  vanishes,  which  was  remarked  by 
Stader. 

678.     When  the  values  of  i2,  £1^  and  pi  are  such  that,  if  R  is 
an  integral  function  of  an  integral  root  of  r, 

R  =  yj\2r'{n—n,)  —  ^pX\, 

the  expression  of  (f  in  (87822)  admits  of  integration.     For  if  the 
integral  root  of  r  is  denoted  by 

and  if  the  notation  of  the  residual  calculus  is  adopted,  the  equa- 
tion (37822)  becomes 

log  (Vr—rO 


*  =  2"'^X;r«=2""^t.--CT 


079.     An  example  of  the  preceding  section  occurs,  when  m 
is  unity  and 

E=.ar^-\-hr  -{-e^ 
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'which  corresponds  to 


S2q=z  —  ib'^  —  ae^ 


and  an  attractive  force  of  the  form 


In  this  case  the  value  of  (p  is 

— ?! loff  !^  4-       ^^P'        Tant-«    ^"'•+'' 
When  h  vanishes,  these  expressions  become 


I2q=i  —  aCy 
the  attractive  force  is 

and  the  equation  of  the  path  is 

■  ■  ^ 

When  e  vanishes,  the  expressions  become 

S2o  =  —  ib\ 
the  repulsive  force  is 
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and  the  equation  of  the  path  is 


When  }?  —  4  a  ^  vanishes,  the  equation  of  the  path  is 
680.    Another  example  of  §  678  occurs  when 


which  corresponds  to 

J2o  =  — io^, 

and  an  attractive  force  of  the  form 

ah    .   y4-2ae  +  4jg{    .    Zhe    .    2e» 

The  equation  of  the  path  is 

2ar  +  ^  =  V(4a.-i'')tan[V^il^ip^(9-«)] 

=  V(*'-4«e)Tan[^^^^^(y-«)]. 
When  a  vanishes,  the  value  of  i\  vanishes,  the  attractive  force  is 

and  the  equation  of  the  path  is 

log(Jr4-^)=2^(9)  — a). 

When  b^  —  4  a  e  vanishes,  the  equation  of  the  path  is 
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681.    Another  example  of  §  678  occurs  when 
in  which  case 


^_^.=^.d±l-+-+_M_. 


and  the  equation  of  the  path  is 

nB 


2m 


^j(a_y)  =  log(l-{-|r    "). 


682.  The  forms,  in  which  (87822)  admits  of  expUeit  vUegraiion 
wUhaut  any  special  determinaiion  of  £2q  and  p^  are  included  in  the  gen- 
eral expression 

in  which  h  is  two,  or  the  nec/ative  of  unity,  so  that  li  only  consists  of  two 

terms,  of  which  one  is 

b 

and  the  general  form  of  the  central  force  consists,  therefore,  of  two  terms 
of  which  one  is  inversely  proportional  to  the  cube  of  the  radius  vector,  and 
the  other  may  he  either  directly  proportional  to  the  radius  vector,  or  in- 
versely proportional  to  the  square  of  the  radius  vector. 

683.  In  general,  it  is  apparent  that  the  addition  of  a  term  to 
the  central  force,  which  is  inversely  proportional  to  the  cube  of  the 
radius  vector,  does  not  augment  the  difficulty  of  determining  the 
path  of  the  body.  In  any  equation  of  a  path  of  a  body  described 
under  the  action  of  central  forces,  which  is  expressed  by  the  elements 
(p  —  a,T  and  t,  and  which  may  also  involve  the  constant  pi,  the  multi- 
plication of  the  angle  if  —  a,  and  of  pj  by  the  factor 


^=v(i-j^)> 
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gives  the  equation  of  the  path,  tvhen  the  central  force  is  increased  ly  the 
ierm 

h 

684.  When  there  is  no  force  the  path  is  a  straight  line,  so  that 
when  the  central  force  is  inversely  proportional  to  the  cube  of  the  radius 
rectory  the  polar  equation  of  the  path  is 


rcoslB{(p  —  a)']  =  Bpl^-^^. 


If  the  force  is  repulsive^  B  exceeds  unity,  the  path  is  convex  to  the 
origin,  and  its  convexity  increases  with  the  increase  of  the  repulsive 
force  until  it  terminates  in  a  straight  line.  If  the  force  is  attractivCy 
and  B^  positive,  it  is  less  than  unity,  the  path  is  concave  to  the 
origin  but  of  infinite  extent,  and  the  concavity  increases  with  the 
increase  of  the  attractive  force  until  it  terminates  in  the  reciprocal 
spiral  of  Archimedes.  If  the  force  is  attractive,  B^  negative  and 
S2q  positive,  the  equation  of  the  path  is 

r  Cos  [^  (9 -«)  V  —  1]  =  5j»! y/^, 

SO  that  the  greatest  distance  of  the  path  from  the  origin  is  limited, 
and  the  path  is  a  spiral  about  the  origin  in  which  it  terminates,  at 
each  extremity,  through  infinitely  compressed  coils.  If  the  force  is 
attractive,  and  B^  and  SIq  negative,  the  equation  of  the  path  is 

rSm[i?(9-a)v/-l]=i?i>!v/;4, 

SO  that  the  curve  extends  to  an  infinite  distance  from  the  origin  at 
one  extremity,  and  terminates  in  an  infinitely  condensed  coil  about 
the  origin  at  the  other  extremity.     In  th^se  three  cases,  the  formula 
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for  the  time  which  corresponds  to  (8849)  is 

the  formula  for  (3842o)  is 
and  that  for  (38427)  is 

This  law  of  central  force  has  been  discussed  by  several  geometers, 
and,  with  peculiar  regard  to  the  special  cases  of  the  problem,  by 
Stader,  whose  results  coincide  substantially  with  those  of  this 
section, 

685.  When  the  central  force  is  proportional  to  the  radius  vector y 
the  path  is  a  conic  section  of  which  the  centre  is  at  the  origin.  B  is  an 
elUpsCj  if  the  force  is  attractive^  and  an  hyperbola^  if  the  force  is  repulsive. 
In  the  case  of  the  ellipse,  if  a  point  were  to  start  from  the  ex- 
tremity of  the  major  axis  at  the  same  instant  with  the  body,  and 
move  upon  the  circumference  of  which  this  axis  is  the  diameter, 
with  such  an  uniform  velocity  as  to  complete  its  circuit  synchro- 
nously with  the  body,  the  body  and  the  point  are  always  upon  a 
straight  line  which  is  perpendicular  to  the  major  axis.  For  dif- 
ferent ellipses,  the  time  of  description  is  proportional  to  the  square 
root  of  the  area.  In  the  case  of  the  hyperbola,  if  a  catenary  is 
drawn  through  the  extremity  of  the  transverse  axis,  in  such  a 
position  that  this  axis  is  the  direction  of  gravity,  while  its  ex- 
tremity is  th6  lowest  point  of  the  catenary,  and  of  such  a  mag- 
nitude that  the  radius  of  curvature  of  the  catenary  at  this  point 
is  equal  to  the  semi-transverse  axis,  and  if  a  body  starts  upon  the 

49 
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catenary  simultaneously  with  the  given  body,  and  proceeds  in  such 
a  way  as  to  recede  uniformly  from  the  transverse  axis  with  a 
velocity  equal  to  that  of  the  given  body  at  its  nearest  approach 
to  the  origin,  the  line  which  joins  the  two  bodies  will  always  re- 
main perpendicular  to  the  transverse  axis  of  the  hyperbola. 

686.  When  in  addition  to  ike  term,  which  is  proportional  to  the 
radius  vector,  the  central  force  has  a  temi  inversely  proportional  to  the 
cube  of  the  radius  vector,  the  path  can  be  derived  from  the  preeecUnff 
section  by  the  principle  of  \  683. 

When  the  term  which  is  proportional  to  the  radius  vector  is 
attractive  and  expressed  by 


ar. 


the  polar  equation  of  the  curve  is 

l^J4-i2o==v^[i22-4ai?jt>t]cos[2^(9-a)] 

=  y/[i22_4ai?»j9}]Cos[2^(9  — a)v/  — 1] 
=  v/[4a^jt?l  — X2J]Sin[2^((p  — a)v/— 1]. 

When  a  is  positive,  therefore,  the  path  does  not  extend  to  infinity, 
although  when  &  is  negative  it  is  compressed  at  each  extremity 
into  an  infinite  coil.  But  when  a  is  negative,  the  term  propor- 
tional to  the  radius  vector  is  repulsive,  and  the  curve  extends  to 
infinity  if  IP"  is  positive  ;  but  if  I?  is  negative  the  curve  is  limited 
if  i2o  is  negative,  or  it  may  necessarily  extend  to  infinity  if  il^  is 
positive. 

In  the  special  case  of 

taii(2n^;r)_;>f^; 

the  curve  is  asymptotic  to  itself. 

687.     When  the  ceiitral  force  is  inversely  proportional  to  the  square 
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of  the  radim  vector  which  is  the  law  of  gravUationy  the  path  is  a  conic 
section^  of  which  the  origin  is  the  focus.  When  the  force  is  attractive^  the 
path  is  an  elHpse  if  S2q  is  positive,  a  parabola  if  £2q  vanishes,  and  it  is 
thai  branch  of  the  hyperbola  which  contains  the  focus,  if  SIq  is  negative. 
But  when  the  force  is  repulsive,  the  path  is  that  branch  of  tlie  Jq/perbola 
which  does  not  contain  the  focus.  The  farther  consideration  of  this  law 
of  force  is  reserved,  in  this  connection,  for  the  Celestial  mechanics. 

688.  When  in  addition  to  the  tei^i,  which  is  inversely  proportioiuU 
to  the  square  of  the  radius  vector,  the  central  force  has  a  term  inversely 
proportional  to  the  cube  of  the  radius  vector,  the  path  can  be  derived 
from  the  preceding  section  by  the  principle  of  §  683. 

If  the  term  of  central  force,  which  is  inversely  proportional 
to  the  square  of  the  radius  vector  is 


a 


the  polar  equation  of  the  path  is 

i^*  — a  =  v/(a'  — 8I2oi?»jt?t)cos[^(9  — a)] 

=  y/(a2_8i2o^^})  Cos  [i? (y  —  a)  v/— 1] 
=  v/(8i2oi?jt?}  — a2)Sm[5(9  — a)v/— 1], 

when  £2q  is  positive,  therefore,  the  curve  is  finite ;  it  returns  into 
itself  if  i?  is  positive,  but  if  J?^  is  negative  it  terminates  at  each 
extremity  in  an  infinitely  compressed  coil  about  the  origin.  When 
£2q  is  negative,  one  portion  at  least  of  the  path  extends  to  an  in- 
finite distance  from  the  origin ;  if,  moreover,  a  is  positive  and  J? 
negative,  but  such  that 

(^>SS2oJ^pU 

another  portion  of  the  path  is  finite  and  terminates  in  the  origin, 
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through  an  infinitely  compressed  coil,  while  the  two  infinite  por- 
tions commence  in  such  a  coil ;  if  the  negative  I?  is  such  that 

a"  <  8  i2o  B'pX, 

or  if  a  is  negative  as  well  as  i2o,  the  curve  only  consists  of  the 
portion  which  extends  from  the  coil  to  infinity.  The  time  may  be 
computed  by  the  three  formulae,  which  correspond  to  the  three 
forms  of  (387i8), 

=  "-^1Si&-^Tan[i2?(,-«)V-l], 

the  upper  of  the  double  forms  of  the  first  member  applies  to  the 
case  in  which  S2q  is  positive,  and  the  lower  to  that  in  which  SIq  is 
negative.     This  case  was  partially  developed  by  Clairaut. 

689.  The  principle  of  §  683  may  be  extended  to  §  677,  and 
among  the  resulting  curves,  that  in  which  w  is  2,  deserves  to  be 
noticed  from  its  simplicity,  the  equation  of  this  case  is 

^,  =  Vi2sin[2?(9-«)]=^Sin[2?(9-«)v^-l]. 

690.  The  law  of  central  force^  for  which  the  integrals^  involved  in 
the  equations  of  motion^  can  be  expressed  hy  ike  elliptic  forms  nrUhout 
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any  fecial  determination  of  S2q  and  pi,  may  be  reduced  to  ttvo  gaieral 
forms  of  algebraic  polynomial  besides  otlier  fractional  forms. 
The  first  of  these  forms  is 

« 

in  which  m  is  either  2,  1,  |,  or  \. 
The  second  form  is 


,— 2m— 8 


in  which  m  is  either  1  or  2.  In  each  of  these  cases  the  term  which 
is  inversely  proportional  to  r  must  be  omitted. 

691.     In  the  first  case  of  the  preceding  section^  when  tn  is  unity, 
the  equation  (37822)  acquires  the  form 

«,=  r L^ 

It  is  obvious  from  inspection  that  whenever 

is  positive,  a  portion  of  the  curve  extends  to  infinity;  but  when- 
ever a^  is  negative,  the  curve  is  of  finite  extent  It  is  also  apparent 
that  whenever 

.  a  =  — 4^jt?}, 

is  positive,  a  portion  of  the  curve  terminates  in  an  infinitely  com- 
pressed coil  about  the  origin,  that  no  portion  of  the  curve  can  ap- 
proach the  origin  except  through  such  a  coil,  and  that  when  a  is 
negative,  the  curve  does  not'  pass  through  the  origin. 
If  all  the  roots  of  the  equation 

are  imaginary,  a^  and  a  must  be  positive,  and  the  curve  extends 
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continuously  from  the  origin  to  infinity.  If  the  moduli  of  the  roots 
are  h  and  ^i,  and  the  arguments  a  and  Uxy  and  if  the  following 
notation  is  adopted 


v-^-i 


_2c4(A«+^f)«— 4« 
—  -2a,-a3(A«  +  ^0'' 


2  a  Os  —  (A*  -|-  Af)  Oj  a^ 

P9  —  o;[2i^"^(F+"Af)]' 

A\=i  {p  —  hif-\-4iphi  sin'  i  a,, 
B\  =  (j' — Ai)'  4"  4  g^  Aj  sin*  i  «!, 

and  if  ^o  is  the  value  of  &  when  r  vanishes,  the  equation  of  the 
curve  is 


/^  1^(1  — sitfisin^^o)  ^.  (— cosec'^o,  ^) 

1       \/  (1  —  sin' t  sin'  0)  —  \/  ( 1  —  sin'  %  sin'  ^o)  . 
^S  v/(sin'^  — sin'<?o)  ' 


and  the  expression  of  the  time  is 

AAi(fXw[idQ{t  —  t)     /jg'  +  ^cos'ttan'^o y  (;? cot' <9o -j- 9)  y/ (p' +  9' cos' t tan' <?o) 

"y^^-i^XF^V       p»cot'<?o  +  ^     ""  (9  +  r)(p'cot'do  +  ^)i 

■    g(p^-\-pg)^  (;?'  -|-  g*  cos' t  tan'  ^p) 

'      (y — r)l«rn'  <?o  ( J»*  c^<v+Y)r" 

,    ]       V [(^. co^o  +  ^)  (1  —sin's  sin'  d)']  —^{f  cot' 6^  +  y'cos'Q 
-^   Og  ^  (;j'cot*  ^0  8iii*^^"^co~s'^)  ■ 
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The  eUiptic  integrals  disappear  when 

-which  case  has  already  been  discussed  in  §  686.    They  also  disap- 
pear when  the  imaginary  roots  are  equal,  in  which  case 

^|=^=4fl,-8v/(a«,); 

SO  that  if 

^=  2  08^4  r^  + air-}- 2  «ia4, 

the  expressions  for  y  and  t  are 

cp _ a  =  Ji  W  !f ^^/^  tant-^3       (4a,r+fl3)Vgi 

When  two  of  the  roots  of  the  equation  (SSQas)  are  real  and 
two  are  imaginary,  if  both  the  real  roots  are  negative,  a^  and  a 
must  be  positive,  and  the  curve  extends  continuously  from  the 
origin  to  infinity.  If  one  of  the  real  roots,  denoted  by  rx,  is  posi- 
tive, and  the  other,  denoted  by  r2,  is  negative,  and  if  a^  is  positive, 
the  curve  extends  to  infinity  at  each  extremity,  and  r^  is  its  least 
distanced  from  the  origin ;  but  if  a^  is  negative,  the  curve  is  finite, 
terminates  at  each  extremity  in  the  origin,  and  r^  is  its  greatest 
distance  from  the  origin.  If  both  the  real  roots  are  positive  and 
if  ^4  is  also  positive,  the  curve  consists  of  two  portions,  one  of 
which  extends  to  infinity  at  each  extremity,  and  the  greater  real 
root  r^  is  its  least  distance  from  the  origin,  while  the  other  portion 
is  finite,  terminates  at  each  extremity  in  the  origin,  and  r^  is  its 
greatest  distance  from  the  origin ;  but  if  a^  is  negative  the  curve 
consists  of  a  continuous  portion  of  which  r^  is  the  greatest,  and  r^ 
the  least  distance  from  the  origin.     If  h  is  the  modulus  and  a  the 
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argument  of  one  of  the  imaginary  roots,  the  following  notation 
may  be  adopted. 

Ti  —  Ac-«^-^  =  ^tani€  c-P^-^, 
ra  —  A c«^"^  =  Cootie  c^i^-\ 

ricot  i€  =  /cot  iy, 
r^  tan  ie  =  /  tan  iy . 

When  a^  is  positive,  if  &  and  »  are  determined  by  the  equations 

i=in  —  h{(i  —  (ii) 
tan  i  fl  Qot  i  €  =  4/(^^^), 
or 

r  sin  y cos  y  —  cos  0 sin  ^{0-\-y)  sin  \{d  —  y) 

I  sin  «        cos  «  —  cos  <?       sin  i  (^  +  «)  sin  ^  (<?  —  c) ' 

the  equation  of  the  curve  is 

/^ sin €((!?— a) ^04      1 — cos€cosy<--  .  ,     ,  \mi/        •   0      •   9»>i\ 

-  -f^--  =  — ^j^^fJ^i^-coty  (cosy-cose)  5P<(—sin«  J' sin'ijd) 

cosy — cose      ^      j_ijsinysin^^[l — sin't sin*y)  (1 — sin*»sin'^)] 
^  ( 1  —  sin*  t  sin*  y)  1  -|-  cos  y  cos  <?  -f-  sin*  %  sin*  y  sin*  <?  ^ 

and  the  value  of  {t  —  r)  is  derived  from  that  of  (9  —  a)  by  multi- 
plying by  2^2  and  interchanging  y  and  e.  It  is  apparent  that  c  is 
obtuse  and  exceeds  y,  and  that  upon  the  finite  portion  of  the 
curve  &  extends  from  zero  to  y,  while  upon  the  infinite  portion, 
it  extends  from  e  to  ti. 

When  ^4  is  negative,  if  &  and  i  are  determined  by  the  equations 


tan  i()  cot  i«  =  t/ (^-^*), 
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or 

r  sin  y 1  —  cos  y  cos  d 

I  sin  «        1  —  cos  €  cos  d ' 

the  equation  of  the  curve  is 

T"  I — "  =  sin^  y  9^i  ^  4"  (c^s  y  —  COS  t)  9P^  (cot  y,  d) 

,    (cos  y  —  cos  g)  COS  y  x^„[-i)  ^  /  /cot«  y  +  sin^  A 
I      v^  (cot«  y  +  8in«  i)    *-*'"        V  Vcot-*  d  +  cos^  tV  ' 

and  the  value  of  {t  —  t)  is  derived  from  that  of  (9  —  a)  by  multi- 

plying  by  g^,  and  mterchanging  y  and  «, 

The  elliptic  integrals  disappear  when  the  two  real  roots  are 
equal.  In  this  case,  a^  is  positive,  and  the  curve  is  continuous  from 
the  origin  to  infinity.     With  the  notation 

^  =  r^-}-A^  —  2rAcosa  =  (r — Acosa)^-}-A^sin^a, 
-R?  =  r?4-^  —  2riAcosa  =  (ri  —  Acosa)^  +  *^sin*"> 

the  equation  of  the  curve  is 

ri(<y  — g)v^a4 1  rp^^r-n  ^— ^cos«        1   rp^^r-n  A^— A  cos  «  (r  +  r Q  +  r  r^ 

fixA  the  expression  of  the  time  is  given  by  the  equation 

/.  \    /  o-   r— 41^  —  Acosa        r^  m     r— nA*  —  Aco8a(r+ri) +^'*i 

^  /  ▼     *  Asina  /?!  R  R^ 

When  a^  vanishes,  if  r^  is  the  real  root  of  the  equation  (38929), 
the  curve  consists  of  a  single  portion  which  extends  from  the 
origin  to  infinity  when  r^  is  negative,  in  which  case  a^  is  positive. 
But  if  Ti  and  a^  are  both  positive,  the  portion  extends  to  infinity, 
and  Tx  is  its  least  distance  from  the  origin ;  if  rj  is  positive  while 
fls  is  negative,  each  extremity  of  the  curve  terminates  in  the  origin, 
and  Ti  is  its  greatest  distance  from  the  origin. 

50 
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When  oTs  i^  positive,  if  6  and  i  are  determined  by  the  equations 


tan*  i  fl  = 


r  —  Vi         r — Ti 


the  equation  of  the  curve  is 

V^l  — ^) 2]^J —  — c>,fl __  J- .  j^___ , fl J 

J B(r,  —  By .     r^i^sm0^(ri+B^—2B*r,cos2{) 

•T-^[rj(ri[+^*— 2  i?*ri  cos  2 1)]^^"  2\BV[ri  (1  — sin^t  8in«(?)]      ^ 

and  the  expression  for  the  time  is 

(^_T)v/a8=(5  +  5)SF,d— 2^8,^  +  25tani6v^(l— sin^'sin^^). 

When  flfg  is  negative,  if  6  and  i  are  determined  by  the  equations 

,  tan»id  =  ^i=^, 
the  equation  of  the  curve  is 

and  the  expression  for  the  time  is 
{t—T)^—a^={^—B)^^,6^2Bi,6—2BUni6^{l—BinHsmH). 

When  all  the  roots  of  the  equation  (SSOag)  are  real,  if,  beginning 
with  the  greatest,  they  are  arranged  in  the  order  of  algebraic 
magnitude,  they  may  be  denoted  by  ri,  r2,  ra,  and  r^.  If  they  are 
all  negative,  the  curve  consists  of  a  single  portion  which  extends 
from  the  origin  to  infinity.     But  if  ri  is  the  only  positive  root,  the 
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curve  consists  of  a  single  branch,  which  extends  by  the  same  law 
as  that  expressed  in  (39I20).  If  ri  and  r2  are  positive,  while  the 
other  two  roots  are  negative,  the  curve  consists  of  one  or  two  por- 
tions, according  to  the  same  principles  which  distinguish  the  forms 
of  (39I26).  If  ^4  is  the  only  negative  root,  and  if  a^  is  positive, 
the  curve  consists  of  two  portions,  one  of  which  extends  to  in- 
finity, and  ri  is  its  least  distance  from  the  origin,  while  the  other 
portion  is  finite  and  limited  by  the  circumferences  described  about 
the  origin  as  centre,  with  r2  and  r^  as  radii ;  but  if  a^  is  negative, 
one  portion  terminates,  at  each  extremity,  in  the  origin,  and  r^  is 
its  greatest  radius  vector,  while  the  other  portion  is  contained  be- 
tween the  limiting  circumferences  of  which  ri  and  r2  are  the  radii. 
If  all  the  roots  are  positive  and  if  a^  is  also  positive,  the  curve 
consists  of  three  portions,  one  of  which  extends  to  infinity  and  rj 
is  its  least  distance  from  the  origin,  a  second  portion  is  limited  by 
the  circumferences  of  which  r2  and  rg  are  the  radii,  and  the  third 
portion  passes  through  the  origin  at  each  extremity,  and  r^  is  its 
greatest  radius  vector ;  if  a^  is  negative,  the  curve  consists  of  two 
portions,  one  of  which  is  limited  by  the  circumferences  of  which  r, 
and  r2  are  the  radii,  and  the  other  by  the  circumferences  of  which 
Ta  and  r^  are  the  radiL 

When  a^  is  positive,  the  following  notation  may  be  adopted. 

ri  —  r8  =  ^  tan  i  e  tan  i  rj^ 
Vi  —  r2  =  -4  cot  ie  tan  i  1^1, 
r^  —  r4  =  -4tan  ic  cot  i  i^, 
rg  —  r4  =  -4cot  i  t  cot  iiji, 
e  z=  i  71  —  e ; 


which  give 


tan^  i  «  = : — - , 
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or  sin  («i  —  w) 

"  cose  =  .  ;''  ,  *:. 

sm  (til  +  ly) 

For  the  portion  of  the  curve,  which  is  contained  between  the  cir- 
cumferences of  which  r^  and  r^  are  the  radii,  the  notation 

r2sin  iij  =  /sin  ix, 
r3Cosiij  =  /cosix, 

^  ^        tan  ^17  (r,  —  r)' 

gives 

r sin  i  (tji  +  x)  -j-  sin  J  (j/i  —  x)  sin  6 

I       sin  i  (jyi  +  ij)-\- sin  J  (i/i  —  1/)  sin  <?' 

The  equation  of  the  curve  is,  then, 

A((p—a)ija^ 8'"K?i— ?) OS  A\   __8in^^i sin ^ (171 —J<) gj \     sin^^fa— x)    -l 

2/jf/co8»     ~8ini(i7i— x)     '      '  8ini(»?i— x)sini(»?i+x)     1     8inH(%+x)'  J 

sin  J  (jy  —  x)  ^  (sin  j^j  cosec  x)      ,      r    j,  ^  (1  — cos*  %  tan*  d) 

^[sin  ii^isin  X — sin*t  sin*^  fe+x)]  V  [^ — "'^**  **°'  i  ('?iH~'*)  coseciyi  cosecx] 

and  the  expression  for  the  time  may  be  obtained  from  this  value 
of  (9  —  a)  by  interchanging  x  and  rj  and  multiplying  by-^'. 

The  nature  of  the  motion  through  the  space  exterior  to  the 
circumference  of  which  ri  is  radius,  and  within  the  circumference 
of  which  r^  is  radius,  may  be  derived  from  equations  (3965_i5)  by 
changing  r^  to  rj  and  r2  to  r^  and  augmenting  each  of  the  angles 
rj  and  x  by  the  magnitude  n. 

When  ^4  is  negative,  the  following  notation  may  be  adopted, 

ri  —  r^=A  tan  i  e  tan  i  t] , 
ra  —  r^  =  A  tan  i  e  cot  i  rj , 
Ti  —  r^=^A  cot  i  £  tan  i  rji^ 
r2  —  r8=^cot  i  £  cot  iiji, 
i=  i  7t  —  i  e. 

The  nature  of  the  motion  between  the  circumferences  of  which 
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Ta  and  r^  are  the  radii  may,  then,  be  expressed  by  the  equations 
(3965_i5),  provided  that  r^  is  changed  to  r^y  and  r2  to  r^  and  the 
sign  of  a^  is  reversed.  The  character  of  the  motion  between  the 
circumferences  of  which  r^  and  r^  are  the  radii,  may  be  expressed 
by  the  same  equations  with  the  change  of  rj  to  Tq,  and  of  r2  to  r^, 
the  reversal  of  the  sign  of  a^,  and  the  increase  of  each  of  the 
angles  tj  and  x  by  tt. 

The  elliptic  integrals  disappear  when  two  of  the  roots  are 
equal ;  in  this  case,  if  ri  denotes  one  of  the  equal  roots,  and  if  -R^  is 
the  quotient  of  the  division  of  the  first  number  of  (SSQ^d)  by 
(r — rif  so  that  the  form  of  -B"  is 

the  notation  may  be  adopted 

i?;  =  A2rf  +  Airi  +  A, 
2h'{'hir  =  2R^—htBi.n{6^—k)  =  —  2R^h  Tan(dv/A), 

Ai4-2A2r  =  2i?v/— A2tan(^aV^— Aj)  =  — 2i2v^A2Tan(d2A), 

the  equation  of  the  curve  is 

and  the  expression  of  the  time  is 

When  a^  vanishes,  if  a^  is  positive,  the  notation  may  be  adopted 

ri  —  r8=^  cot?  ie, 
r2  cos?  ie  =  l cos^  i x , 
Tasin^  ic  =  /sin^  ix, 
iz=  in  —  c ; 
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and  for  the  portion  of  the  curve  contained  between   the   circum- 
ferences of  which  r2  and  rs  are  the  radii, 


tan^  {iji—i6)  =  tan«  ie  ^ 


r  —  Tj 
r,  —  r 


The  equation  of  this  portion  of  the  curve  is,  then^ 

2  pi  I  cost  COSH  *     \  COS  x/  ^  ^     ^ 

I  -C08X  —  cosfi  ,      f_ij     //    I '\- COS*  t  ian^  d   \ 

'    sin  X  ^  (cos* »  —  cos*  x)  V  Vcos*  %  —  sin* »  col*  x/  ' 

and   the   expression   of  the   time   is   obtained  from  this  value  of 

.  2  »* 

{(p — a)  by  interchanging  c  and  x  and  multiplying  hy-p. 

Upon  the  portion  of  the  curve  exterior  to  the  circumference, 
of  which  Ti  is  radius,  the  notation 

r-r,  =  ^tanMi^-id)  =  i=£-;^, 
gives  for  the  equation  of  the  curve 

((p-a)^/(H_    TJ^jd 2B* C3P  r       (ri-By    1 

"2/;fcos»     —r^  —  B*        (n  —  i?*)  (n  +  ^*)      »L       \r,  +  By '^1 

J ^ f «  nt-i]    -^  ^  ^''^ + ^"^  ^-  **"*  ^^  - 

'    V[n  (4ri2?*cos*i  — (rj— ^*)*8in*»)]  "*"        v^[4ri  ^B^cos^t  — (ri— i?*)«sin*t]  ' 

and  for  the  expression  of  the  time 

+  2  i?»  Tant-^3  v^(l  +  cos^  ^  tan^  d). 

If  t/g  is  negative,  the  notation  may  be  adopted 

ri  —  r^z=.I? tatf  ic , 
r2  —  rs  =  B^  cot^  ie  ; 
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which,  combined  with  that  obtained  from  (39727_8i)  by  changing 
Ts  into  r2  and  r2  into  rj,  gives  (3987)  for  the  equation  of  the  por- 
tion of  the  curve  contained  between  the  circumferences  of  which 
ri  and  r2  are  the  radii,  while  the  expression  of  the  time  is  derived 
by  the  process  of  (398i8).  But  with  the  notation  obtained  from 
(398i6)  by  changing  ri  into  r^  and  reversing  the  sign  of  -B^,  the 
equations  (398i9)  and  (39825)  become  the  equation  of  the  curve 
and  the  expression  of  the  time,  upon  the  portion  which  is  con- 
tained within  the  circumference  of  which  r^  is  the  radius. 

The  form  of  the  central  force  which  corresponds  to   the  dis- 
cussion of  this  section  is 

692.    If  7n  is  2  in  the  first  class  of  §  690,  the  expression  of 
the  central  force  is 

and  the  forms  of  the  equation  of  the  curve  are  obtained  from 
those  of  §691  by  changing  r  into  r*,  and  (9  —  a)  into  2(y  —  a). 
But  the  expressions  of  the  time  require,  moreover,  the  substitution 
for  (39O26)  of 


for  (391„)  of 


'-J^'ii—)  =  ^<^> 


t—T  =  ^/  (       ^"'^       )  tanf-'i ^ "«:::' +:?»^- 

V  \aj(16aa4 — aiflj)/  ^[0,(16004 — CiOj)]' 


for  (392j8)  of 
for  (3939)  of 
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for  (393a,)  of 

//      ,\./«_   1   ni— f-ii(^  COS  g—*^*^ +(*«»«—»•)  *1 
(<  — r)v'a4  =  2^^Tani -^^^ , 

for  (394u)  of 
for  (394j6)  of 

■for  (396i8)  with  the  form  of  (396a)  of 

{t — T)v^a4=  icostS'.O, 
for  (3976)  of 

for  (39724)  of 

t — r  =  ifl, 

for  (398u)  and  (398jj)  of 

(t — T)a8=  icostQiifl, 
and  for  (399»_«)  of 

693.    In  the  special  case  of  §  692,  in  which  F  is  reduced  to  its 
first  term,  so  that 

two  of  the  roots  of  (38929)  ^^^  real  and  two  are  imaginary,  so  that 
the  only  portion  of  §  &91,  which  is  applicable  to  this  case,  is  from 

r 

(SQljs)  to  (39823).  Iii  this  case,  moreover,  one  of  the  real  roots  is 
positive  and  the  other  is  negative  if  b^  is  positive,  so  that  the  curve 
extends  to  infinity ;  but  if  b^  is  negative,  both  of  the  real  roots  must 
be  positive,  so  that  the  circumferences  which  correspond  to  these 
roots  are  the  limits  of  the  curve,  and  S2q  is  negative  and  satisfies  the 
condition 

_i2o>4;>Sf(-2a4). 
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694.  In  the  special  case  of  §  692,  in  which  F  is  reduced  to 
its  second  terra,  so  that 

the  equation  (SSQa,)  has  no  imaginary  roots  of  r"  when 

When  ig  is  positive,  there  is  only  one  real  root,  so  that  the 
curve  extends  to  infinity  from  the  circumference,  which  is  defined 
by  this  root  When  h^  is  negative,  all  the  roots  must  be  real,  and 
the  two  roots,  which  are  positive,  define  the  circumferences  which 
limit  the  extent  of  the  curve. 

695.  If  m  is  f  in  the  first  class  of  §  690,  the  expression  of 
the  central  force  is 

and  the  forms  of  the  equation  of  the  curve  are  obtained  from 
those  of  §691  by  changing  r  into  r*,  and  (p  —  a  into  §(9  —  a). 
But  the  formuloB  for 'the  time  are  more  complicated,  although 
they  are  still  reducible  to  elliptic  integrals.     If,  indeed, 

the  expression  for  the  time  assumes  the  form 

t  —  r=  f *^ 

696.  In  the  special  case  of  §  695,  in  which  F  is  reduced  to 
its  first  term,  so  that 

F=b^r'^, 

the  conditions  of  the  form  of  the  curve  are  the  same  with  those 

51 
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expressed   in   (4002a_«))>  l>ut  instead  of  (4OO31),   the  limitation  of 
£2q  when  b^  is  negative  is 

697.  Iri  the  special  case  of  §  695,  in  which  F  is  reduced  to 
its  second  term,  so  that 

F=b2r'iy 
the  equation  (38929)  t^^s  no  imaginary  roots  of  y'  r*,  when 

In  the  special  cose,  in  which  F  is  reduced  to  its  third  term,  so  that 

F—  bi  r-i, 
the  equation  (38929)  has  no  imaginary  roots,  when 

In  each  of  these  cases,  when  S2q  is  negative,  there  is  only 
one  real  positive  root,  so  that  the  curve  extends  to  infinity  from 
the  circumference  which  is  defined  by  this  root.  When  £2q  is 
positive  all  the  roots  must  be  real,  and  the  two  roots,  which  are 
positive,  define  the  circumferences,  which  limit  the  extent  of  the 
curve. 

698.  If  m  is  i  in  the  first  class  of  §  690,  the  expression  of  the 
central  force  is 

^=i3r-i  +  *2r-2  +  *ir-*  +  *r-«,    , 

and  the  forms  of  the  equation  of  the  curve  are  obtained  from  those 
of  §  691  by  changing  r  into  y/r  and  (y  —  a)  into  i  (9  —  a).     But  if 

2  =  v/r, 
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the  expression  of  the  time  assumes  the  form 

22« 


t 


Jz  ^  («4 


699.  In  the  special  case  of  §  698,  in  which  F  is  reduced  to 
its  first  term,  so  that 

and  in  that,  in  which  it  is  reduced  to  its  third  term,  so  that 

F=bjr-i, 

two  of  the  roots  of  (88929)  are  real  for  y/r,  and  two  are  imaginary, 
so  that  the  only  portion  of  §  691,  which  is  applicable  to  this  case, 
is  from  (39126)  to  (39324).  I^  this  case,  moreover,  one  of  the  real 
roots  is  positive  and  the  other  is  negative  if  S2q  is  negative,  so  that 
the  curve  extends  to  infinity  ;  but  if  SIq  is  positive,  both  of  the  real 
roots  must  be  positive,  so  that  the  circumferences,  which  correspond 
to  these  roots,  are  the  limits  of  the  curve,  and  in  the  former  of 
these  cases  ^3  is  negative  and 

-*8>|j»i^(6i2g), 

while  in  the  latter  case  bi  is  negative  and 

700.  In  the  second  class  of  §  690,  when  m  is  unity,  the  equa- 
tion (37822)  of  the  curve  assumes  the  form 

_    _  r M 

80  that  it  can  always  be  obtained  from  the  expressions  of  {t  —  t) 
in  §  692,  by  multiplying  either  of  those  expressions  by  ijj^.    When, 

• 

in  this  class,  the  curve  terminates  in  the  origin,  it  does  not  usually 
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pass  through  the   condensed  coil   of  §691,     The   formula  for  the 
time  is 

The  form  of  the  force,  which  corresponds  to  this  case,  is 

701.     In  the  special  case  of  §  700,  in  which  F  is  reduced  to  ite 
third  term,  so  that 

one  of  the  roots  of  (38929)  is  zero,  and  the  condition  that  all  the 
roots  are  real  is 

4       2^ 


3  iK^  f^ 

When  i2o  is  negative,  if  b^  is  positive,  the  curve  extends  to 
infinity,  in  the  space  exterior  to  th^  circumference  of  which  the 
positive  root  of  (38929)  is  the  radius ;  but  if  bi  is  negative,  the 
curve  extends  from  the  origin  to  infinity,  if  two  of  the  roots  are 
imaginary,  but  if  all  the  roots  are  real,  one  portion  is  exterior  to 
the  circumference  of  which  the  greater  positive  root  is  radius  and 
extends  to  infinity,  while  the  other  portion  is  contained  within 
the  circumference  of  which  the  smaller  positive  root  is  the  radius, 
and  this  portion  passes  through  the  origin.  When  il^  is  positive,  bi 
is  negative,  and  the  curve  passes  through  the  origin,  and  is  con- 
tained within  the  circumference  of  which  the  positive  root  of 
(38929)  is  the  radius.  This  case  of  force  has  been  analyzed  by 
Stader. 

702.     In  the  special  case  of  §  700,  in  which  F  is  reduced  to 
ite  last  term,  so  that 
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all  the  roots  of  (38929)  are  imaginary  when  S2q  and  b  are  both 
positive.  When  Si^  is  positive,  therefore,  b  must  be  negative  and 
the  curve  is  contained  within  the  circumference  of  which  the  pos- 
itive root  of  (38929)  is  the  radius.  When  SIq  is  negative,  if  b  is 
positive  the  curve  extends  to  infinity  in  the  space  exterior  to  the 
circumference  of  which  the  positive  root  is  radius;  but  if  b  is 
negative,  the  curve  consists  of  two  portions,  one  of  which  extends 
to  infinity  in  the  space  exterior  to  the  circumference  of  which  the 
greater  real  root  is  radius,  while  the  other  portion  passes  through 
the  origin  and  is  contained  within  the  circumference  of  which  the 
smaller  root  is  radius ;  or  it  extends  from  the  origin  to  infinity. 

703.    When  m  is  2  in  the  second  class  of  §  690,  the  form  of 
the  force  is 

and  the  equation  of  the  curve  can  be  obtained  in  each  case  from 
that  of  §692,  by  multiplying  (t  —  r)  by  2ji?f,  and  changing  i  —  t 
into  9  —  a,  and  r  into  /^. 
If 

the  formula  for  the  time  is 


t 


Jz^la^z* 


704.     In  the  special  case  of 
there  are  two  imaginary  roots  of  r*  when 

When  S2q  is  negative,  if  b  is  positive  the   curve  extends  to 


—  406  — 

infinity  in  the  space  exterior  to  the  circumference  of  which  the 
real  root  of  (3892b)  is  the  radius;  but  if  J  is  negative,  and  if  all 
the  roots  of  (SSOgg)  are  also  real  and  two  of  them  positive,  the 
curve  consists  of  two  portions,  one  of  which  extends  to  infinity  in 
the  space  exterior  to  the  circumference  of  which  the  greater  posi- 
tive root  is  radius,  while  the  other  portion  passes  through  the 
origin  and  is  contiiined  within  the  circumference  of  which  the 
smaller  positive  root  is  radius ;  but  if  neither  of  the  roots  is  positive 
when  b  and  il^  are  both  negative,  the  curve  consists  of  a  single 
portion  which  extends  from  the  origin  to  infinity.  When  £1^  is 
positive,  b  must  be  negative  and  the  curve  consists  of  a  single 
portion  which  passes  through  the  origin  and  is  contained  within 
the  circumference  of  which  the  positive  root  is  radius.  This  law 
of  force  has  been  analyzed  by  Stader. 

705.  Another  class  of  central  force,  in  which  the  integration 
can  be  performed  by  elliptic  integrals,  corresponds  to  the  form  of 
the  potential 

in  which  m  may  be  either  1  or  2.     If,  in  these  forms 

=  (2i,r*'«-f2*8r«'"  +  2A2y^'"  +  2*ir  +  2*) 
-(2i2o^^+4;>t)(r-+A)^ 

the  equation  of  the  curve  assumes  the  form 


^(y-«)=jr 


zZ  ' 


and  the  expression  of  the  time  is 
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706.  The  following  graphic  construction  gives  an  easy  geo- 
.metrical  process  for  tracing  the  various  cases  of  limitation  of  the 

extent  of  the  path  described  under  the  action  of  a  central  force, 
and  especially  for  finding  by  inspection  the  efiect  of  the  values 
of  SIq  and  pi  upon  the  limits  of  the  curve.     If 

^ 1 

^'  —  ^f 

construct  the  curve  of  which  the  equation  is 

which  may  be  called  the  potential  curve,  draw  the  straighl  line  of 
which  the  equation  is 

y=2p\X'{'S2o, 

and  the  points  of  intersection  of  the  straight  line  with  the  potential 
curve  give  the  values  of  x  for  the  limits  of  the  path  of  the  body. 
The  path  corresponds  to  those  portions  of  the  potential  curve 
which  lie  upon  that  side  of  the  straight  line,  which  is  positive  with 
respect  to  the  direction  of  the  axis  of  y. 

707.  A  term  of  S2  may  be  omitted  in  the  preceding  construc- 
tion which  is  inversely  proportional  to  the  square  of  the  radius 
vector,  and  its  negative  may  be  combined  with  that  term  of  the 
equation  of  the  straight  line  which  determines  its  direction.  The 
omitted  term  corresponds  to  a  term  of  the  force  which  is  inversely 
proportional  to  the  cube  of  the  radius  vector,  and  which  may  be 
represented  by  (SSSiy)  ;  and  the  corresponding  equation  of  the 
straight  line  is 

708.  It  is  evident  from  the  preceding  construction,  that  if  the 
potential  curve  has  no  point  of  contrary  flexure,  and  if  its  convexity  is  turned 
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in  the  direction  of  the  positive  axis  of  y,  the  path  of  the  hody  can  only 
consist  of  a  single  portion  which  may  have  either  an  mder  or  an  inner  Urnit, 
or  it  may  have  neither  or  both.     This  case  includes  all  forces  of  the  form 

in  which  hi  and  m  -[-  3  have  the  same  sign. 

But  if  the  potential  curve  has  no  poiirt  of  contrary  fleomre,  and  if  its 
convexity  is  turned  in  the  direction  of  the  negative  axis  of  y,  the  path  of 
the  body  may  consist  of  a  single  portion  which  has  either  an  outer  or  an 
inner  limity  or  it  may  have  neither,  or  it  may  consist  of  two  separate  por- 
tions of  which  one  has  only  an  outer  and  the  other  only  an  inner  limit.  This 
case  includes  all  forces  of  the  form  (4085),  in  which  bi  and  w  -|-  3 
have  different  signs. 

709.  Those  portions  of  the  potential  curve,  in  which  y  and  x 
simultaneously  increase,  correspond  to  the  distances  from  the  centre 
of  action,  at  which  the  force  is  attractive,  so  that  the  convexity  of 
the  path  of  the  body  is  turned  away  from  the  origin.  The  portions 
of  the  potential  curve,  in  which  y  decreases  with  the  increase  of  x, 
correspond  to  the  distances  from  the  centre  of  action,  at  which  the 
force  is  repulsive,  so  that  the  convexity  of  the  path  of  the  body  is 
turned  towards  the  origin.  Any  pointy  therefore,  at  which  the 
potential  curve  is  parallel  to  the  axis  of  x,  and  the  ordinate  is  either 
a  maximum  or  a  minimum,  corresponds  to  a  distance  from  the 
origin,  at  which  the  central  force  changes  from  attraction  to  repul- 
sion, and  the  path  of  the  body  has  a  point  of  contrary  flexure. 

710.  If  for  an  infinitesimal  value  of  r  denoted  by  iy  Si  assumes 
the  form 

Si  =  ki% 

the  path  of  the  body  cannot  pass  through  the  origin  if  w  -|-  2  is 
positive  or  if  A  is  negative,  except  in  the  former  case,  when  pi  van- 
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ishes  and  n  is  positive  while  S2q  is  negative,  or  n  is  negative  while 
k  is  positive ;  but  if  A:  is  positive  and  n  -|-  2  negative,  the  external 
portion  of  the  path  passes  through  the  origin,  and  after  passing 
through  the  origin,  the  continuity  of  curvature  is  destroyed  and  the 
path  becomes  a  straight  line. 

711.  If  for  an  infinite  value  of  r,  denoted  by  the  reciprocal 
off,  S2  assumes  the  form  (40823),  ^^^  ^poth  of  the  body  cannot  extend 
to  infinity  when  n  and  k  are  both  negative,  or  when  n  and  SIq  are 
both  positive,  or  when  n  vanishes  and 

but  the  external  portion  of  the  path  extends  to  infinity  when  n  is 
negative  and  k  positive,  or  when  n  is  positive  and  Si^  negative,  or 
when  n  vanishes  and 

712.  If  a  line  is  drawn  parallel  to  the  axis  of  x  at  the  dis- 
tance S2q  from  this  axis,  and  assumed  as  a  new  axis  of  Xi^  and  if 
ffi  and  ^2  are  the  corresponding  ordinates,  respectively,  of  the 
straight  line  (407i4)  ^^^  of  the  potential  curve,  the  value  of  the 
angle,  which  the  path  of  the  body  makes  with  the  radius  vector, 
is  given  by  the  equation 


sin:  =  y/|=!^^?^ 


a    ~       ya       ' 


which  admits  of  simple  geometrical  construction.  If  ^2  denotes  the 
subtangent  of  the  potential  curve  upon  the  axis  of  x^  the  projection 
of  the  radius  of  curvature  of  the  path  of  the  body  upon  its  radius 
vector  is 


rzc 


?sm:  =  -^, 


X 


which  is  constructed  without  difficulty.  By  the  combination  of 
these  two  constructions,  the  path  of  the  body  may  be  obtained  with 
sufficient  exactness  for  most  purposes  of  general  discussion. 

52 
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713.  When  the  origin  is  infinitely  remote  from  the  body, 
the  forces  of  ^  676  are  parallel,  and  the  plane  of  motion  is  parallel  to  the 
direction  of  action,  and  the  equation  (STSg)  gives,  if  the  axis  of  2r  is 
supposed  to  have  the  same  direction  with  the  force. 


H  —  Hq  ^  sin  J 


of  which  the  integral  is 


i2  — i2n=-^. 


Bin^J 


in  which  a  is  an  arbitrary  constant,  which  is  always  positive,  and 
this  is  the  equation  of  the  path  of  the  body  referred  to  the  same  coordi- 
Tuxies  with  tlvose  of  §  571. 

714.  In  the  case  of  a  constant  force,  the   preceding  equation 
assumes  the  fprma 

_     2a 
^        g  sin*  J  ' 

SO  that,  in  this  case,  the  path  is  a  parabola. 

715.  The  velocity  in  the  direction  of  the  axis  of  x  is 

t;6inJ  =  sinJv/(2i2  — 2i2o)  =  v/(2a), 
so  that  this  vehcvly  is  constant,  and 

X  —  Xq=z  yj {2a)  {t  —  r). 

The  equation  of  the  curve,  expressed  in   rectangular   coordi- 
nates, is 


-^.=X(^-i):' 
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716.  If  a  potential  curve  is  constructed  by  the  equation 
(407io),in  which  y  maybe  changed  into  x^  and  il  retained  as  a 
function  of  0,  the  limits  of  the  path  of  the  body  are  defined  by 
the  intersection  of  the  potential  curve  with  a  line  drawn  parallel 
to  the  axis  of  z  at  the  distance  (iij  -j-  a)  from  this  axis.  The  por- 
tions of  the  potential  curve  which  correspond  to  the  path,  lie  in 
a  positive  direction  from  the  intersecting  line. 

717.  If  the  force  of  §  713  has  the  form 

the  equation  of  the  path  is 

i,g4.i  =  V/(i^  +  2iii2o+2ii«)sin[(a:o— a:)y/(— ^)] 

==v/(*'  +  2^i2o+2*ia)Cos[(^-;ro)y/^] 
=  v/_(^4.},i2„_|_2i,a)Sin[(a;„-:r)Y/y. 

718.  If  the  force  of  §  713  has  such  a  form  that 

the  notation 

gives,  for  the  equation  of  the  path, 


V/(A«  +  -^)  — ^"  Ax+A 


which  is  easily  transformed  into  the  forms,  whicJh  are  appropriate 
when  the  radicals  become  imaginary. 

719.    In  the  case  of  a  mrface  of  revoluHotiy  and  a  force  which  is 
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directed  to  a  point  upon  the  axis  of  revolution^  the  notation  of  §  576 
gives 

il  =  M  »  sin  f  =  t^  2?, " , 

80  that  the  elementary  area  described  hy  the  projection  cf  the  radios 
vector  upon  the  plane  of  xy  is  constant. 

720.  The  notation  of  §  578  gives 

^**  — V  2u*{ii  —  Sio)—J.*        ' 

n  « — ^ .  /  _!i+PtiO!_ 

and,  in  the  case  of  parallel  forces 

T^  u AD,<T 

721.  Upon  the  surface  of  revolution  which  is  defined  by  the 
equation 

uv  =  B, 

the  path  of  the  hody  makes  a  constant  angle  with  the  meridian  curve.  In 
tlie  case  of 

B  =  A, 

the  path  is  perpendicular  to  the  meridian,  and  is  a  circle  of  which  the 
plane  is  horizontal. 

Whatever  is  the  vahie  of  JB,  for  the  point  at  which  v  vanishes  u 
is  infinite,  while  v  is  infinite  when  u  vanishes. 

Upon  any  other  surface  of  revolution  about  the  same  axis^  the  inr 
cUnaiion  of  the  path  of  the  body  to  the  meridian  arc  is  the  same  with 
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the  corresponding  mcUnation  upon  the  surface  of  equation  (4122i)  at  the 
common  circle  of  intersection  of  these  two  surfaces.  Hence  the  limits  of 
the  path  upon  the  given  surface  of  revolution  are  its  intersections  ivith  the 
surface  of  equaiion 

uv  =  A, 

and  the  path  extends  over  that  portion  of  the  given  surface^  which  is  ex- 
terior to  this  surface  hy  which  the  limits  are  defined. 

722.  In  the  case  of  a  heavy  body  the  equation  (4122i)  be- 
comes 

723.  In  the  case  of  a  heavy  body  upon  a  vertical  right  cone,  if 
tlie  body  moves  upon  the  inverted  part  of  the  cone,  the  path  has  an 
upper  and  a  lower  limit ;  but  if  it  moves  upon  the  party  which  is  beUno 
the  vertex,  tJie  path  has  an  upper  limit  from  which  it  extends  downwards 
to  infinity.  In  this  case,  if  the  notation  of  (341i8)  and  (341i6)  is 
adopted,  if  two  of  the  roots  of  the  equation 

/  Kr "—^ 7*A I """" 

^  "^        2y8in'acosa' 

are  imaginary,  which  corresponds  to 

(-|^o)«<-i/' 


y  sm'acos  a' 


if  A  is  the  modulus  and  fi  the  argument  of  one  of  the  imaginary 
roots,  and  if  ri  is  the  real  root,  the  notation 

r^  —  h  c-P^-^  =  B"  e?-2.v-i^ 
r  —  ri  =  -B*tan^i9, 
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gives  for  the  equation  of  the  path  upon  the  developed  cone 


'yj{2 


r,— 2i?«co8  2»)  v^(2ri  — 2i^«co8  2t)' 


and   the   position   of  the   body  at  any  instant  is  defined  by  the 
equation 

i?(^_r)y/(2^cota)  =  (ri  +  ^)g?,9  — 2J5»S,(j) 
-|-2^tan  iy  y/(l  —  sin^esin^y). 

If  all  the   roots  of  (413ao)  ^re  real,  and  denoted  in  the  order  of 
decreasing  magnitude  by  r^  r^,  and  rg,  and  if 

ri  — ra  =  ^tan^/3, 
ri  —  r^  =  B^coi^(ij 

r  —  ri==/9^tan*(J  n — iy), 

the  equation  of  the  path  upon  the  lower  portion  of  the  devel- 
oped cone  is 

s\n^aBy/(gco,a).  1        ^  2  B^    g>  F       (r,-By     1 

J ^  .^^[-1],  /4n^«(l  +  co3«itan«(p) 

''    [n(n  +  ^Tcos2*  — 4rfJ?2]  V  (ri+J?»)2co32»— 4ri^' 

and   the   position  of  the   body  at  any  instant  is  defined   by  the 
equation 

+  (^  +  ^  sin  9)  y/  ( 1  +  cos?  i  tan^  y  ) . 
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The  equation  of  the  path  of  the  body  upon  the  upper  portion 
of  the  cone  is  determined  by  the  combination  of  the  equations 
(414i8_m)  with 

siny8mi=-_^_^^„ 

^ .    \_lj     /  (1+  cos^  %  tan»  y)  l(r,-^By  cos- 1— 4  r,  ^] 

and   the   position   of  the  body  at  any  instant  is  defined  by  the 
equation 

(t  —  r)  cos  I  y/ (2^  cos  a)  =  —  {^-^Bfco^t^iCp 
+  258,0)  —  2  jB  sin  e  cos  o)  4  /   — 8|p^8in<)p 

*  '  '  V   1  +  sin  t  sin  g) 

The  path  of  the  body  upon  the  upper  portion  of  the  cone 
may  be  expressed  in  a  somewhat  more  simple  form  by  the  equations 

sm^t  =  -^ — =, 

r  =  r2  siv?  9  +  Ts  cos^  9, 

and  the  corresponding  formula  for  the  position  of  the  body  at  any 
instant  is 

v/(2ycos«)(<-T)  =  ^5j-2v/(r,-r3)8,9. 

In  the  special  case,  in  which  the  roots  r2  and  r^  are  equal, 
the  path  upon  the  upper  portion  is  a  horizontal  circle,  and  the 
equatipn'  of  the  path  upon  the  lower  portion  is 

i(6-^o)  =  tant-Y(-i-^)-V3tant-y(-l-^^), 
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while  the  position  of  the  point  at  any  instant  is  defined  by  the 
equation 

V(2yco8d)(^-r)  =  2v'(r+iro)  +  H(-'-o)tant-y(-i-^). 

724.  In  the  case  of  a  heavy  body  upon  the  mrface  of  a  vertical 
paraboloid  of  revolutionj  of  which  the  axis  is  directed  doumwards,  the 
path  has  an  upper  limit,  from  which  U  proceeds  doumwdrds  to  infinity. 
If  (33625)  is  the  equation  of  the  paraboloid^  and  if  z^  and  — q  are 
the  roots  of  the  equation 

the  path  of  the  body  when 

is  defined  by  the  equations 

z — «! :=(«!-)-]'')  tan'y, 
q  —p  =  (g-\-  zi)  sin* «, 

—  2pz,  VTT     'W^/* 


u 

X 


and  the  position  of  the  body  at  any  instant  is  given  by  the  equation 

icos/(< — x)J—^=iC0^i^i(f — %^(f  -\-  >J  {co^iiQLV?(f  -\-siv?iBvo?if) . 

But  when 

P>Qy 

the  path  is  defined  by  the  equations 

Z ^l=^{^l-\-p)(^Oi^(fy 

p  —  q  =  {zi-\-p)^\v?i, 
-  ^  qp( P_  Ji 


u 

z 
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and  the  position  of  the  body  at  any  instant  is  given  by  the  equation 
{t  —  T")  v^ liff  (^1  '\-p)']  ='^i(p  —  S* 9  —  v^ (cot^y  —  sin^i cos^ y). 
In  the  especial  case  of 

the  path  of  the  body  is  the  parabola,  which  is  formed  by  the  inter- 
section of  the  paraboloid  with  the  vertical  plane,  of  which  the 
equation  is 

t/cos;=v^(4/+tt2), 

and  the  position  of  the  body  at  any  instant  is  defined  by  the 
equation 


(t-r)>/(pff)_ 


725.  In  the  case  of  a  heavy  body  upon  the  mrface  of  a  vertical 
parahohid^  of  which  tlie  axis  is  directed  upward,  the  path  has  an  upper 
and  a  lower  Umit.  \i  p  is  negative,  (33625)  is  the  equation  of  this 
paraboloid,  and  if  — z^  and  — Z2  are  the  roots  of  the  equation 
(416n),  they  correspond  to  the  limits  of  the  path.  The  path  of 
the  body  is  defined  by  the  formulae 

z  =  —  Zico^ip  — Zzsin^ipy 
(z2  — p)  sin^ i  =  Z2  —  Ziy 

and  the  time  is  given  by  the  equation 

53 
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THE    SPHERICAL    PENDULUM. 


726.  When  the  surface  upon  which  the  body  moves  is  that 
of  a  sphere,  the  problem  becomes  that  of  the  spherical  pendulum.  In 
this  case,  the  path  has  an  upper  and  a  lower  limit  If  the  centre 
of  the  sphere  is  the  origin,  if  R  is  the  radius  of  the  sphere,  the 
limits  of  the  path  correspond  to  the  roots  of  the  equation 

If  the  roots  of  this  equation  are  z^  ^rg,  and  — -/?,  and  if  the  nota- 
tion is  adopted 

z-^Zx  cos^ 9  4" ^a  sin^ y , 
(/> 4" ^i)  sin* i-=^Z\  —  Zi'f 

the  path  is  defined  by  the  formula 


z 


V[2y(i^+..)]  =  ^'3:.(J^S9)  +  4^9',(|=|,^), 


and  the  time  by  the  formula 

727.  From  the  equation  (418io),  it  is  easily  inferred  that 

«i2aH-^=i»(«i4-«'2)> 

that  the  sum  of  z^  and  z^  is  always  positive,  and  that  p  exceeds  R. 

728.  It  is  apparent  from  the  inspection  of  (4I821)  that,  if  the 
mutual  ratios  of  /?i  and  the  roots  of  (418io)  ^re  unchanged,   the 
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time  of  oscillation  of  the  pendulum  is  proportio7ial  to  the  square  root  of 
its  lenffth. 

729.  If  the  length  of  the  pendulum  and  the  sum  of  Zi  and  p 
are  given,  it  is  evident  from  (4I821)  that  the  time  of  oscillation 
increases  with  the  increase  of  1,  and  is  a  minimum  when  i  van- 
ishes, that  is,  when 

in  which  case  the  path  of  the   pendulum   is  a  horizontal  circle. 
The  time  of  oscillation  in  this  case  is 


V[2^0>  +  ^)]' 


The  mutual  relation  o£  p  and  ^j,  which  is  here  given  by  the  equa- 
tion (41826)9  is 

2p  =  z,^y, 

whence 

This  value  is  a  minimum,  when 
in  which  case 

which  is,  therefore,  the  greatest  time  of  vibration  when  the  path  of 
the  pendulum  is  a  horizonlcd  circle. 

It  is  easy  to  see  that  i  cannot  'vanish  for  all  values  of  the 
sum  oi  p  and  ;?i,  but  that  its  least  value  is  determined  by  the 
equation 

sm^  2  e  =  4  —  - — | — r^, 
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whenever 

It  is  also  evident  that  the  least  value  of  the  sum  of  p  and  z^ 
which  corresponds  to  any  assumed  value  of  ^  is  given  by  (4]9ao)? 
so  that  fw  any  value  of  i,  ihe  greatest  time  of  vibration  is 


^=v/fv/C-^l^)^.(»''). 


which  increases  tvith  i,  and  is  infinite  when  i  becomes  a  right  angle. 

When  i  is  an  octant,  the  value  oi  jp-^-z^  in  (41 9^0)  is  a  maxi- 
mum, and  the  corresponding  values  of  jt?  -f-  ^1  ^^^  ^  ^^ 

jp  +  2ri  =  2  i? 

730.     In  the  discussion  of  the  form  of  the  path  of  the  pendu- 
lum, it  is  convenient  to  adopt  the  notation 

In  the  case  of  (4I97),  the  equations  of  §  726  and  727  give 


When  01  vanishes 

and  T  is  the  time  of  a  complete  revolution.     When 


—  421  — 

and  T  is   the   time   of  a   semi-revolution.     The  time  of  a  complete 
revolution^  when  the  pendulum  moves  in  a  horizontal  circle  is 


T^=2n^'p 


SO  thai  it  is  proportional  to  the  square  root  of  the  distance  of  the  plane 
of  revolution  from  the  centre  of  the  sphere. 

731.     When  the  path   of  the  pendulum  deviates   sUghtly  from   a 
horizontal  circle^  so  that  t  is  very  small,  the  notation 


01  -|-  0a  =  2  2?8  =  2  ^  cos  (Jgj 


gives 


A*  _JR^  —  4 

— ^^— 22cos2  9, 

732.     When  the  path  of  the  pendulum  deviates  slightly  from 

a  great  circle,  so  that  the  sum  of  Zi  and  z^  is  small,  p  is  large  and  i 

is  small,  the  formulaB  become,  by  neglecting  the  fourth  and  higher 
powers  of  i 


j„  =  !LZP(l_i,-2), 


p+^l=—i 


.•2      y 


z=  i  (ar,  — ^a)  cos 2  9  4-  -^=^5f^  '*» 
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so   that  the  vibration  corresponds  to  a  complete  revolution  of  the  pen- 
duliim. 

733.  When  the  pendulum  passes  very  near  the  lower  point 
of  the  sphere,  so  that  Si  differs  but  little  from  E,  the  neglect  of 
this  difference  and  its  higher  powers  gives 

^2  =  ^  cos  2  iy 

p=  E-^-  tB,n^i{E  —  0i), 

^^=^E^{E-,,)sinU, 

^  =  E  —  2  E  sin*  i  sin*  y  —  {E  —  Zi)  cos*  (p , 

£/;=  ;r  H- [cosece  gf,(i  7.)-!^"  g,(i  7.)]^(2 -^)  ; 

so  that  the   vibration  corresponds  to  a  little  more  than  a  semirrevolulion 
of  the  pendulum. 

734.  In  the  general  case  the  vibration  of  the  petidulum  corresponds 
to  an  arc  of  revolution  wJdch  exceeds  a  semi-revolutianj  but  is  less  than 
an  entire  revolution.  When  the  velocity  at  the  highest  point  is  quite 
small,  the  case  of  §  733  occurs,  but  the  arc  of  revolution,  which  cor- 
responds to  a  vibration,  increases  with  the  increase  of  velocity  at 
the  highest  point.  When  the  highest  point  is  below  the  level  of 
the  centre  of  the  sphere,  the  case  of  §  731  gives  the  highest  limit 
of  the  velocity  at  this  point ;  but  when  the  highest  point  is  upon 
or  above  the  level  of  the  centre,  the  greatest  velocity  extends  to 
infinity,  which  limit  corresponds  to  the  case  of  §  732. 

735.  The  azimuth  of  the  pendulum  at  any  instant,  is  derived 
from  the  equation  of  §  726  in  a  form  suitable  for  computation  by 
means  of  the  following  formulae  ; 


z-=  E  cos  6 , 

n  R  (cos  diCOSO^A-l) 

^  C08  di  -f-  COS  02 
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^  =  7?"  tan^  «  (cos  6,  +  cos  6,)  =  ^f -^-"'^^^ , 

2ff  \  1    I  z;  cos  ^i  +  cos  ^.j  ' 

n  .        1  +  cos  a  cos  do 
1  +  cos  a  cos  Oi 

sin  i  <?i 
'         sini<72 

.    .  cos  4  ^.» 

cose  Sin ?ji= — {--, 

,  1  +  cos  Oi  cos  da 

tan  ju  ^     \   ^       -^— ' , 

•^  sin  (?,  cos  6^     ^ 

,  A   ,  cos  Oi  +  cos  ^., 

taniii  =  cos«  cosfl2tanii=  — -.■  r-     \ 

•^  *  ^  r  sin  ^,  ' 

COS  jLt  =  cos  ^2  COS  jlij , 

coe=i7r  —  f, 

,        ^    ^  (cot*  gj  —  sin*  t  cos*  qp) 

tan  Aj  — ,■ i — ^^ y 

cos  t  COS  fij  sin  ^2 
^    sin  f*  tan  62  tan  ^  O.2  tan  A 

tan  A2  —  - — ^ J 

tan  (?i  COS  fii 
.       ^  tan  A 

tan  Ao  ^ 


i#v.8 


tan*  iy  (1  4"  ^^''^  *  ^*"*  9^) ' 


«    tan*  t  COS*  g)  cos  <?,  tan  fi  tan  ^  (?,  tan  A 

*        cos  ft  cos  iy  cos  j/i  -|-  (1  —  cos  f*  cos  17  cos  j/i)  sin*  i  sin*  go ' 

|.^  cos  i  sin  /i  tan  di  F.^p  /       cos*  i  cos*  ft  tan*  ^j      \        q?      1 

^0— ""tan^2      L^'V         u^^e,      ,y;  — ^*yj 

-|-  COS i COS  ju  tan  ^2  3^t  9  4"  ^1  —  ^  4"  ^s  —  ^4/ 
and  the  arc  of  revolution  for  the  complete  vibration  is 

-f-  cos  /  COS fi  tan  ^2  9*,  ( i  ^) . 

These  formnlaB  do  not  appear  to  differ  from  those  of  Guder- 
MANN,  although  the  reduction  is  more  extended.  They  give  with 
equal  facility  the  area  of  spherical  surface  which  is  described  by  the 
arc  of  a  great  circle,  which  joins  the  extremity  of  the  pendulum  to 
the  lower  point  of  the  sphere. 
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MOTION    OP   A    FREE   POINT. 


736.  When  a  material  point  is  unconstrained  by  any  condi- 
tion, and  is  free  to  obey  the  action  of  any  force  whatever,  its 
motion  in  any  direction  is  simply  defined  by  the  equation 

737.  If  the  coordinates  are  assumed  to  be  of  the  partial  polar 
form  in  which 

z  =  the  distance  from  the  plane  of  ary , 

Q  =  the  distance  from  the  axis  of  ^r, 

(p  ^  the  inclination  of  p  to  the  axis  of  x , 

the  value  of  T  (16228)  is,  for  the  unit  of  mass, 
The  corresponding  values  of  a>  (I654)  are 

CUi  =  ^/, 

so  that  0)2  ^  i^  double  of  the  projection  of  the  imtanlaneou8  area,  which 
is  described  by  tlie  radius  vector  of  the  point,  upon  the  plane  of  xy. 
The  equation  (I662)  gives,  then, 

Df  CO2  z=L  D^il. 

It  is  apparent  from  (39io)  that  the  second  member  of  the  last  equation 


^    . 
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is  the  momenty  toUh  reference  to  the  axis  of  Zy  of  aU  the  forces  which 
act  upon  the  point. 

m 

738.  If  the  forces  are  proportional  to  the  distances  from  the  centres 
from  which  they  emanatcy  the  botfy  moves  as  if  it  were  under  the  influence 
of  a  single  forcCy  acting  hy  the  same  Itm  vrith  an  intensity  equal  to  the  sum 
of  the  intensHies  of  the  given  forceSy  and  emanating  from  a  centre  which  is  the 
cejitre  of  gr(wity  of  the  given  centres  regarded  as  masses  proportional  to  the 
intensities  of  their  action.  For^  if  the  notation  employed  in  §  128  is 
adopted,  and  if  m  denotes  the  sum  of  the  intensities  of  action,  the 
value  of  the  potential  is 


£2 


in  which  ^  is  a  constant  and  can  be  absorbed  into  the  constant  ff 
with  which  S2  is  connected  in  the  equations  of  motion. 

It  follows  from  §  685,  that  the  path  of  the  body  isy  in  this  casCy 
a  conic  sectuniy  of  which  the  centre  of  gravity  is  the  centre. 

739.  If  all  the  forces  are  directed  towards  a  fixed  UnCy  the  area 
described  by  the  projection  of  the  radius  vector  upon  a  plane  perpendic- 
ular to  the  fixed  line  is  proportional  to  the  time  of  description.  For  the 
instantaneous  area  is  in  this  case  constant  by  the  equation  (4242g),  in 
which  the  fixed  line  may  be  assumed  for  the  axis  of  0,  so  that  the 
second  member  shall  vanish. 

740.  In  the  example  of  the  preceding  section,  a  peculiar  sys- 
tem of  coordinates  may  be  advantageously  adopted.  This  system 
consists  of  the  sum  of  the  distances  from  two  fixed  points  of  the 
given  line,  the  difference  of  these  distances,  and  the  angle  which 
is  made  by  a  plane  passing  through  a  fixed  line,  with  a  fixed  plane 
which  includes  this  line.     If,  then, 

2p  =  th4mim  of  the  distances  of  the  body  from  the  two  fixed 

points, 

54 
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2  q  =  the  difference  of  these  distances^ 
q>  =  the  angle  which  the  plane  including  the  body  and  the 
fixed  line  makes  with  the  fixed  plane, 
2  a  =  the  distance  of  the  fixed  points  from  each  other, 
2  y  =  the  angle  which  the  two  lines^  which  are  drawn  firom 
the  body  to  the  fixed  points,  make  with  each  other, 
k  =  the  perpendicular  drawn  from  the  body  to  the  fixed  lines, 

the  values  oilc,\^,  and  T  are 

tan  11/  =— , 

The    corresponding    differential    equations  derived  from    Le- 
grange's  canonical  forms  (164i2)  are 

2>,  i2  =  (l  +1)/  _;,  ^-^-^+  ^^^^^^/^^< 

The  integral  of  (4262a)  is 

in  which  B  is  arbitrary,  and  this  equation  expresses  the  proposition 
of  §739,  and  gives 

,_B_Ba^ 
"P  —k^—J^ql' 


—  427  — 

A  second  integral  of  these  equations,  corresponding  to  the 
principle  of  living  forces,  is 

The  sum  of  the  equations  obtained  by  multiplying  (42622)  by 
f^p',  (426«)  by  (-3?^)  and  (4278)  by  2  {pp'  +  y/)  is 

-{^p'D,n^fq'D,n). 

This  equation  is  integrable,  whenever  £2  satisfies  the  condition 

2qD,n-^pD,a={f-^)iy'^^,n, 

which,  by  the  substitution  of 

1  1 


may  be  transformed  into 
If,  then, 

ni—z^Dji—fD,a—{x—y)n 

the  equation  (427i7)  or  (427u)  becomes 

0  =  «» 2). /2, + r^  2?,  i2,  —  (a:  4-y )  i2i 

If,  then,  P  and  Q  are  arbitrary  functions  of  p  and  q  respective- 
ly, the  general  value  of  Si  is 
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and,  if 

(^,=  2ff{^—a*)-\-2{Q—C){a'  —  ^)  —  a'B', 
in  which  C^  is  an  arbitrary  constant,  the  integral  of  (4278)  is 

while  (4273)  may  be  written  in  the  form 

(/  -  ff  i^iZ+fi  /) = 3!  J°? +/>?  <K. 

It  is  easy  to  deduce  from  these  equations 

(/_3»)/  =  P, 

Jp  P\        J  q  Qi 


f=^^lm+^^&- 


This  solution  is  published  by  me  in  GtOULd's  Astrorumncal  Jaumai. 

741.  It  is  evident  from  the  linear  form  of  the  equations 
with  reference  to  S2 ,  that  all  special  values  of  Si  may  be  combined 
into  a  more  general  value  by  addition  or  subtraction. 

742.  The  integrals  in  the  values  (428i5_2o)  assume  the  elliptic 
form,  when  JP  and  Q  have  the  forms 

and  it  is  apparent  that,  in  the  expressions  of  the  integrals,  the  con- 
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stante,  Af),  A2,  Bq  and  ^2  can  be  combined  with  ff,  C,  and  B.  The 
elliptic  integrals  become  circular,  when 

ff=  —  A^=Bi, 
Ai  =  B,  =  0, 

as  well  as  in  other  cases  which  do  not  seem  to  be  of  especial 
interest 

743.  When  P  and  Q  have  the  forms 

the  value  of  the  potential  is 

n -^1+-^    I    -^1  — -^1 

so  that,  in  this  case,  the  forces  are  equivalent  to  two  emanaiing  from  the 
fixed  points  tvUh  the  same  law  of  force  as  thai  of  gravitation^  which  case 
has  been  integrated  by  Euler,  Lagrange,  and  Jacobi,  and  the  forms 
of  Lagrange's  integrals  are  identical  with  those  of  (428i5_2o). 

744.  When  P  and  Q  have  the  forms 

P  =  Ap\     Q  =  —Aq\ 
the  value  of  the  potential  is 

SO  that,  in  this  case,  the  force  is  equivalent  to  a  single  force  emanating 
from  a  point  which  is  midway  between  the  two  fixed  points,  and  the  hw 
of  force  is  proportionai  to  the  distance  from  the  centre  of  force,  and  this 
case  is  integrated  by  Euler  and  Lagrange. 

745.  When  P  and  Q  have  the  form 

o  — ^—     ^         o—^—     A 
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the  value  of  the  potential  is 


i2  =  ^=^ 


so  that,  in  this  ca43e,  the  force  is  eqvivdlent  to  a  force  which  emanates 
from  an  infinite  axis  of  uniform  extent^  and  is  inversely  proportional  to 
the  cube  of  the  distance  from  the  axis. 

746.  When  the  curve  is  given  upon  which  a  material  point 
moves  freely,  the  law  of  the  fixed  force  is  restricted  within  certain 
limits  which  it  may  be  interesting  to  investigate.  The  geometrical 
conditions  of  the  force  are  simply  that  it  must  be  directed  in  the 
osculating  plane  of  the  curve,  and  the  normal  force  must  be  equal 
to  the  centrifugal  force  of  the  body. 

By  the  adoption  of  the  notation 

the  equality  of  the  force  in  the  direction  of  the  normal  iV^,  or  of 
the  radius  of  curvature  q  to  the  centrifugal  force  is  expressed  by 
the  equation 

7)    n  ^ 

747.  Since  the  preceding  equation  is  linear,  all  the  special  values 
of  ill  by  which  it  is  satisfied^  may  be  combined  into  a  new  value  by  ad- 
dition or  subtraction.  Previously  to  this  addition^  each  value  of  il^  may 
be  muUipUed  by  a  factor,  which  may  represent  the  mass  of  the  body, 
and  if  the  factor  is  denoted  by  w,  the  value  of  m  SI^  will  correspond 
to  the  whole  force  acting  upon  the  mass,  and  it  is,  then,  evident 
that,  if  M  denotes  the  mass  upon  which  the  combined  forces  act, 
and  V  its  velocity,  the  combined  power  is 

MV^=2:{mtf'), 
which  expresses  a  condition  identical  fmth  the  theorem  of  Bonnet. 
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748.  If  a  special  value  of  12^  is  represented  by  JQ^,  and  if  iig 
satisfies  the  equation 

so  that  it  is  the  potential  of  a  force,  to  the  level  surfaces  of  which 
the  given  curve  is  a  perpendicular  trajectory,  the  complete  value  of 

S2i  is 

i2,  =  I2o/(i2,), 

in  which  f  is  an  arbitrary  function.  It  is  apparent,  then,  that  jQj  has 
an  endless  variety  of  possible  forms  in  every  special  case.  But 
each  form  corresponds  to  an  arbitrary  value  of  one  of  the  constants 
of  the  given  curve,  or  of  some  combination  of  those  constants. 

749.  If  the  given  curve  is  the  parabola,  of  which  the  equa- 
tion is 

the  values,  which  correspond  to  the  arbitrary  value  of  Xq,  are 

while  those,  which  correspond  to  the  arbitrary  value  of  ^o?  arc 

and  it  is  interesting  to  observe  that  when,  in  this  case,  the  arbitrary 
function  of  SI^  is  assumed  to  be  constant,  the  value  of  the  force  is 
independent  of  Xq  and  p  as  well  as  of  ^o- 

The  values,  which  correspond  to  the  arbitrary  value  of  p^  are 
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750.    If  the  given  curve  is  the  conic  section,  of  which   the 
equation  is 

«cos  (9  —  90)  =  7  —  1, 
the  values,  which  correspond  to  arbitrary  values  of  90  are 

•^^^2  — 9-hp  — ^tan     -g ^-^——^sm     ^-p^ , 


i2«=l  — e^ 


2V(i-^) 

2P 


r   * 


in  which 

I?  =  ^r^  —  (Pr  —  r'f. 

When  the  arbitrary  function  of  Sl^  is  assumed  to  be  constant, 
the  force  is  independent  of  e  and  P  as  well  as  of  90  ?  ^^^  its  law  is 
identical  with  that  of  gravitation. 

751.  If  the  given  curve  is  the  cycloid  determined  by  the 
equations 

y— ^0  =  ^(1  — cos6), 
X  —  Xq=  R{6  —  sind); 

the  values  which  correspond  to  arbitrary  values  of  Zq  are 

i22  =  :r  +  i?(d4-sind), 
1 


Sio  = 


y—vo 


in  which  &  is  to  be  regarded  as  the  function  of  y,  which  is  deter- 
mined by  (432i8). 

752.  If  the  given  curve  is  a  circle  of  which  the  centre  is  the  ori- 
gin  white  the  radius  is  arhiirarg^  the  potential  of  the  force  is  an  arbitrary 
homogeneous  function  of  the  reciprocals  of  x  and  y,  whkh  is  of  the 
second  degree. 
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This  peculiar  result  is  the  more  worthy  of  attention  because 
it  can  be  extended  to  the  sphere,  so  that  the  potential  of  a  force  by 
which  a  body  may  move  upon  a  sphere  of  a  given  centre  but  of  an  ar* 
bitrary^radius^  is  likewise  an  arbitrary  homogeneous  function  of  the  second 
degree  of  the  reciprocals  of  the  rectangular  coordinates^  of  which  the  centre 
of  the  sphere  is  the  origin. 

These  problems  are  fruitful  of  new  subjects  of  interesting  geo- 
metric speculation. 


CHAPTER    XII. 


MOTION    OF    ROTATION. 


753.  If  the  coordinates  of  the  points  of  a  system  are  the 
partial  polar  coordinates  of  §  737,  and  if  90  is  supposed  to  refer  to 
some  point  of  the  system,  that  is,  to  an  axis  connected  with  the 
system,  from  which  the  corresponding  angles  &  are  measured,  so 
that  the  value  of  9  is 

9  =  90  +  ^, 
that  of  T  becomes 

r=i-r,[m,(^'  +  9f  +  9?9:")]. 

Hence  the  equation  (164i2)  gives 

the  second  member  of  which  is  the  derivative  of  double  the  sum  of 
the  products  obtained  by  multiplying  each  element  of  mass  by  the 
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area  described  by  the  projection  of  the  radius  vector  upon  the 
plane  perpendicular  to  the  axis  of  rotation.  If  this  area  is  desig- 
nated as  the  rotaHon-area  for  the  cms^  it  follows  from  (3928)  that  the 
derivative  of  the  rotation-area  for  the  aods  is  equal  to  the  sum  of  the 
moments  of  the  forces  with  reference  to  that  axis.  It  is  obvious  that 
the  mutual  actions  of  the  system  may  be  neglected  in  obtaining 
the  sum  of  the  momenta 

J^,  then,  aU  the  external  forces  which  act  upon  a  system  are  directed 
totoards  an  axis,  the  rotation-area  for  that  axis  vnU  be  described  tvith  a  uni- 
form motion,  which  is  the  principle  of  the  Conservation  of  Areas. 

754.  The  rotation-area  for  an  axis  may  be  exhibited  geomet- 
rically by  a  portion  of  the  axis  which  is  taken  proportional  to  the 
area,  and  it  is  evident  from  the  theory  of  projections  that  rotation- 
areas  for  diflferent  axes  may  be  combined  by  the  same  laws  with 
which  forces  applied  to  a  point,  and  rotations  are  combined,  so  that 
there  is  a  corresponding  paraUehpiped  of  rotation-area^.  There  is,  then, 
for  every  system  an  axis  of  resultant  rotation-area,  tvith  reference  to  which 
the  rotation  is  a  maximum,  and  the  rotation-area  for  any  other  axis  is  the 
corresponding  projection  of  the  resultant  rotaHon-area.  The  rotation-area 
vanishes,  therefore,  for  an  axis  which  is  perpendicular  to  the  axis  of 
resultant  rotalionrarea. 


ROTATION     OF    A     SOLID     BODY. 


755.  In  the  rotation  of  a  solid  body,  the  axis  of  rotation  does 
not  usually  coincide  with  that  of  resultant  or  maximum  rotation- 
area  ;  and  the  relations  of  these  two  axes  is  of  fundamental  impor- 
tance in  the  investigation  of  the  rotation.  The  determination  of 
these  relations  depends  directly  upon  the  moment  of  inertia.  The 
moment  of  inertia  of  a  body  or  system  of  bodies  upon  an  axis  is  the  sum 


—  435  — 

of  the  products  obtained  hy  muUipJying  each  element  of  mass  hy  the  square 
of  its  distance  from  the  axis. 

The  distorting  moment  tvith  reference  to  two  rectangular  axes  is  the 
sum  of  the  products  obtained  by  muUiplying  each  element  of  mass  by  the 
products  of  its  distances  from  the  two  corresponding  coordinate  planes. 

Let  then 

m  =  the  mass  of  the  body, 

^)^=the  distance  of  the  element  dm  from  the  axis  of  j9,  which 
passes  through  the  origin, 

-  ^^=  the  reciprocal  of  the  moment  of  inertia  for  the  axis  of  j9, 

mJpZ=  the  distorting  motion  of  inertia  for  the  two  axes  which  form 
a  rectangular  system  with  the  axis  of  ;?, 

which  gives 


m r 


« 


If,  then,  if^  is  the  angle  which  the  axis  of  p  makes  with  the  direc- 
tion of  q^  the  moment  divided  by  the  mass,  becomes 

_  ^^^£2^_2 eT; cos^y  cosy,). 

If  -^  is  set  off  upon  the  axis  from  the  origin,  its  extremity 
lies  upon  a  finite  surface  of  the  second  degree,  which  is,  therefore, 
an  ellipsoid,  and  may  be  called  the  inverse  ellipsoid  of  inertia.  If  the 
axes  of  this  ellipsoid  are  assumed  for  the  axes  of  coordinates,  the 
values  of  J  must  vanish  for  each  of  these  axes,  that  is,  there  is  no 


—  436  — 

distorting  inertia  for  these  axes  which  may  he  called  the  principal  axes  of 
inertia. 

756.  When  a  body  rotates  about  an  axis,  the  rotation-area 
for  an  axis,  which  is  perpendicular  to  that  of  rotation,  is  obviously 
proportional  to  the  distorting  inertia  for  these  two  axes.  There  is^ 
therefore^  no  rotation-area  for  a  principal  axis  of  inertia  proceeding  from 
rotation  about  either  of  the  other  two  axes  of  inertia. 

757.  If  &'p  is  the  velocity  of  rotation  about  the  axis  of/?,  the 
corresponding  velocity  of  rotation  about  the  principal  axis  of  x  is 

d;=d;cos9),, 

and  the  corresponding  rotation-area  is 


the  cosines  of  the  angles,  which  the  axis  of  resultant  rotation-area 
makes  with  the  principal  axes,  are  then  proportional  to 

cos  qpx        COS  ^y  -t    COS  (p^ 

p     9  p     9    ^^^         p     9 


SO  that  this  axis  coincides  with  the  perpendicular  to  the  tangent 
plane  of  the  ellipsoid  which  is  drawn  at  the  extremity  of  the  axis 
of  rotation.  The  plane  of  maximum  rotation-area  is,  therefore^  conjugate 
to  the  diameter  of  tlie  ellipsoid  which  is  the  axis  of  rotation,  which  theorem 
is  given  by  Poinsot. 

758.  If  the  reciprocal  of  the  perpendicular  let  fall  from 
the  origin  upon  the  tangent  plane  of  the  ellipsoid  is  set  oflF  upon 
the  perpendicular,  its  extremity  lies  upon  a  second  ellipsoid,  which 
may  be  called  the  ellipsoid  of  inertia^  and  of  which  the  principal  axes 
are  the  reciprocals  of  the  principal  axes  of  the  ellipsoid  of  §  755,  and  are 
propoiiional  to  the  square  root  of  the  principal  moments  of  inertia. 

759.  It  is  apparent  that  the  tangent  plane  to  the  ellipsoid  of  inertia 
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tchich  is  drman  at  the  extremUy  of  the  axis  of  maximum  rotation-area  is 
perpendiciUar  to  the  axis  of  rotation. 

It  is  also  evident,  that  the  axis  of  rotation  is  one  of  the  principal 
axes  of  the  section  of  the  inverse  ellipsoid  of  inertia^  which  is  made  hy  a 
plane  passing  through  the  axis  of  inertia  and  perpendicular  to  the  common 
plane  of  the  axis  of  rotation  and  of  maximum  rotation-area^  while  the  latter 
axis  is  one  of  the  principal  axes  of  the  section  of  the  ellipsoid  of  inertia^ 
tvhich  is  made  hy  ^  passing  plane  through  this  axis  perpendicular  to  this 
same  common  plane. 

760.  Although  the  fixed  axes  of  coordinates  may  be  assumed 
at  any  instant  to  coincide  with  the  principal  axes  of  inertia,  the  axes 
of  inertia  are  nevertheless  in  constant  motion  from  the  fixed  axes, 
and  at  the  end  of  the  instant  dt^  after  coincidence,  the  axes  of  rota- 
tion, which  coincided  at  the  beginning  of  the  instant  with  the  fixed 
axes  of  y  and  ^,  will  not  remain  perpendicular  to  the  fixed  axis 
of  2:,  but  will  deviate  from  perpendicularity  by  the  respective  angles 

6f,dtfaidL—6f^dt. 

The  rate  of  increase  of  the  rotation-area  for  the  fixed  axis  of  ar, 
which  arises  from  the  external  forces  is,  therefore, 


-2>^  i2_-^  — fl;fl;(^— ^), 


which  represents  the  wellrknown  equations  given  by  Euleb  for  the  rcftor 
lion  of  a  solid  body. 

If  the  rotation-area  for  the  axis  of  jt?  is  denoted  hy  mApy  the 
preceding  equation  may  assume  the  form 

761.    If  the  equation  (437b)  '^  multiplied  by  2  ^  and  added 
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to  the  corresponding  products  for  the  other  axes^  the  integral  of 
the  sum  is 

which  is  simply  the  equatum  of  living  forces.  If  jt?  is  the  semidiame- 
ter  of  the  inverse  ellipsoid  of  inertia,  about  which  the  solid  is 
revolving  at  the  instant^  the  preceding  equation  may  be  reduced  to 


ROTATION    OF   A    SOLID    BODY   WHICH   IS    SUBJECT   TO   NO    EXTERNAL    ACTION. 

762.  If  a  solid  body  is  subject  to  no  external  force,  the  centre 

of  gravity  may  be  assumed  for  the  origin.     In  this  case  the  first 

member  of  (43722)    or  (43729)  vanishes,   and  the  equation  (4389) 

becomes 

2 

or 

SO  thai  the  vchcHy  of  rotatuni  is  proportional  to  the  diameter  of  the  inverse 
ellipsoid  which  is  the  axis  of  instantaneous  rotaHon,  which  is   given   by 

POINSOT. 

763.  It  follows  from  §§  757  and  762,  that^  if  q  is  the  perpen- 
dicular let  fall  upon  the  tangent  plane  which  is  drawn  to  the 
inverse  ellipsoid  at  the  extremity  of  the  axis  of  rotation,  q  is  the 
axis  of  maximum  rotation-area,  which  is  invariable  when  there  is 
no  external  force,  and  that 

Af  Af  0'         h^ 
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A* 
6'g  =  6pC08(ppZ=hpCOS%=:hq=  -  ; 

so  that  the  velocity  of  rotation  about  the  axis  of  maodmiim  rotation-area, 
as  iveU  as  the  distance  of  the  tangent  plane  which  is  drawn  to  the  inverse 
elUpsoid  of  inertia  at  the  extremity  of  the  axis  of  rotation  are  invariable 
during  the  motion  of  the  soUd,  which  are  propositions  given  by  Poinsot. 
They  might  have  been  deduced  with  facility  from  the  geometrical 
theorem  of  §  759,  without  the  aid  of  the  equation  of  living  forces, 
which  might  on  the  contrary  have  been  derived,  in  the  present  ca^, 
as  an  inference  from  these  theorems,  and  this  was  the  elegant  pro- 
cess of  POINSOT. 

If  the  solid  body  has  no  translation,  the  inverse  ellipsoid  re- 
mains constantly  tangent  to  the  same  plane  which  is  that  of  max- 
imum rotation-area,  and  which  touches  the  ellipsoid  at  the  extremity 
of  the  axis  of  rotation.  It  is  apparent,  then,  that  in  the  motion  of 
the  solid,  the  ellipsoid  rolls  upon  tlie  fixed  plane  of  maximum  rotation-area, 
mthout  any  sUding ;  which  is  Poinsot's  mode  of  conceiving  this 
motion. 

764.  The  instantaneous  axis  moves  within  the  body  in  such  a  tvay 
as  to  destnibe  the  surface  of  the  cone  of  the  second  degree,  of  which  the 
equation  is 


^.Ktt-^)]=«- 


The  base  of  this  cone  is  an  ellipse  perpendicular  to  the  greatest  axis  of 
the  inverse  ellipsoid  when  q  is  larger  than  the  middle  axis,  or  perpenr 
dicular  to  the  least  axis,  when  q  is  less  than  the  middle  axis ;  and  in 
eillier  case  the  centre  of  the  ellipse  is  upon  the  axis  to  which  it  is  per- 
pendicular. 

When  q  is  equal  to  either  the  greatest  or  the  least  axis,  this 
«ixis  becomes  the  permanent  axis  of  rotation ;  but  when  q  is  equal 
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to  the  middle  axis,  the  cone  is  reduced  to  a  plane  which  corresponds 
to  one  of  the  plane  circular  sections  of  the  ellipsoid  of  inertia. 

The  axis  of  maximum  rotation-area  describes  within  the  body 
the  cone  of  the  second  degree  of  which  the  equation  is 

^,[(7/-j«)<|  =  0. 

The  common  plane  of  the  mstanianeow  axis  of  roiaUon  and  of  the 
axis  of  maximum  rotaiumrarea  is  olmmshf  normal  to  the  surface  of  the 
cone  described  in  the  body  by  the  axis  of  maximum  rotatum-areaj  which 
defines  the  relative  position  of  these  two  axes  at  each  instant 

765.  The  position  of  the  axis  of  maximum  rotation-area  is 
fixed  in  space,  and,  therefore,  the  path  of  the  instantaneous  axis 
of  rotation  in  space  is  determined  by  the  preceding  property,  and  a 
distinct  geometrical  idea  of  the  cone  described  by  the  instantaneous 
axis  in  space,  is  obtained  by  conceiving  the  cone  described  in  the 
body  by  the  axis  of  maximum  rotation-area  to  be  compressed  into 
a  line  carrying  with  it  the  cone  described  by  the  instantaneous  axis, 
in  such  a  way  as  not  to  change  the  relative  inclination  of  the  two 
axes  or  the  surface  of  the  cone  of  the  instantaneous  axis. 

The  algebraic  definition  of  the  cone  of  the  instantaneous  axis 
in  space  is  obtained  by  assuming  the  axes  of  the  inverse  ellipsoid 
to  be  arranged  in  the  order  of  magnitude  as  a:,  y,  ^,  in  which 
the  cone  of  the  axis  of  rotation  has  the  axis  oi  x  as  its  central  axis, 
and  adopting  the  notation 

cosJ5;  =  -^% 

and  similar  equations  for  the  other  axes,  in  which  it  is  unimportant 
that  the  angles  E^  may  be  imaginary,  but  it  should  be  observed 


—  441  — 

that  My  is  the  largest  of  the  quantities,  M^,  M^j  and  M^\  the  fol- 
lowing notation  is  also  to  be  adopted. 

sin^  E=-  —  sin^  JE,  sin^  Ey  sin^  E^ , 

^=(i-i)(i-^(i-f) 


=v/[(i-f)(i-f)(i-f)]- 


C081J  =  ^, 

00812=^^, 

sin  fi 
sin  if ' 

sin  (1)  —  ^  ^    '^     ^  ^ 

sin  6  =  sin  i  sin  9 ; 

which  give  for  each  axis,  if  ir,y,  ^  denote  the  extremity  of  the  in- 
stantaneous axis  upon  the  surface  of  the  inverse  ellipsoid, 

7,2  :t'  8m^E=  I^{f  —  M^)  sin^  E,, 

Dx pDp 

1^~  p^  —  MV 

I^D^mi^E^=P'^'P^;^. 

If,  then,  t//  is  the  angle  which  the  plane  of  p  and  q  makes 
with  a  fixed  plane  passing  through  y,  the  cone  of  the  instantaneous 
axis  in  space  is  defined  by  the  equation 

or 

^^W  —  {p^-q^)  y/l(p^-AQ)  {M,'-p')  {p'-M^)^ 

ysec^     *^{q^-\-  M^ — Jijf  singly  sin*  gp)  iW^  sin  ly' ^ 

M^,  sin  r(    '  9'  iVsec  6  * 

56 
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which  gives  by  the  use  of  elliptic  integrals 

q        Q-         1^  q^ N  (5P  /       -^ singly       \ 

766.  The  velocity  with  which  the  instantaneous  axis  moves 
in  the  body  is  readily  obtained  from  the  equations  of  the  preced- 
ing section,  which  give  in  combination  with  (43723) 

=-Sj-2^«(^*^sin»^«)=AV[(/^-^x')(J»C-/)(/-^)]; 

X       If       J> 

whence 

hDA=    '''^ 


and  by  elliptic  integrals 

M^  Bin  rj'  h  (t  —  r)  =  9^,-  9. 
767.     In  the  especial  case  of 

the  axis  of  maximum  rotatvon-area  describes  one  of  the  circular  sections  of 
the  ellipsoid  of  inertia^  and  the  equations  of  §  765  become 

M,  =  M,  =  I„ 

COS1J  =  COS12  =-^, 

A/,(^  — t)  =  i//, 
y/  {M^  — j?)-=My  sin  iy  Tan  \k  (t — '^)  M^  sin  rf] 
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The  greatest  value  o{  p  is,  then,  Myy  which  corresponds  to 

t  —  r  =  o  ; 
and  its  least  value  is  ^,  which  corresponds  to 

i  —  T  =  zb  00. 

If  the  axis  of  rotaiionj  therefore^  coincides  with  the  mean  axis  of  the 
ellipsoid  of  inertia  ai  the  commencement  of  the  motion^  its  position  mU  be 
povnanent  in  the  elUpsoidy  aJthough  it  is  affected  with  an  elemerd  of  instor 
hHity  ;  but,  in  all  other  instances  of  the  present  case,  the  axis  of  rotation 
describes  the  spiral  of  which  (4428o)  is  the  equation,  and  is  constantly  ap- 
proaching the  mean  axis  at  such  a  diminishing  rate  of  velocity  that  it  never 
reaches  this  axis. 

768.  When  the  ellipsoid  of  inertia  is  one  of  revolution,  the 
cones,  described  by  the  instantaneous  axis  in  the  body  and  in  space, 
are  both  of  them  cones  of  revolution,  so  that  the  simplicity  of 
this  case  requires  no  further  illustration ;  but  it  may  be  ob- 
served, that,  when  the  ellipsoid  is  oblate,  the  moving  cone  rolls 
externally  upon  the  stationary,  but  internally  when  the  ellipsoid 
is  prolate. 

769.  This  analysis,  which  is  substantially  the  same  with  one 
of  the  forms  of  Poinsot,  comprehends  the  principal  conclusions  of 
EuLER,  Lagrange,  and  Laplace,  and  may  be  extended  to  the  case  in 
which  the  origin  is  any  fixed  point  of  the  solid. 


THE    GYROSCOPE    AND    THE    TOP. 


770.  When  the  solid  is  subject  to  any  accelerated  force,  and 
its  gyration  is  about  a  fixed  point,  which  may  be  assumed  as  the 
origin,  and  when  the  ellipsoid  of  inertia  with  reference    to    this 
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point  is  an  ellipsoid  of  revolution  about  the  axis  of  z,  the  corre- 
sponding Eulerian  equation  is 

771.  If  the  body  is  also  symmetrical  about  the  axis  of  z,  the 
preceding  equation  becomes 

SO  that  tlw  rotation  ahout  the  axis  of  zis  umform. 

772.  If  the  force  is  that  of  gravitation,  the  problem  becomes 
that  of  the  gyroscope.  If  g  is  the  direction  of  gravitation,  h  that 
of  a  horizontal  axis,  which  is  perpendicular  to  the  axis  of  z^  and 
has  that  direction  about  which  the  rotation  from  ^  to  ^  is  posi- 
tive, if 


5=' 


«> 


y  —  * 


if  /  is  the  distance  of  the  centre  of  gravity  from  the  origin,  l^  the 
projection  of  /  upon  g^  and  if  the  gyration  of  the  body  is  resolved 
into  the  three  rotations,  f^  about  the  axis  of  ^r,  ^  about  the  axis 
of  A,  and  \^'  about  the  axis  of  y,  the  rotation  about  the  prin- 
cipal axes  are 

C  =  ^'  cos  \  +  /, 
^x=  V^'cosl  +5' cos/, 
6y  =z=  1//  cos  \  —  r  sin  / . 

These  equations  give 

^;  cos|  +  6;  cosf  =  1/7'  sin^  l  =  x^'(\  —  ^. 
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The  area  about  the  axis  of  ^  is  evidently  described  unifonnly 
by  the  principles  of  §  753,  so  that  if 

and  if  4  is  a  constant^  we  have 
/2(d;cosi  +  6;cos5)  +  a2/^;cosf=(/2_^)i^'  +  wa24  =  wa2/3. 

The  equation  (4383)  gives,  in  the  present  case, 

^P  _  iif  /+  /2  r;=  K-  (r  -  n)  {I,  -  4) , 

provided  the  constants  h  and  4  are  determined  by  the  equations 

The  elimination  of  xp'  from  the  equations  (4467)  and  (445io) 
gives 

773.  The  limiting  values  of  4  correspond  to  the  vanishing 
values  of  ^,  and,  therefore,  reduce  the  second  member  of  (445i9)  to 
zero.  If  these  values  are  denoted  by  4?  4?  ^^^  — Py  i^  ^  evident, 
from  the  form  of  the  equation,  that  p  is  greater  than  Z,  while  4  and 
4  are  included  between  — /and  -\-L  The  equations  for  the  spher- 
ical pendulum  of  §§  726  and  727  may  be  directly  applied  to  the 
gyroscope  by  changing  z  into  4  and  z^^Si^  and  ^2  into  4>  4 /and  4> 
which  give,  by  {m^^^\ 


i2«  =  /»  +  ^4, 
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With  this  notation  and  the  equations  derived  from  (418ig_i4),  the 
expression  of  the  time  is 

and  the  equation  of  the  path  described  by  the  axis  of  this  body 
in  space  is 

'^v'[2y(/'+4)]=,^'*.(fe^s»)+^;^.Cj^,»).- 

which  admits  of  reduction  by  the  process  of  §  735. 

774.     When    the   velocity   n  vanishes,   the   gyroscope   is    re- 
duced to  a  case  of  the  spherical  pendulum  of  which  the  length,  is 


IP' 


775.  When  the  two  roots  4  and  4  are  equal,  the  path  of  the 
gyroscope  is  a  horizontal  circle.  The  values  of  4?  a^^d  of  the  velocity 
of  rotiition  can  be  determined  for  this  case  by  the  equations 


The  denominator  of  the  value  o{{li  —  4)  <^^^  be  written  in  the  form 

/'  +  4  4  — 3  4^  =  3(4  — 4)  (4  +  4), 

in  which  4  ^^^  4  ^^^  positive  quantities.  If,  then,  4  is  greater 
than  4?  V^'  is  positive;  but  when  4  is  contained  between  4  and  4>  w' 
is  negative  ;  and  4  can  never  be  contained  between  —  4  and  —  /. 
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776.     When  the  values  of  ^  and  4  are  equal,  i//'  vanishes  at 
the  same  time  with  5'?  and  we  shall  also  find 

and  the  equation  for  determining  4  and  p  is 

h\l^  —  l^)  =  n'a^{l,  —  l,). 

This  is,  approximately,  the  ordinary  case  of  the  gyroscope,  and  it  is 
evident  that  in  this  case  the  values  of  4  and  4#cannot  be  equal, 
unless 

SO  that  the  centre  of  the  gyroscope  cannot  under  these  circumstances  de- 
scribe a  Jiorizontal  circle^  which  coincides  with  the  conclusion  of  Major 
T.  G.  Barnard. 

Ify  however  J  in  this  case,  n  is  very  Jarge^  it  is  obvious  that  the  differ- 
ence between  I2  and  \  is  quite  small,  for  this  difference  is 


k  —  k  = 


nU^      ' 


which  is  also  one  of  the  results  obtained  by  Major  Barnard. 

777.  When  4  is  algebraically  greater  than  4,  it  is  also  alge- 
braically included  between  4  and  4>  so  that  Y  ^^  positive  at  the 
upper  limit,  and  negative  at  the  lower  limit  But  when  4  is  alge- 
braically smaller  than  4>  it  is  also  algebraically  smaller  than  either 
4  or  4  9  so  that,  in  this  case,  1//'  is  always  negative. 

778.  When  4  is  equal  to  /,  it  is  also  equal  to  4>  that  is. 

The  velocity  of  rotation  which  corresponds  to  this  case  is  deter- 
mined by  the  equation 

^_  (^+4)  (4^:4)  _  (^/O  0>+4) 
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which  gives 


sint 


2/(Z— /,)' 

779.  When  4  is  equal  to  — /,  it  is  also  equal  to  4»  that  is, 

In  this  case  4  is  algebraically  less  than  —  /,  and  the  velocity 
of  rotation  which  corresponds  to  this  case  is  given  by  the  equation 

h^  ~        l-\-k       ~        p  —  l        ' 
which  gives 

780.  When  p  is  equal  to  — /,  it  is  also  equal  to  4>  that  is, 

In  this  case  4  is  algebraically  greater  than  —  /,  and  the  veloc- 
ity of  rotation  which  corresponds  to  this  case  is  given  by  the 
equation 

t^ _  (/-/.)  {h-h) _  {l-k)  ik-h) 

which  gives 

,_2l{l+h)       J 

'2  — ~7+A 
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781.  If,  in  the  preceding  case,  4  is  equal  to  the  negative  of 
I,  it  will  also  be  equal  to  4;  that  is, 

and,  in  this  case,  the  elliptic  integrals  disappear  from  the  equations, 
so  that  they  become 

—  —  Z— / 
4  =  4_(4  +  Z)Taji«[A(^-T)v'(/-f4)], 

and  although  the  axis  is  constant^  approaching  the  upper  vertical^  after 
passing  the  lower  Vmt^  it  never  reaches  the  upper  Kndt ;  and  if  it  begins 
at  the  upper  Undt  it  never  recedes  from  it. 

782.  In  the  simplest  fonn  of  the  problem  of  the  spinning  of  the 
topy  the  exlremty  of  the  body  is  a  point  in  the  axis  of  revolution^  which 
is  restricted  to  movcy  toUhovt  friction^  in  a  horizontal,  plane.  In  this  case, 
the  equation  (4449)  is-  still  applicable,  as  well  as  (4467),  provided 
that  the  moments  of  inertia  are  referred  to  the  centre  of  gravity 
of  the  top,  and  that  I  denotes  the  distance  from  the  centre  of  grav- 
ity to  the  point  in  the  horizontal  plane. 

The  equation  (4883)  gives,  in  this  case,  with  the  notation  of 

1772, 

(r»_4»)/+r»(i+j'i?— /j»i?)r=A»(/»— 4«)(4— 4); 

and  if  t//'  is  eliminated  by  means  of  (4467), 

The  comparison  of  this  equation  with  (445i9),  shows  that  the 
limits  of  motion  are  the  same  as  in  the  case  of  the  gyroscope,  and 

67 
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under  the  condition  of  the  equality  of  li  and  4>  the  extremity  of 
the  axis  of  the  body  describes  a  horizontal  circle.  The  expressions 
of  the  time  and  of  the  azimuth  of  the  axis  are  not,  however,  capable 
of  expression  by  means  of  elliptic  integrals,  except  in  special  cases, 
of  which  that  of  §  781  is  one,  and  another  corresponds  to  the  case 
of 

783.  When  the  horizontal  plane,  to  which  the  extremity  of 
the  top  is  restricted,  is  not  smooth,  the  problem  is  usually  more 
complicated,  although  when  the  friction  brings  the  lower  extremity 
to  the  case  of  rest,  it  reassumes  the  form  of  the  gyroscope,  and  this 
is  the  modification  of  the  problem  which  has  been  investigated  by 
PoissoN.  In  this  case  of  the  gyroscope^  however^  the  friction  becomes  an 
interesting  feature  of  tM  problem^  and  has  a  peculiar  effect  upon  the 
Kynits  to  which  the  motion  is  subjected.  Instead  of  the  equation  (4449), 
the  rotation  about  the  axis  of  the  body  decreases  uniformly,  which  is  ex- 
pressed by  the  equation 

^«  =  w  —  n^t. 

The  area  described  about  the  vertical  axis  is  aiso  described  in  this 
case  J  at  a  uniformly  decreasing  rate,  which  gives  instead  of  (4467), 

{l""  —  1^)W' -\-  {n  —  n' t)  a^l^=na\k  —  t,t). 

The  power  of  the  system  is  reduced  by  the  friction  about  the 
body-axis,  which  is  proportional  to  the  angle  x  9  and  by  the  friction 
about  the  vertical  axis,  which  is  proportional  to  1/^.  If,  then,  the 
mean  values  of  i//  and  5  for  a  small  interval  of  time  are  denoted  by 
y/^  and  5m >  the  equation  of  the  preservation  of  power  may  be  re- 
duced to 
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in  which 

The  combination  of  this  equation  with  (45028)  gives 

It  is  obvious  from  this  equation,  that  if  the  friction  about  the 
body-axis  vanishes,  the  height,  to  which  the  gyroscope  ascends, 
diminishes  at  each  oscillation.  If,  however,  the  friction  about  the 
vertical  axis  is  destroyed,  the  height,  to  which  the  gyroscope 
ascends  at  each  oscillation,  increases  when  the  body-axis  is  directed 
upwards  in  its  mean  position ;  but  this  height  diminishes  when  it 
corresponds  to  a  position  in  which  the  centre  of  gravity  is  below 
the  fixed  extremity  of  the  axis.  In  all  intermediate  positions,  and 
when  both  the  frictions  remain,  the  increase  or  decrease  of  ascent 
depends  upon  the  peculiar  relations  of  the  various  constants. 

In  the  spinning  of  the  top,  the  rounded  point  rolls  upon  the 
supporting  plane,  which  induces  an  acceleration  about  the  vertical 
axis  which  is  the  reverse  of  friction,  and  this  is  the  principal  cause 
of  the  ready  rising  of  a  top  into  the  vertical  position  of  apparent 
repose,  known  as  the  sleeping  of  the  top. 


THE   DEVIL    ON    TWO     STICKS    AND    THE    CHILD's   HOOP. 

784.  Contrasted  with  the  motion  of  the  gyroscope  is  that 
of  a  solid  of  revolution  of  which,  instead  of  a  fixed  point  of  the 
axis,  the  circumference  of  a  section  drawn  through  the  centre  of 
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gravity,  perpendicular  to  the  axis  is  restricted  to  move  upon  a 
point.  A  convenient  type  of  this  class  of  motion  may  be  found 
in  the  familiar  toy  called  the  devU  on  two  sticks.  If  the  friction  is 
neglected  in  this  case,  and  the  notation  adopted  from  the  preceding 
problem  of  the  gyroscope,  the  rotation  about  the  body-axis  is  found 
to  be  constant,  and  the  equation  for  the  preservation  of  area  about 
the  vertical  axis  is,  by  a  slight  reduction, 

y'  sin^  S  +  »  cos  I  =  ^, 

in  which  B  is  an  arbitrary  constant  The  principle  of  power  gives, 
by  reduction,  the  equation 

y'  sin^  5  +  S'  =  J5r+  a  sin  I, 

in  which  JT  is  an  arbitrary  constant,  and  a  is  a  constant  which 
depends  upon  the  form  of  the  solid  and  the  radius  of  the  confined 
circumference. 

785.  The  combination  of  (4529)  and  (452i4)  gives 

sm25r'=(5^+asin?)sin25  — (5  — «cos5f, 

jfrom  which  it  is  obvious  that,  in  the  general  case,  sin  5  cannot 
vanish,  that  is,  the  hody-dxis  cannot  become  vertical. 

786.  When  B  vanishes,  and  H  is  greater  than  a,  we  have 
the  ordinary  case  of  the  devil  on  two  sticks,  and,  in  this  case,  there 
are  three  real  values  of  sin  5?  for  which  the  second  member  of 
(4522o)  vanishes.  Two  of  these  values  of  sin  I  are  contained  be- 
tween positive  and  negative  unity,  and  one  of  them  is  positive, 
while  the  other  is  negative ;  they  give  the  limit  of  the  motion  of 
the  axis,  and  correspond  respectively  to  the  cases  in  which  the 
centre  of  gravity  is  below  or  above  the  point  of  dispersion,  which 
latter  is  of  course  the  actual  case  of  the  toy.     In  either  case,  the  end 
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of  the  ho^-axis  describes  a  curve  which  is  similar  in  form  to  the  figure  8, 
aiid  the  dpparetit  tvant  of  rotation  about  the  vertical  axis  arises  from  the 
repeated  change  in  the  direction  of  rotaiioti  which  occurs  ai  each  successive 
return  of  the  body-axis  to  the  horizontal  position. 

787.     When  B  vanishes,  and  H  is  greater  than  a,  but   satis- 
fies the  inequality, 

Z{^na)^  —  n\ 


the  three  values  of  sin|,  for -which  the  second  member  of  (452ao) 
vanishes,  are  all  contained  between  positive  and  negative  unity. 
The  positive  value  is  the  upper  limit  of  the  inferior  position  of  the 
centre  of  gravity,  -as  in  the  preceding  case,  and  as  it  would  be  if 
the  inequality  of  this  section  were  not  satisfied,  so  that  both  the 
negative  values  were  to  become  imaginary  or  equal.  But  the  two 
negative  values  are  the  limits  of  motion,  when  the  centre  of  grav- 
ity is  higher  than  the  point  of  suspension,  and  in  this  case  the  body- 
axis  describes  a  waving  curve^  and  continues  to  rotate  in  one  and  the  same 
direction  about  the  vertical  axis,  unthout  ever  becoming  horizontal,  which 
phenomenon  usmUy  occurs  in  the  devU  on  two  sticks,  at  the  beginning  of 
the  game,  and  before  it  has  attained  a  sufficiently  rapid  rotation  to  assume 
a  horizontal  position. 

When  JET  satisfies  the  equation 

ff=B{inay  —  n', 

the  two  negative  limits   of  sin  5  are   equal,  and   correspond   to  a 
gyration  of  the  body-axis  about  the  vertical  axis  in  a  right  cone. 
The  motion  which  corresponds  to  a  positive  limit  of  sin  S  in  this 
case  can  be  expressed  by  means  of  elliptic  integrals. 
788.     Whenever  ff  satisfies  the  inequality 

ff>B'^a, 
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the  body-axis  may  become  horizontal  with  the  centre  of  gravity 
above  the  point  of  suspension,  and  in  this  position  its  gyration 
is  positive  or  negative  in  conformity  with  the  sign  of  B.  If,  more- 
over, n  is  greater  than  jB,  the  vibration  of  the  body-axis  from  the 
horizontal  position  extends  so  far  as  to  reverse  the  direction  of  the 
gyration  about  the  vertical  axis ;  but  if  n  is  less  than  B^  the  direc- 
tion of  this  gyration  remains  unchanged. 
When  II  satisfies  the  inequality 

the  body-axis  cannot  become  horizontal  with  the  centre  of  gravity 
above  the  point  of  suspension. 

789.  The  case  of 

constitutes  an  exception  to  the  conclusion  of  §  785,  and  it  is 
obvious  that  in  this  case  the  body-axis  may,  and  generally  will, 
become  vertical. 

790.  The  case  of  a  hoop  rolling  upon  a  horizontal  plane ^  is  in- 
cluded in  that  of  any  rolling  solid  of  revolution,  but  which. is  so 
formed  that  a  circumference  of  the  section  of  §  784  is  restricted  to 
roll  upon  a  horizontal  plane.  The  rolling  condition  is  geomet- 
rically satisfied  by  the  restriction  that  the  point  of  contact  with 
the  plane  is  stationary  during  the  instant  of  contact.  If  the  nota- 
tion of  the  preceding  sections  is  retained,  and  if  /  is  the  radius  of  the 
rolling  circumference,  the  velocities  of  the  centre  of  gravity  in  the 
directions  of  the  body-axis  and  of  a  horizontal  perpendicular  to  the 
body-axis  are,  respectively, 

/5'and/C. 
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The  equation  of  the  power  of  the  system  multiplied  by  2  I^^  and 
divided  by  m  becomes,  then, 

t//''sin2 1  +  A  r'+  &'l=  n-\-  a  sin  ?  +  i?  7i\ 
in  which 

n  is  the  initial  velocity  of  rotation  about  the  body  axis,  and  H  is 
arbitrary.- 

The  application  of  Lagrange's  canonical  forms  to  the  preceding 
expression  of  the  power  gives  the  equations 

D,  (i/;'  sin^  5  +  ^  t'.  cos  §)  =  0. 
and  by  integration  and  reduction 

1//'  sin^  l-^-  Byi  cos  5  =  <7, 
A  sin^  I  f=  (^4-  a  sin  §)  sin^  l  —  {C—Bnco^  \f ; 

and  it  is  obvious  that  these  expressions  coincide  in  form  with  these 
which  were  obtained  in  the  investigation  of  the  devil  on  iivo  sticksj 
so  thai  the  varums  inferences  made  in  thai  problem  are  applicable  to  the 
motion  of  the  hoop.  The  analysis  of  the  present  problem  is  identical 
with  that  which  was  adopted  by  Nulty. 

791.  When  the  hoop  is  gyrating  with  its  plane  in  a  position 
which  is  nearly  horizontal,  the  cube  and  higher  powers  of  sin  5  may 
be  neglected,  in  which  case  the  equation  (4552i)  gives  the  integral 
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in  which  it  is  sufficient  to  observe  that  5o  is  the  initial  value  of  5 
and  h  is  constant,  so  that  the  hoop  constantly  tends^  hy  its  inertia^  to  rise 
from  this  posUion^  which,  cornbimd  tvith  the  irregular  action  of  friction,  ac- 
counts for  the  peculiar  forms  of  gyration,  wMch  frequently  accompany 
the  fall  of  the  hoop. 


ROTARY   PROGRESSIOKy  NUTATION,  AND   VARIATION. 

792.  The  positions  of  the  axis  of  rotation  and  of  maximum 
rotation-area  may  be  referred  to  a  fixed  axis,  and  the  change  of 
inclination  to  this  fixed  axis  may  be  called  nutation,  while  the  gyra- 
tion about  it  is  called  progression  ;  and  the  change  in  the  magnitude 
of  the  rotation,  or  of  the  maximum  rotation-area  may  be  called 
variation. 

793.  It  is  obvious  from  the  simple  principles  of  the  computa- 
tion of  rotation-areas,  that  an  accelerative  force  which  tends  to  give 
a  rotation-area  about  an  axis  perpendicular  to  the  axis  of  maximum 
rotation-area,  does  not  cause  a  variation  of  the  rotation-area,  but 
only  a  motion  of  the  axis  so  as  to  incline  it  in  the  direction  of  the 
accelerative  axis.  Hence  if  the  accelerative  axis  is  perpendicular  to  the 
fixed  axis  as  iveU  as  to  the  axis  of  maximum  rotation-area,  progression 
is  produced ;  if  it  is  in  the  common  plane  of  the  fixed  axis  and  axis  of 
maximum  rotation-area,  while  it  is  perpendicular  to  the  latter  axis,  nutation 
is  produced ;  if  it  is  in  t/ie  direction  of  the  axis  of  maximum  rotationr 
area,  variation  is  produced. 

The  three  directions  of  the  accelerative  axis,  which  correspond 
to  the  respective  production  of  progression,  nutation,  and  variation 
are  mutually  rectangular ;  so  that  it  is  easy  to  determine  the  rela- 
tive tendency  of  a  given  force  to  these  different  modes  of  action. 
This  neat  analysis  is  derived  from  PomsoT. 
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794.  If  the  accelerative  axis  is  constantly  perpendicular  to 
the  fixed  axis,  and  also  to  the  axis  of  maximum  rotation-area,  the 
motion  will  be  wholly  that  of  progression,  of  which  mode  of  action 
a  fixed  type  is  presented  in  the  precession  of  the  equinoxes,  the 
discussion  of  which  problem  must  be  reserved  for  the  Celestial 
Mechanics.  If  the  accelerative  axis  is  constantly  in  the  plane  of 
the  fixed  axis  and  of  the  axis  of  maximum  rotation-area,  while  it  is 
perpendicular  to  the  latter  axis,  the  motion  is  exclusively  that  of 
nutation,  and  this  form  of  action  is  well  exhibited  in  the  friction  at 
the  point  of  the  top  as  it  rolls  upon  the  horizontal  plane. 


ROLLING   AND    SLIDING   MOTION. 


795.*  A  special  example  of  the  case  of  rolling  motion  has 
been  considered  in  the  hoop,  and  the  mode  of  anah/m  tvhich  was  there 
adopted  can  he  applied  to  the  general  investigation^  as  it  has  been  done 
by  NuLTY.  Thus,  let  the  axes  of  a:,  ^,  z  have  the  same  directions 
with  the  principal  axes  of  the  rolling  solid,  let  Xgyt/g,  and  Zg  denote 
the  coordinates  of  the  centre  of  gravity  of  the  solid,  and  x^^g^j  and 
z^  those  of  its  point  of  contact  with  the  surface  upon  which  it  rolls. 
The  condition  of  rolling  without  sliding  gives  the  equation 

with  the  similar  equations  for  the  other  axes.     The  expression  of 
the  power  is 

T=kn2\&^[^^{y-y,f+{z,-z,)^-2{y-y,){z-z,)efX)\ 

from  which  the  equations  of  nutation  can  be  readily  obtained  by 
Lagrange's  canonical  forms. 

796.     If  the  solid  slides  upon   the  surface,  it  still  remains  in 

58 


—  458  — 

contact  with  the  surface,  so  that  the  point  of  contact  does  not 
move  in  the  direction  of  the  normal  to  the  surface.  K  the  direc- 
tion of  the  normal  is  denoted  by  iV,  this  condUion  is  expressed  hy  the 
equation 

which  is  given  by  Anderson.  This  is  the  only  eondOiony  to  which  the 
motian  is  subject^  in  the  case  of  perfect  sliding  motion, 

797.  When  the  sliding  is  accompanied  tuith  friction^  the  friction 
may  be  regarded  as  a  force  proportional  to  the  pressure  appUed  at  the  point 
of  the  soHd,  which  is  in  contact  tvith  the  surface^  in  a  direction  opposite  to 
that  of  its  motion. 

When  the  velocity  of  rasure  is  destroyed  by  friction,  the  motion 
ceases  to  be  sliding  and  becomes  a  rolling  motion,  in  which  form  it 
continues  as  long  as  the  force  of  frictimi  exceeds  the  accelerative  force  in 
the  direction  of  friction. 


CHAPTER  Xm. 


MOTION   OF    SYSTEMS. 


798.  The  motion  of  every  system, is  necessarily  subject  to  the 
Law  of  Power,  expressed  in  §  58,  to  the  law  of  the  motion  of  the  centre 
of  gravity  of  §  452,  and  to  the  law  of  areas  of  §  753.  These  three 
principles  not  only  apply  to  the  whole  system,  but  to  each  portion 
of  it  considered  as  a  system  in  itself. 

799.  The  various  forces  which  act  upon  a  system  are  often 
quite  different  in  the  magnitude  of  their  eflfects,  so  that  they  may 
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be  considered  from  this  point  of  view  as  different  orders  of  force. 
In  a  first  investigation,  all  but  the  forces  of  the  first  order  may  be 
neglected  ;  and  in  subsequent  approximations  the  forces  of  the 
inferior  orders  may  be  successively  introduced,  as  disturbing  forces 
and  their  various  effects  may  be  determined  as  perturbations  of  cor- 
responding orders. 

800.  The  separation  of  the  system  into  partial  systems  is 
closely  connected  with  this  subdivision  of  the  forces,  for  it  may 
easily  be  seen  that  the  forces,  which  are  of  chief  importance  in 
the  whole  system,  or  some  portion  of  it,  are  least  active  in  other 
portions  of  this  system.  Whenever,  for  instance,  the  parts  of  any 
portion  are  so  isolated  from  the  rest  of  the  system,  that  their 
relative  changes  of  position  are  of  small  influence  out  of  the 
portion,  they  should  be  treated  by  themselves  as  a  partial  system, 
and,  relatively  to  all  the  other  parts,  may  be  considered  as  con- 
densed upon  their  common  centre  of  gravity. 


•      Lagrange's  method  op  perturbations. 

801.  The  method  of  perturbations  which  originated  with  La- 
grange, and  which  depends  upon  the  variation  of  arbitrary  constants^ 
deserves  the  first  consideration  from  its  surpassing  elegance ;  and 
it  is  the  natural  introduction  to  the  other  modes  of  investigation. 

Suppose,  then,  that  a  complete  system  of  integral  equations 
is  obtained,  when  all  the  forces  but  those  of  the  first  order  are 
neglected,  and  let  one  of  these  equations  involving  a  single  arbi- 
trary constant  be  denoted  by  (1992o).     Let 

12  denote  the  potential  of  the  forces  of  the  first  order,  and 
?P  that  of  the  forces  of  the  inferior  orders, 
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and  the  equations  of  motion  (1663_«)  assume  the  forms 

If  the   constant  member  of  (1992o)   is  now   assumed  to   vary,  its 
derivative  is 

D,  a,  =  ^,  {DJ,  2?,  y)  =  ^,  [^,  {DJ,  DJ,)  Df^  Fj , 
for  by  (19926) 

The  condition  that  !P  does  not  involve  w  gives  algebraically, 

and  the  notation 

m'  =  2^Af, 
gives  in  combination  with  (4608) 

in  which  a  may  be  substituted  for  its  equal  /  in  the  second  member. 
802.  The  integrals  of  (4602_4)  obtained  with  the  omission  of 
the  forces  of  the  inferior  orders,  admit  of  arbitrary  variation  of  the 
arbitrary  constants,  so  that  if  such  variations  taken  with  reference 
to  arbitrary  elements  which  may  be  denoted  by  x  and  X,  the  cor- 
responding variations  of  (4602_4)  with  the  omission  of  the  terms  de- 
pendent upon  ??  are 
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SO  that  if 

s 

C^^  does  not  involve  the  time  explicitly. 

803.  If  X  is  the  element  of  actual  variation  of  the  arbitrary 
constants  when  the  inferior  forces  are  introduced,  which  element 
may  be  expressed  as  the  time  when  it  is  so  connected  with  the  arbi- 
trary  constants,  as  not  to  cause  ambiguity,  the  variations  of  the 
equations  (460j^_4),  give 

80  that  D^  W  does  not  involve  the  time  explicitly.  When  x  and  X 
are  changed  to  a^  and  a^,  it  is  sufficient  to  retain  i  and  k  in  the 
notation  C^\  so  that  it  is  apparent  from  (461i8)  that 

By  eliming.tion  from  the  equations  represented  in  the  preced- 
ing form,  the  value  of  Dt  a^  can  be  obtained  identical  with  that  of 
(46O20),  so  that  it  is  evident  that  ^^^  does  not  contain  the  time  ex- 
plicitly.   It  is  also  apparent  that 

except  when 

•       •/ 
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in  which  case 

804.  The  independence  of  ^^  of  the  time  in  an  explicit  form, 
renders  it  possible  to  compute  its  value  for  any  instant,  and  the 
value  thus  obtained  is  universally  true.  Thus  in  the  especial  case 
in  which  the  arbitrary  constants  are  the  initial  values  of  ij,  cu,  etc., 
the  values  of  B^^y  computed  for  the  initial  instant,  are  easily  seen 
to  vanish  when  the  k  and  i  refer  to  diflferent  points  of  the  system ; 
but  when  k  and  i  refer  to  the  ijo  ^^^  ^o  of  the  same  point,  the  value 
of  ^^^  is  positive  or  negative  unity,  so  that 

In  the  case  of  rectangular  coordinates  these  equations  become, 
for  either  axis, 

.  805.     The  especial  variation  of  the   constant  H  may  be   de- 
rived from  the  equation  (ITlj)  which  gives 

provided  that  t^  is  intended  to  express  the  t  which  is  involved  in 
any  of  the  quantities  denoted  by  r].  This  development  of  the 
variation  of  the  arbitrary  constants  is  taken  from  Lagrange. 


Laplace's  method   of  perturbation. 


806.     The  values   of  w,  i;,  etc.,  can   be  substituted  from  the 
first  integrals  directly  in  the  first  form  of  the  second  member  of 
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(46O7),  8.nd  the  integral  values  of  a,  which  are  then  obtained  can 
be  introduced  into  w,i;,etc.,  as  a  second  approximation  to  their 
values.  This  mode  of  analysis  is  especially  useful  when  the  equa- 
tions of  the  first  form  are  linear  with  reference  to  ij ,  w ,  and  their 
derivatives.  For  in  this  case  it  is  apparent  that  the  functions  de- 
noted by  fi  are  linear  with  reference  to  ij ,  w ,  which  may  be  demon- 
strated in  the  following  manner.  Let  ij^,  w^,  etc.,  be  special  values 
of  1;,  0),  of  which  there  must  be  as  many  independent  values  as 
there  are  equations  expressed  by  (460a_4).  The  arbitrary  constants 
a^  may  then  be  such  that  the  complete  values  of  tj  and  cu  are 

whence  the  values  of  a,  assume,  by  elimination,  the  linear  form  in 
reference  to  1;,  cu,  etc.  The  values  of  D^jfiy  are  then  functions 
of  ty  and  do  not  involve  ^,  w,  etc.  If -O^  V  represent  forces,  which 
are  also  functions  of  the  time,  the  integrals  of  (46O7)  can  be  com- 
pletely obtained.  By  the  substitution  of  these  values  of  a.  thus 
obtained  in  the  expressions  of  rj,  the  complete  values  of  tj  are  ob- 
tained, which  often  admit  of  useful  modification,  and  the  success  of 
the  method  depends  upon  the  skUl  with  which  this  modification  is 
efiected. 

807.    A  special  case  of  frequent  occurrence  in  the  problems 
of  celestial  mechanics  is  one  in  which 

The  value  of  the  integral  in  this  case  is,  for  a  first  approximation, 

ij  =  a  cos at-\-aiBmat^ 
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whence 


fti  =  —  aasinat  -{-aai  cos  a  t. 


a  =zrj  cos  at sin  a ^  =fy 


ai=z  rj  sin  at  '\--  coa  at  =fi. 


The   values   of  the   constants  obtained  by  integration  of  (4602^), 
are  increased  to 


and 


«-^/(^,^«i^«0, 


a,-\-lj;{I)^Wcosat; 


SO  that  the  complete  value  of  rj  is 

i^=:acosa^-l-aisinfl^ — cos^  i  ^j^^  ysina^)  ■[  ^'"^   Li^v  ^^osa/). 

808.  The  disturbed  motion  of  the  ordinary  projectile  ex- 
hibits an  easy  example  of  change  of  form.  In  this  case,  by  the 
introduction  of  rectangular  coordinates  in  which  the  axis  of  x  is 
horizontal,  and  that  of  y  vertical,  the  equations  are 

D,  x'  =  D,  W, 

whence 

z  =  at  +  a^^t/,D^1'—/,{tD,W) 
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HANSEN'S  METHOD  OF  PEBTURBATIONS. 

* 

809.  If  FJ  denotes  any  function  of  the  time  and  of  the  arbi- 
trary eonstante  in  the  undisturbed  orbit,  its  value  in  the  disturbed 
orbit  may  be  obtained},  from  the  integration  of  the  equation 

by  the  substitution  of  t  for  r  after  the  integration  is  performed. 
In  the  performance  of  the  integration,  the  arbitrary  constants  are 
to  be  regarded  as  variable,  and  the  value  of  T^  in  the  undisturbed 
orbit  is  to  be  taken  for  the  initial  value  of  P^.  This  introduction 
of  r  for  t  constitutes  the  jfirst  principle  of  Hansen's  method  of  pertur^ 
hations. 

810.  The  application  of  this  method  to  the  example  of  §  808, 
gives,  for  the  values  of  x  and  y 

x=^at  +  a,^j\{:v-t)D,w\ 

0 

t 

0  * 

811.  In  the  example  of  §  807,  the  value  of  ri  given  by  this 
method  is 

ijmacosa^  +  ^isinai  —  -  I  lsina(r  —  t)D^  yj, 

0 

in  which  the  form  of  notation  is  slightly  modified  so  that  no  subse- 
quent change  of  r  to  ^  is  necessary.  A  case,  which  often  occurs  in 
connection  with  this  example,  is  worthy  of  notice ;  it  is  when 

D^  iF  =  Acos(w<  +  e), 
59 
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in  which  case  the  value  of  rj  is 

r]  =  a  cos  at -{-aisin  at -{^  -^_  ^  cos  {m  ^  -f-^)  • 

In  the  special  case  of 

m  =  a, 
this  value  of  ij  becomes 

r]  =  a  cos  fl  ^  -j-  «!  sin  a  ^  -|-  —  ^  A  sin  (a  ^  -f-  ^)  • 

812.     If  the  function  V  increases  with  the  time  from  negative 
to  positive  infinity,  so  that  for  all  values  of  t 

Ar>0, 

there  is  an  instant  which  may  be  denoted  by  0,  for  which  the  un- 
disturbed value  of  V  coincides  with  its  disturbed  value  for  the  in- 
stant denoted  by  t.  The  corresponding  value  of  ^^  is  a  function  of 
both  t  and  r,  which  may  be  introduced  into  V^  instead  of  t,  but 
after  this  substitution  all  the  changes  in  the  value  of  V^  must  arise 
from  those  of  2?^,  so  that 


Zj.      Zj 


and  the  differential  equation  for  the  determination  of  ^^  is 

In  the  integration  of  this  equation,  t  must  be  taken  as  the  initial 
value  of  0^,  whence,  for  the  first  approximation, 

T      T 
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After  the  integration  is  performed,  the  value  of  £f  is  derived  from 
that  of  z^  by  changing  t  to  ^. 

813.  The  disturbed  value  of  any  other  function,  U  may  be 
partially  obtained  by  the  substitution  of  z  iov  t^  and,  since 

the  residual  portion  is  obtained  from  the  equation 
D,U,=D,V,—D,U,D,Zr, 

by  changing  r  for  t  after  the  integration  is  performed,  and  complet- 
ing the  integration,  so  that  U^  may  be  the  value  of  U^^  when  t 
vanishes. 

This  iniroductmi  of  the  disturbed  time,  which  is  denoted  by  z,  conr 
stUtdes  the  second  principle  of  Hansen's  metliod  of  pertiirbcUionSy  and 
upon  the  skilful  use  of  the  two  principles  thus  developed,  com- 
bined with  an  appropriate  choice  of  coordinates,  depends  the  suc- 
cess of  this  highly  ingenious  and  original  method. 

814.  It  is  obvious  that,  in  the  first  approximation, 

SO  that  the  last  term  of  (467ii)  disappears  for  this  approximation. 

815.  If  V  is  such  a  function  that  it  can  be  expressed  in  terms 
of  rjy  etc.,  without  involving  oj,  etc.,  or  ty  it  follows  from  §801, 
that  the  second  member  of  (4658)  vanishes,  when  r  is  changed  to 
<,  so  that  this  must  also  be  the  case  with  the  second  member  of  the 
equation  derived  from  (46627), 


Br^'(^^M 
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The  value  of  the  first  member  of  this  equation  can  therefore  be 
obtained  by  the  integration  of  the  equation 


T^T 


provided  that  the  integration  is  completed  in  conformity  with  the 
previous  condition. 

816.    If  one  of  the  arbitrary  constants,  which  may  be  denoted 
by  /S  is  so  involved  in  V  that 

DpV^l  +  KD.V, 

in  which  K  does  not  involve  the  time,  or  if  the  form  of  F  is 

the  corresponding  term  of  the  second  member  of  (4684)  is 


(^r  Vry 


The  corresponding  term  of  the  second  member  of  (467u)>  if  ^  has 
tiie  same  form  with  V —  /?  in  (46814),  ^ 


817.  If  one  of  the  arbitrary  constants,  which  may  be  de- 
noted by  y  is  so  involved  in  TJ  that  TJ —  y  may  be  expressed  as  a 
function  of  V  without  explicitly  involving  y  or  <,  the  corresponding 
term  of  (46 7u)  is  reduced  to 

Ay. 

818.  The  further  development  of  the  methods  of  perturba- 
tions depends  upon  the  peculiarities  of  the  problem  to  which  they 
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are  applied^  But  the  example,  to  which  thej  are  most  appropriate, 
is  that  from  which  they  have  derived  their  origin,  the  motions  of 
the  bodies  of  the  solar  system,  so  that  their  ampler  discussion  is  re- 
served for  the  Celestial  Mechanica 


SICALL  DSCILLATIONS. 


819.  When  the  motion  of  a  system  is  restricted  to  small 
oscillations  about  a  position  of  equilibrium,  the  quantities  ij,  etc., 
may  be  supposed  to  be  so  small  that  the  terms  of  T  and  SI ,  which 
are  of  more  than  two  dimensions  in  reference  to  these  quantities 
and  their  derivatives,  may  be  neglected. 

The  value  oiT  may,  then,  by  (IBSg),  be  expressed  in  the  form 

in  which  the  quantities  denoted  by  T^^  are  constant 

If  the  values  of  t\ ,  etc.,  are  supposed  to  vanish  for  the  position 
of  equilibrium,  the  derivative  of  i2  with  reference  to  either  of 
these  variables  vanishes  for  the  same  position,  so  that  il  must  have 
the  form 

in  which  the  quantities,  denoted  by  11^^  are  constant 

The  equations  of  motion,  derived  from  Laoranoe's  canonical 
form£^  are,  therefore,  represented  by 

^,[(2;Mi)?-X2i|i)  120  =  0, 

that  is,  they  comtituie  a  system  of  linear  cUj^erential  equations  wUh  constant 
coefficients. 

820.  It  follows  from  the  linear  forms  of  these  equations,  that 
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the  various  systems  of  values  by  which  they  are  satisfied,  can  be 
combined  by  addition  into  a  new  system.  This  is  the  mathematical 
expression  of  the  important  physical  law  of  the  possibility  of  the 
superposUion  of  smaU  osciUaiions. 

821.  With  the  notation 

the  equation  (46928)  assumes  the  form 

If,  then,  there  are  m  of  the  quantities  rj ,  etc.,  if  —  n^  is  one  of  the 
values  of  Z^  which  satisfies  the  equation,  expressed  in  the  notation 
of  determinants, 

any  system  of  values  of  rj^  is  expressed  by  the  equation 

i?i  =  JEisin(w<-f-€^), 

in  which  e^  is  an  arbitrary  constant,  and  the  constants  ^  have  a 
common  arbitrary  factor.  The  mutual  ratios  of  the  quantities  E^ 
are  determined  from  the  equations  derived  from  (470io)  by  the 
substitution  of  — n^  for  Z^,  and  J?  for  tj.  Hence,  by  §  340,  Fi  is 
determined  in  the  form 

in  which  F^  is  an  arbitrary  constant. 

822.  By  the  combination  of  all  the  values  of  w,  the  complete 
value  of  rji  is 

rj,  =  2^  [F^D^^  91^ sin  {nt  +  e,)]  ; 

but  it  is  evident  that  only  those  values  of  n  should  be  retained 
for  which    the   values  n^  given  by  (470i4)  are  real,  positive,  and 
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unequal.  For  all  other  values  of  w^,  the  time  i  would  be  intro- 
duced into  the  value  of  rji  in  such  a  way  that  it  would  indefi- 
nitely increase.  It  is  plain,  therefore,  that  the  only  values  of  w, 
which  can  be  retained  in  (47028),  are  those  which  correspond  to 
elements  of  stability,  so  that  if  the  elements  rj  are  selected  with 
a  due  regard  to  the  conditions  of  equilibrium,  those  which  corre- 
spond to  the  unstable  equilibrium  will  disappear  of  themselves 
with  the  rejection  of  the  corresponding  values  of  n. 

When  the  position  of  equilibrium  is  stable  vdth  reference  to  aU  of  its 

s 

elements^  aU  the  m  values  of  t?  are  real,  positive^  and  unequal. 

823.    The  forms  of  T  and  i2  of  §  819,  lead,  by  inspection,  to 
the  equations 

and  the  equation  (46928)  gives,  for  each  value  of  «, 

if  n  written  as  an  accent  indicates  a  special  value  of  w,  to  which  the 
functional  form  is  applicable.     If  ?„  is  determined  by  the  notation 

and  if  the  equations,  represented  by  (46928),  ^^e  added  together 
after  being  multiplied  by  El''\  the  sum  is 

1^  moreover,  T^  denotes  the  value  of  T  when  ij^  is  changed  to  El''\ 
the  value  of  ?„,  given  by  integration,  is 

l^=T^&m{nt-]r^n)' 
The  elements  ?  thus  obtained,  correspond  to  the  independent  ele- 
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ments  of  stability  which  affeot  the  position  of  equilibrium,  and 
embody  the  true  analysis  of  the  various  forms  of  oscillation  of 
which  the  system  is  susceptible.  When  the  different  values  of  n 
have  a  common  divisor,  the  oscillation  is  evidently  periodic. 

This  investigation  of  the  theory  of  small  oscillation  coincides^ 
in  substance,  with  that  of  Lagranoe. 

824.  The  importance  and  variety  of  the  forms,  in  which 
oscillation  and  vibration  are  physically  exhibited,  give  peculiar 
interest  to  the  mechanical  discussion  of  this  subject  But  the  mode 
of  analysis  is  so  dependent  upon  the  form  of  the  phenomena,  tiiat 
the  special  researches  are  reserved  for  the  chapters  to  which  they 
are  appropriate. 


A    SYSTEM    MOYING    IN    A    BESISTIKG    BiEDIUM. 

825.  When  a  system  moves  in  a  resisting  medium,  the  law 
of  resistance  may  be  regarded  as  dependent  upon  the  velocity,  so 
as  to  be  the  same  for  all  the  bodies,  but  it  may  vary  by  a  constant 
factor  from  one  body  to  the  other.  If  this  constant  factor  for  the 
mass  nii  is  denoted  by  ki,  and  if  P^  is  the  function  of  the  velocity 
Viy  the  resistance  to  the  mass  nii  moving  with  the  velocity  Viia  ki  F^. 
If,  then,  rectangular  coordinates  are  adopted,  the  equations  of 
motion  assume  the  form 

The  corresponding  form  of  the  equation  for  the  determination  of 
the  Jacobian  multiplier  is,  by  §§  402  and  451, 


D,log.sM>  =  2,[k,2,D,^^]. 
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This  equation  becomes,  when  the  motion  is  unrestricted  in  space, 

when  the  motion  is  in  a  plane, 

A  log  ^  =  2,  [k,  (-^'  +  A,  V)]  ; 

when  the  motion  is  in  a  straight  line, 

Alog^fc  =  ^,(*,2?,.F;.). 

826.  It  is  evident  from  the  linear  form  of  these  equations, 
that  the  mvJiipKer  can  be  separated  into  fbdors^  each  of  which  shall  inde- 
pendently correspond  to  a  temi  of  Vj . 

827.  When  the  resistance  is  constant,  and  the  motion  in  a 
straight  line ;  or  when  the  resistance  is  inversely  proportional  to 
the  velocity,  and  the  motion  is  in  a  plane ;  or  when  the  resistance 
is  inversely  proportional  to  the  square  of  the  velocity,  and  the 
motion  is  unrestricted  in  space,  the  muUipUer  becomes  uiniy.  In 
either  case  of  motion,  a  term  of  the  corresponding  form  may  be 
added  to  the  resistance  without  affecting  the  multiplier. 

828.  When  the  resistance  is  propoiiional  to  the  vehcity^  the  value  of 
the  multiplier  in  the  case  of  unrestricted  motion  is 

in  the  case  of  motion  in  a  plane  it  is 

and  in  the  case  of  the  straight  line  it  is 

60 
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All  these  results,  with  regard  to  the  multiplier,  are  derived 
from  Jacobl 

829.  When  the  resistance  is  proportional  to  the  square  of  the  velocity y 
the  value  of  the  multiplier  for  motion,  which  is  unrestricted  in 
space,  is 

for  motion  in  a  plane,  it  is 

and  for  motion  in  a  straight  line,  it  is 

830.  The  sum  of  the  equations  (472ae),  multiplied  by  nii  x\y  is 

When  Vi  has  the  form 

the  integral  of  this  equation  is 

T—il=  —  :E^ {k^m^  {Si  +  Ui ty] . 

831.  When  there  are  no  external  forces  acting  upon  the  sys- 
tem, the  sum  of  the  equations  (47226)  for  each  axis  multiplied  by  w^, 
if  x^  refers  to  the  centre  of  gravity,  is 


\m,I>',x,  =  —  2,(7n,k,V^). 


If  the  resistance  is  proportional  to  the  velocity,  the  integral  of  this 

equation  is 

« 
Si  tHi  {D,  Xg  —  A)=^  —  Si  {nii  ki  Xi), 
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in  which  ^  is  an  arbitrary  constant.     If  ki  has  the  same  value  for  all 
the  bodies,  the  complete  integral  is 

in  which  B  is  an  arbitrary  constant 

832.  The  introduction  of  polar  coordinates,  and  the  substitu- 
tion of  ^  for  the  product  of  the  area  described  by  w,  about  the  axis 
of  Zy  multiplied  by  the  mass  m,,  give  for  the  corresponding  equa- 
tions of  motion 

When  there  are  no  external  forces,  the  sum  of  these  equations  is 


ni2,Ji^^  =  -2,{k,^D,A^^. 


When  the  resistance  is  proportional  to  the  velocity,  the  integral  of 
this  equation  is 

in  which  C  is  an  arbitrary  constant,  which  vanishes  if  the  area  van- 
ishes with  the  time.  If  k^  has  the  same  value  for  all  the  bodies 
the  next  integral  is 

So  that  the  rotationrarea  instead  of  being  proportional  to  the  time  is  pro- 
portional to 

1  — (?-*S 

btd  the  position  of  the  axis  of  maximum  rotation-area  is  not  affected  hy 
this  uniform  mode  of  resistance^  which  proposition  is  from  Jacobi. 
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THE    CONCLUSION. 


833.  In  the  beginning,  the  creating  spirit  embodied,  in  the 
material  universe,  those  laws  and  forms  of  motion,  which  were  best 
adapted  to  the  instruction  and  development  of  the  created  mtellect 
The  relations  of  the  physical  world  to  man  as  developed  m  space 
and  time,  as  ordered  in  proximate  simplicity  and  remote  complica- 
tion, in  the  immediate  supply  of  bodily  wants  by  the  mechanic  arts, 
and  the  infinite  promise  of  spiritual  enjoyment  by  the  contempla- 
tion and  study  of  unlimited  change  and  variety  of  phenomena, 
are  admirably  adapted  to  stimulate  and  encourage  the  action  and 
growth  of  the  mind.  True  philosophy  begins  with  the  actual,  but 
may  not  remain  there;  it  yields  sympathetically  to  the  projectile 
force  of  nature,  and  earnestly  forces  its  path  into  the  possible,  and 
even  into  speculations  upon  the  impossible.  But  whenever  the 
initial  impetus  is  exhausted,  the  philosopher  may  not  be  content 
to  remain  stationary,  or  merely  to  turn  upon  his  axis.  He,  then, 
descends  to  the  world  of  sensible  phenomena  for  new  instruction 
and  a  stronger  impulse.  Let  such  be  our  method.  In  the  present 
volume  the  attempt  has  been  made  to  concentrate  the  more  im- 
portant and  abtruser  speculations  of  analytic  mechanics  clothed  in 
the  most  recent  forms  of  analysis,  and  to  make  a  few  additions, 
which  may  not  be  rejected  as  unworthy  of  their  position.  Much, 
undoubtedly,  remains  imperfect  and  unfinished,  for  it  cannot  be 
otherwise  in  a  science  which  is  susceptible  of  infinite  improve- 
ment; and  much  must  soon  become  antiquated  and  obsolete  as 
the  science  advances,  and  especially  when  we  shall  have  received 
the  full  benefit  of  the  remarkable  machinery  of  Hamilton's  Quaier- 
Tuons.  But  it  is  time  to  return  to  nature,  and  learn  from  her  actual 
solutions  the  recondite  analysis  of  the  more  obsciure   problems  of 
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celestial  and  physical  mechanics.  In  these  researches  there  is  one 
lesson,  which  cannot  escape  the  profound  observer.  Every  portion 
of  the  material  universe  is  pervaded  by  the  same  laws  of  mechanical 
action,  which  are  incorporated  into  the  very  constitution  of  the  hu- 
man mind.  The  solution  of  the  problem  of  this  universal  presence 
of  such  a  spiritual  element  is  obvious  and  necessary.  There  is  one 
God,  and  Science  is  the  knowledge  of  Hbi. 


APPENDIX. 


NOTE    A. 


ON    THE    FORCE    OP    MOVING    BODIES. 


It  is  remarkable,  that,  notwithstanding  the  convincing  argu- 
ments of  Leibnitz,  the  force  of  moving  bodies  is  almost  universally 
introduced  into  systems  of  anah/tic  mechanics  as  being  proportional  to 
the  velocity,  instead  of  to  the  square  of  the  velocity.  Some  philos- 
ophers, in  quite  an  unphilosophic  spirit,  have  stigmatized  the  early 
discussions  of  this  subject  as  a  war  of  words,  as  if  the  eminent 
geometers  who  entered  into  it  could  have  been  so  deficient  in  their 
powers  of  logic  and  analysis.  The  great  objection  to  the  propor- 
tionality of  the  force  to  the  velocity  is  derived  from  the  necessity 
which  it  involves  of  regarding  force  in  one  direction  as  being  the 
negative  of  that  which  is  in  the  opposite  direction.  On  this  ac- 
count, when  a  body  or  system  rotates  without  any  motion  of  transla- 
tion, its  aggregate  force  vanishes,  so  that  such  a  motion  would  seem 
capable  of  being  produced  without  any  expenditure  of  force,  and 
this  statement  has  actually  been  made  in  some  works  upon  astrono- 
my. Leibnitz  proposed  as  test  propositions  the  transfer  of  motion 
from  body  to  body  in  various  forms,  in  all  of  which  he  supposed  the 
whole  force  to  be  transferred  from  one  body  to  another  of  a  dif- 
ferent weight  without  any  external  action.  But  it  is  evident  from 
the  law  of  preservation  of  momentum  that  such  a  transfer  is  im- 
possible, and,  therefore,  this  test  cannot  be  practically  applied.  If, 
however,  in   the   case  of  the   impact  of   an   elastic  body  upon  a 
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heavier  one  at  rest,  the  striking  body  is  held  fast^  as  -soon  as  it  comes 
to  instantaneous  rest  by  the  transfer  of  all  its  motion  to  the  other 
body,  the  subsequent  action  of  the  elasticity  must  finally  cause  the 
body  which  is  struck  to  move  forward  with  a  velocity  inversely 
proportional  to  the  square  root  of  its  mass.  The  external  effort 
applied  to  the  system  in  this  case  to  hold  the  body  at  rest,  arises 
from  the  force  with  which  the  elastic  spring  of  the  bodies  is  com- 
pressed, and  is  therefore  an  evidence  of  such  a  compression,  and 
a  proof  that  there  has  been  an  expenditure  of  force  in  its  produc- 
tion, although  the  momentum  of  the  system  is  not  changed  until 
the  body  is  held.  If,  again,  a  spherical  ball  were  to  be  impelled  into 
a  cylindrical  tube  of  the  same  diameter,  which  terminates  in  an- 
other cylinder  of  a  different  diameter,  but  which  containing  a  ball 
that  exactly  fits  it,  and  if  the  included  air  acts  as  a  compressed 
spring,  it  is  easy  to  imagine  such  a  mutual  proportion  of  the  parts 
and  weights  that  the  second  ball  shall  leave  the  cylinder  at  the 
very  instant  when  the  first  ball  arrives  at  a  state  of  rest,  and  when 
the  air  has  returned  to  its  initial  density.  In  this  case  the  whole 
living  force  of  the  first  ball  passes  without  increase  or  diminution 
into  the  second  ball,  and  the  momentum  is  not  preserved.  It  is 
true  that  an  external  force  is  required  to  keep  the  cylinders  in 
place,  but  this  is  a  mere  pressure,  which  is  no  more  entitled  to  be 
regarded  as  an  active  force  than  is  the  centrifugal  force,  or  any  of 
the  modifying  forces  which  are  represented  analytically  by  equa- 
tions of  condition.  Seeing,  then,  that  by  admitting  the  square  of 
the  velocity  to  be  the  true  measure  of  the  force  of  a  moving  body, 
the  fiction  of  negative  force  is  wholly  avoided,  and  the  funda- 
mental principles  of  mechanical  problems  are  reduced  to  their 
utmost  simplicity,  there  seems  to  be  sufficient  reason  to  reverse  the 
modern  decisions,  and  return  to  the  higher  philosophy  of  Leibnitz. 
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NOTE    B. 

ON    THE    THEORY    OP    ORTHOGRAPHIC    PROJECTIONS. 

For  the  convenience  of  students,  the   theory  of  orthographic 
projections  is  here  condensed  into  a  few  simple  formulaB. 
The  projection  of  a  line  a  upon  another  line  b  is 

ai,  =  a  cos  ?. 

If  many  successive  lines  represented  by  a,,  are  so  united  that 
each  line  begins  where  the  previous  line  ended,  and  if  the  last  line 
terminates  where  the  first  began,  the  sum  of  the  projections  is 

-r,(aicos*.)=0. 

If  tllere  are  four  of  these  lines,  and  if  the  three  first  are  mutually 
rectangular  and  parallel  to  the  axes  of  a:,  y,  and  2?,  this  equation 
becomes 

-T,  (a^ cos  *)  +  a^  cos^^=  0. 

But  it  is  evident  that  a^  is  the  projection  of  — a^  upon  the  axis 
of  ar,  whence 

«x  =  — «4Cos;^, 

and  if  the  subjacent  4  is  now  omitted  as  unnecessary,  this  equation 
gives 

cos*  =  2^  (cos"  cos*), 

of  which  the  equation 

1=-2:,C08^;, 

is  a  particular  case. 

These  equations  may  be  applied  to  the  projections  of  plane 
areas,  if  each  area  is  represented  in  a  linear  form  by  the  length  of 
a  line  which  is  drawn  perpendicular  to  it 
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Fiage 

For 

Rtad 

12, 

axes 

axis. 

154_io  and  15^ 

The  signs  of  the  second  members  should  be  reversed. 

15« 

acute 

right. 

26, 

;i 

X,. 

30„ 

these 

those. 

40« 

resultant 

resultant  moment. 

40b 

different  lines 

opposite  directions. 

41a 

force 

resultant  of  the  forces. 

42, 

0'  with  reference  to  0 

0  with  reference  to  (X. 

51, 

Xj 

Xi. 

51* 

y 

V' 

55„ 

POINT  UPON  A  DISTANT  MASS 

MASS  UPON  A  DISTANT  POINT. 

57„ 

4 

J. 

57s,  and  57^ 

4 

i. 

•59, 

cos-^ 

COSjf. 

59a  &"<)  6^13 

four 

eight. 

59^  and  60^ 

two 

four. 

73,« 

surface 

surfaces. 

83, 

K 

K. 

85, 

2)« 

D^. 

85a 

i 

4. 

86u 

4n 

AnK 

8622 

\  and  ^ 

1  and  2. 

8810 

-^D 

+  ^D . 

90i8  and  90» 

ffm-l 

H-'-K 

9O2, 

(cos  (wi 1) 

cos(»i  —  1)  jy. 

n^ 

See  note  on  page 

356. 

98ai 

89, 

8921  • 

99io 

rn 

r". 

IOO7 

independent  of 

dependent  upon. 

101 12    twice 

-\-r 

+  2r. 

*  This  correction  only  applies  to  some  copies. 
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Fof 

Far 

Rtai 

1^7,^  9,  le,  18 

3 

6. 

107u 

Al 

Ja.^f 

107. 

(104i9)  to  the  form  (107„) 

(104»)  to  the  form  (107i) 

111.0 

-i; 

-2:. 

Ilia 

—  2 

-T. 

111,3 

(_r)-<— 1) 

(_r)-<— «). 

llltT« 

k 

k 

*  "■  *  17»  W 

rmf^-^ 

rmf^'*' 

nil. 

72 

24. 

117,, 

42i, 

42«. 

117a 

^Px 

i::^t<x* 

117,, 

for  another  point  of  the 
is  near  the  former 

body  which 
point 

arising  from  this  motion. 

117„ 

dele  z^a;—. 

120, 

ip 

^n. 

120« 

similar  to 

Uke. 

121, 

119e 

118,. 

122a 

n 

^n. 

123j 

above 

about 

126u 

put 

but 

127, 

in  order 

in  order  that. 

127« 

pkice 

plane. 

139,, 

tan 

cot 

140« 

c» 

BcB. 

140^ 

c^ 

V 
CB. 

141,6-» 

sec^i 

seci. 

148u 

cote 

tane. 

148a 

UikeF'K 

take  F'  L. 

149, 

+  sin^  tj 

—  cos*jy. 

149, 

cos*  01      cos* 

a 

cot*a)  —  cot*  a. 

149, 

sec^oo 

cos*©}. 

149],  cos^Osm 

'  jy  sin*  q)  cos*  d  -}-  sin*  jy  sin* 

0    cos*^ — sin^ 

*  jy  sin*  9  cos*  ^ -|- sill*  *?  si^*  ^  <50s*  9 

149,, 

sin*  1/  sin  9 

sin*  jy  sin*  (p. 

150, 

— 

+• 

150jo    twice 

6'  + 

ff—. 

150a 

+  tan^ 

—  tan|3. 

151, 

6'  — 

<?'+. 

151, 

»'+ 

(?'— . 

151, 

COS*  ft  9' 

—  cos*jS,  qp'. 

151, 

9'+ 

g/-. 

151« 

cot  9' 

(cotqi'  +  igi'). 

ERRATA. 

48 

POft 

Iror 

Riod 

152h 

'^-f/'o 

/ 

Vco82j} 

152» 

— 

+• 

152„ 

v'- 

9"+. 

156, 

prolate 

o52afo. 

157, 

oblate 

/>rofa/e. 

173, 

for  the 

for  two. 

173„ 

determinate 

determinant 

175, 

»>n  — 1 

f>n  — 2. 

175. 

a:>* 

ai>* 

178« 

Afn) 

^•«). 

180, 

®. 

^«. 

180, 

gi: 

®>:. 

190a 

B 

2B. 

191^ 

r 

y?. 

191 

The  sections  366  to  369  should  be  limited 

iw^n — 1. 

by  the  condition  that 

191,. 

2BS8;.... 

2g(«) 

<%%....'9^:\ 

191, 

(-)"^:+x 

(    )c+i)c»+i)  gs,"  ,. 

192,0 

(_)»+! 

(-)"•• 

192,, 

m—\ 

IW  —  t. 

192u 

(-)"+*  • 

/        \mi»+(t+l)(«n+»  +  l) 

200,, 

199, 

199,1. 

202,0 

m 

2 

-2: 

203, 

840 

839. 

215,, 

A. 

Dxi. 

219|»,,4, 

220, 

.^1^  y    -^S    •    •    •    < 

•X, 

X\  J  X«  ....  ju||  • 

222„ 

200, 

215u. 

224, 

formal 

normal. 

226,1 

A— 1 

;i. 

227, 

(210,,),  the 

(210m).    The. 

227, 

F 

F,. 

228. 

A 

D^. 

228a 

^i. 

A. 

281„ 

187„ 

189,. 

283, 

216u 

231m. 

234^, 

A*  vlB^<'' 

D,^  ,SM^. 

238» 

^ 

-Si. 

239 

^sJio 

M. 

45b 

ERRATA. 

Pag* 

For 

Read 

239g 

Q 

a. 

247^ 

uniform 

uniform  and  constant  in  direction. 

247« 

A 

D^. 

250j5 

h 

1 

I. 

258« 

P 

b 

P 

/ 

261, 

^ 

er 

262„ 

«« 

2«». 

262,, 

$  — 

'+. 

263a 

cos 

cot. 

265, 

sin  qp 

' 

cosg). 

277» 

ylig-f) 

\l[h{g-a)-]. 

279J 

Cot 

Tan. 

281^ 

kt 

(ifc<  — 2a). 

2818, 

^^' 

=h ■T-8in2a. 

9 

9           * 

282, 

correct 

nearly  correct. 

282i4^  ^ 

+  « 

—  a. 

285,, 

f«m 

fcm. 

287,0^  15 

f 

2. 

287,, 

h. 

^. 

289u 

i  +  2* 

6  +  2/5. 

317e, 

^  n 

^. 

328-^54 

Brachjstochrone 

Brachistochrone. 

328, 

is  confined 

is  not  confined. 

33O4 

329, 

329,. 

348a 

589 

588. 

352u 

sini' 

COSI^. 

364,, 

359;^ 

359,. 

369-370 

Tachjstotrope 

Tachistotrope. 

3773a 

level 

given. 

393« 

8int-« 

8inf-«. 

426j, 

g)X 

9'. 

431„ 

«2 

«,. 

472a, 

^^ 

^-r 
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Abel,  method  of  investigating  the  holo- 

chrone, 356 

Acceleration  of  rotating  cylinder  upon 
which  a  body  moves,  when  it  is 

uniform, 254 

of  a  point  by  a  moving  lino,     .       247 
Action  and  Reaction,        .        .        .        .132 

of  moving  bodies,      .        .        .       162 
principle  of  least, .        .         .        .167 

Anderson  on  rolling  and  sliding  motion,  458 
Archimedes,  spiral  of,  described  by  ac- 
tion of  central  force,  .         .         .  384 
Area,    constant    area    described    by     a 
point  upon  »  surface  of  revolu- 
tion,  .         ...         .         .         .412 

in  the  motion  of  a  free  point,    .       424 
constant,  when  all  the  forces  are 

directed  towards  the  axis,  .        .425 
of  rotation,        ....       433 

conservations  of,  .        .         .        .  434 

of  rotation  for  a  principal  axis,        436 
of  rotation  when  it  is  a  maximum 

for  a  solid, 437 

of  rotation  expressed  by  Euler's 
equations  for  the  motion  of  a 

solid, 487 

of  rotation,  its  axis  when  it  is  a 
maximum  for  the  free  motion  of 

a  solid, 439 

of  rotation  described  by  the  gyro- 
scope about  the  vertical  axis,      .  445 
of  rotation  of  gyroscope  affected 

by  friction,          ....  450 
of  rotation  of  the  devil,     .        .       452 
of  rotation  of  the  devil,  when  it 
vanishes, 452 


Paoi 

Areas,  principle  of,  in  a  moving  system,   .  458 

Astronomical  Journal,  see  Gould. 

AsjTnptote  of  the  brachistochrone  of  in- 
finite branches,  ....  333 

Attraction  of  an  infinite  lamina,  .  .  46 
of  an  infinite  cylinder, .  .  .  49 
of  a  point  upon  a  distant  mass,  .  55 
of  a  spherical  shell,  ...  56 
of  a  Chaslesian  shell,  .  .  .58 
of  an  ellipsoid,  ....  69 
of  a  spheroid,        .         .        .        .88 

Axis  of  rotation, 12 

of  rotation,  instantaneous,  .  .19 
of  gravity,  ....  50 
of  principal  expansion,  .  .118 
of  inertia  principal,  .  .  .  486 
instantaneous  in  a  body  and  in 
space, 489 

B. 

Bailey  on  the  force  of  resistance  to  the 

motion  of  the  pendulum,     .        .  291 
experiments  on  the  motion  of  pen- 
dulum of  various  forms  in  air,    .811 
Barnard  on  the  gyroscope,        .        .447 
Bary  trope  discussed,         .        .        .        .870 
Bernoulli,  John,  on  the  synchrone, .      878 
Bernoulli,  James's,  lemniscate,  .        .  380 
Bertrand  on  the  tautochrone,    .        .      864 
Bessell  on  the  resistance  of  the  pendu- 
lum,    292 

experiments    upon    the    seconds* 

pendulum, 298 

BoBiLLiER  catenary  on  cone,       .        .       153 

catenary  on  sphere,      .        .        .157 

Bonds  of  union  of  a  rigid  system, .        .       126 

Bonnet,  theorem  of  combination  of  forces,  480 
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Booth,  elliptic  integrals,         .        .        .147 
BoRDA,  experiments  on  the  seconds'  pen- 
dulum,         296 

Brachistochrone, 328 

on  the  surface  of  revolution,  .  334 

Brass  sphere  vibrated  by  Besbell,       .       298 
spheres,  cylinders,  and  bars  vi- 
brated by  Bailey,    .        .        .311 

C. 

Canonical  forms  of  the  equations  of  mo- 
tion,    163 

Catenary, 134 

on  surface  of  revolution,       .        .143 
on  right  cone,   .        .         .         .144 

on  ellipsoid, 154 

on  equilateral  asymptotic  hyper- 

boloid, 159 

curious  relation  to  the  motion  on 
an  hyperbola  when  the  central 
force  is  proportional  to  the  dis- 
tance,          385 

Cauchy  on  elasticity,  .         .        .        .       1 24 
solution  of  partial  differential  equa- 
tions,  201 

on  differential  equations,  .        .       214 

Centre  of  gravity, 65 

its  position  with  regard  to  equilib- 
rium of  rotation,         .        .        .  131 
resultant  moment  for,        .        .       133 

motion  of, 262 

of  systems,  ....  458 
of  a  system  in  a  resisting  medium,  4  74 
Central  force  of  gravitation,  .  .  .43 
in  relation  to  tautochrone,  .  323 
in  relation  to  brachistochrone,  .  330 
for  a  point  moving  upon  a  plane,  378 
special  cases  of,  which  admit  of  in- 
tegration,    379 

forms  which  admit  of  general  in- 
tegration,    383 

forms  which  admit  of  integration 

by  elliptic  integrals,   .        .        .  389 
third  form  which   can  be  solved 
by  elliptic  integrals,   .        .        .406 

Centrifugal  force, 245 

for  brachistochrone,  .        .  329 


Centrifugal  force  of  body  moving  on  sur- 
face,   877 

Characteristic  function  of  motion,     .        .  162 
its  variation,      .         .         .         .       166 
Chasles's  shell  and  its  attraction,  .        .    58 
and  Gauss's  theorem,      .        .        61 
trajectory  canals, .        .        .        .63 
analog}'  of  attraction  and  propa- 
gation of  heat,    .        .        .        .64 
definition  of  his  thin  shells,        .        65 
potential  of  his  shells,   .        .        .61 
his  ellipsoidal  shell,  ...         70 
attraction  of  his  ellipsoidal  shell,  .     76 
Circle  rotating  with  a  free  moving  body 

upon  its  circumference,      .        .251 
upon  which  a  heavy  body  moves,    255 
rotating  in  a  vertical  position,  with 
heavy  body  moving  along  its  cii^ 
cumfereuce,        ....  259 
rotating  with  heavy  body  moving 

on  its  circumference,  .  .  •  264 
Involute,  with  body  moving  along 

it  against  resistance,  .  .  .274 
involute,  a  case  of  tautochrone,  325 
a  tautobaryd,  ....  372 
described   in  a  ease    of  central 

force, 879 

horizontal,  when  it  is  in  the  path 

of  a  pendulum,  .  .  .  .419 
great,  when  it  is  nearly  the  path 

of  a  pendulum,  ....  421 
general  law  of  description,        .      432 
section  of  ellipsoid  of  inertia  de- 
scribed by  axis  of  maximum  ro- 
tation area  of  a  solid,.        .        .442 
path  of  the  gyroscope,       .        .      446 
Clairaut  on  a  case  of  the  tachytrope,  .  865 
motion  6f  a  body  when  the  central 
force  is  inversely  as  the  cube  of 
the  distance,       ....  388 
Composition  of  forces,   .        .        .         .        40 

Conclusion, 476 

Condition,  equations  of,        .        .        .         24 
Cone,  catenar}'  upon,        .        .        .        .  1 44 
tautochrone  of  heavy  body  upon,     322 
brachistochrone    of   heavy    body 

upon, 341 

motion  of  heavy  body  upon,     .       413 
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Conic  section  described  when  the  central 
force  is  proportional  to  the  dis- 
tance,          885 

described  when  the  central  force 

is  inversely  proportional  to  the 

square  of  the  distance,        .        .  38G 

described    when    many    central 

forces  act  proportionally  to  the 

distance, 425 

general  law  of  description,        .      432 

Conservation  of  power,     .        .        .        .163 

of  motion  of  centre  of  gravity,  .      242 

of  areas, 434 

of  power  in  motions  of  systems,       458 
Constants,  variation  of  arbitrary,      .        .459 
Continuity,  solution  of,  in  cases  of  resist- 
ance,   273 

in  the  potential  of  nature, .  .  32 
Coordinates,  peculiar  case  of,  .  .  .  425 
Couple  of  rotations,      .        .        .        .        18 

of  forces, 40 

Cusps  of  brachistochrone,     .        .        .      832 
Cycloid  the  tautoehrone  of  a  heavy  body,  318 
the  base  of  a  cylinder  on  which 

lies  a  tautoehrone,      .        .        .821 
meridian  cui\e  of  a  surface  of 
revolution  on  which  lies  a  tau- 
toehrone,     323 

the  brachistochrone  of  a  heavy 

body, 332 

a  tach}'trope,  ....  865 
conditions  of  description,  .  432 
Cylinder,  attraction  of,  .  .  .  .49 
containing  a  catenary,  .  .  143 
rotating  with  a  body  moving  upon 

a  given  line  of  its  surface,     .        253 
having  a  heavy  body  upon  its  sur- 
face,      254 

vibrated  by  Bbssell,  .        .        .  298 
vibrated  by  Baily,        .        .        811 
containing    a   tautoehrone    upon 
its  surface,    .        .        .        .        819 

D. 

Derivative  multiple, 196 

Determinants,  theory  of,     .        .        .        172 
functional, 183 ' 

62 


Determinants  applied  to  multiple  deriva- 
tives and  integrals,     .        .        .196 

Devil  on  two  sticks,     .        .        .        .        451 

DuBUAT  on  the  law  of  resistance  of  a 

medium,        .        .        .        .        292 
experiments    on    the    pendulum 
against  a  resistance,      .        .        294 

DupiN  on  orthogonal  surfaces, .        .        .79 

E. 

Economy  dynamic,  of  nature,  .        .        .  168 

Elasticity, 116 

Electricity,  statical, 44 

Ellipse,  spherical,        ....        147 
described  by  central  force  which 

is  proportional  to  distance,         .  385 
described  under  the  law  of  gravi- 
tation,         386 

Ellipsoid,  attraction  of,  ...        69 

Chaslesian  shell,  .  .  .  .70 
of  revolution,  attraction  of,  .  87 
of  closest  approximation  to  at- 
traction of  spheroid,  .  .  .103 
of  expansion,  .  .  .  .  118 
of  reciprocal  expansion,  .  .121 
with  catenary  upon  its  surface,  154 
with  brachistochrone  on  its  surface,  844 
defining  sur&ce  of  the  brachisto- 
chrone, .  .  .  .  .  847 
of  inverse  inertia,    .        .        .        485 

of  inertia, 486 

Elliptic  integrals  for  attraction  of  ellipsoids,  88 
for  the  catenary  upon  the  cone,  .147 
referred  to  spherical  ellipse,  .  149 
for  the  catenary  upon  the  sphere,  157 
for  the  simple  pendulum,  .  .  256 
for  tautoehrone  on  a  moving  curve,  818 
for  tautoehrone  on  a  cycloidal  cyl- 
inder,          321 

for  brachistochrone  with  parallel 

forces, 888 

for  brachistochrone  on  paraboloid,  887 
for  brachistochrone  on  inverted 

paraboloid,  .  .  .  .841 
for  brachistochrone  on  cone,  .  843 
for  brachistochrone  on  sphere,  .  846 
for  circular  brachistochrone,  .        854 
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EUiptic  integrals  for  two  forms  of  central 

force, 389 

for  third  form  of  central  force,  .      406 
for  motion  upon  a  cone,        .        .418 
for  motion  upon  a  paraboloid,  .      416 
for  motion  upon  an  inverted  para- 
boloid,         417 

for  the  time  of  spherical  pendulum,  41 8 
for  the  azimuth  of  the  spherical 

pendulum,  .        .        .        .428 

for  forms  of  force  directed  towards 

axis, 428 

for  rotation  of  a  free  solid,        .      442 

for  the  gyroscope,  .         .         .446 

for  the  top,        .         .         .         .450 

Epicycloid  a  tautochronc,  .         .         .327 

a  braeliistochrone,     .        .        .331 

"path   desi'ribed   under  action    of 

central  force,      .        .        .        .879 

Equation  of  tendency  to  motion,  .        .         7i, 

of  motion,  differential, .         .         .     8ie 

of  equilibrium,  ....         8,0 

of  orthogonal  cosines,   .         .        .15,0 

of  instantaneous  axis  of  rotation,      1 7^ 

of  rotation  for  cylinder,        ,        .  23i4 

of  condition  involved  in  those  of 

motion  and  rest,  .  .  .  26u 
of  condition  referred  to  normal,  27^ 
of  tendency  to  motion  expressed 

by  potential,  ....  343, 
of  resultant,  .  .  .  .  87^ 
of  potential  of  gravity,  .  ,459 
Laplack's,  of  potential,  .  .  46^ 
Laplace's,  modified  by  Poisson,  49^ 
of  potential  of  an  infinite  cylinder,  49^ 
of  relation  of  potential  to  its  para- 
meter,         554 

of  Gausb,  for  action   normal  to 

surface, 60« 

of  attraction  of  ellipsoid  in  direc- 
tion of  either  axis,      .        .         .  82« 
Leorndre's,    for    attraction    of 

ellipsoid, 83is 

of  Legexdre  upon  attraction, .      8610 
of  function  for  expression  of  the 

attraction  of  an  ellipsoid,    .        .  86^ 
of  attraction  of  a  homogeneous  ob- 
late ellipsoid  of  revolution,        .  87|o 


Equation  of  attraction  of  a  homogeneous 

prolate  ellipsoid  of  revolution,    .  8811 
of  function  developed  in  cosines 

of  multiple  angles,      .        .        .  89^ 
of  elementary  functions  of  Leokx- 

dre's  functions,          .        .        .  93^ 
of  Legendre*s  functions  in  spe- 
cial form, 99, 

of  theorem  for  development  into 

Legendre*8  i\inctions,    .        .  101^ 
Laplace'8    upon    Legendre's 

functions, 102^ 

Laplace's  more  general  form  of 

Legexdre's  functions,    .        .  102,0 
of  potential  of  ellipsoid  referred  to 

centre  of  gravity,      .        .        .  103^) 
of  Legeni>re'8  second  function,    104, 
of  external  potential  of  spheroid 
with  the  introduction  of  cUipsoid 
of  nearest  attraction,         .        -107^ 
for  axes  of  nearest  ellipsoid  of  at- 
traction,    108, 

of  potential  for  point  near  the 

spheroid, 110, 

Laplace's,  for  spheroid    which 

differs  little  from  a  sphere,  •  115,r 
of  ellipsoid  of  expansion, .  .  118, 
of  surface  of  distorted  expansion,  119u 
of  total  expansion,  .  .  .  120,; 
of  ellipsoid  of  reciprocal  expan- 
sion,   121u 

of  equilibrium  of  translation,  .  127,, 
of  funicular,  ....  18814 
of  catenary,  ....  188„ 
of  extensible  catenary,  .  .  141m 
of  catenary  upon  a  surface,  .  142, 
of  pressure  of  catenary  upon  a 

surface, 142«) 

of  catenary  upon    a.  surface    of 

revolution,  ....  144„ 
of  arc  of  spherical  ellipse,  .  •149^ 
of  total  expenditure  of  action, .  1 6  2^ 
of  living  forces,  ....  16814 
Lagraxge's  canonical,  of  motion,  164^ 
Hamiltox's     changes    of     La- 

graxge's  canonical  forms,      .  165,^ 
for    characteristic  and    principal 
functions,         ....  171,0 
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Equation  of  determinants,  .  .  .  17S,. 
linear  solved  by  determinants,  .  177 
simultaneous  difierential,  related 

to  linear  partial  differential,  .  199 
differential  in  normal  form,  .  2IO4 
partial  differential  for  Jacobian 

multiplier,  .  .  .  .  215^ 
conmion  differential  for  Jacobian 

multiplier,  .  .  .  .  216^ 
of  Jacobian  multiplier  for  equa- 
tions of  motion,  .  .  .  237i9 
of  translation,  ....  242^ 
of  time  of  describing  a  line,  .  24333 
of  centrifugal  force,  .  .  245i8 
of  motion  upon  a  rotating  line,  .  24  72, 
of  motion  of  a  heavy  body  upon  a 

moving  line,  .  .  .  .2578 
of  gain  of  power  by  motion  of  the 

line  of  support,  .  .  .  25925 
of  motion  of  a  fixed  line  through 

a  resistance,  .  .  .  .  27I3 
of  motion  against  friction,  .  273jo 
of  fixed  force  for  tautochrone,  .  317, 
of  tautochrone  for  central  force,  323^ 
of  general  brachistochrone,  .  328j8 

of  brachistochrone  for  fixed  force,  328,7 
of  brachistochrone  for  radius  vec- 
tor  and  perpendicular  from  origin 
in  central  force,        .         .         .  330^ 
of   brachistochrone    for    parallel 

forces, 33I31 

of  brachistochrone   on  surface  of 

revolution  for  central  force,      .  324a9 
of  brachistochrone  of  given  length,  34  73^ 
of  brachistochrone  of  given  expen- 
diture of  action,        .         .        .  349y, 
of  the  holochrone  when  the  time  is 
a  given  function  of  the   poten- 
tial,   357m 

of  tautochrone  from  Lagrange,  361, 
of  tachytrope,  ....  364,7 
of  tachytrope  for  central  force  in 

resisting  medium,      .        .         .    3664 
of  tachistotrope   in  resisting  me- 
dium,         369i6 

ofbarytrope,  ....       37O31 
of  path  of  a  point  upon  a  surface 
with  fixed  forces,      .        .        .3777 


Equation  of  path  of  a  body  when  the  force 

is  central,  ....  378^1 

of  path  of  a  body  upon  a  surface 
of  revolution  with  central  force 
directed  toward  the  axis,      .    412,.„ 
of  the  spherical  pendulum,       .    418i7_a 
of  force  for  the  description  of  a 

given  curve,  ....  430jo 
of  EuLER  for  rotation  of  a  solid,  43  7^ 
of  living  force  in  a  rolling  solid, .  457,, 
of  sliding  motion,  .         .         .  458^ 

of  variation  of  arbitrary  constants,  460» 
of  variation  of  initial  values  of  va- 
luables .  .  .  .  462ii,u 
of  Hansen's  method  of  perturba- 
tions, .  .  .  465^,  466,5, 467io 
of  small  oscillations,  .  .  .469,7 
of  multiplier  in  a  resisting  medium,  4  72si 
of  power  in  a  resisting  medium,  .  474u 
of  translation  of  a  resisting  me- 

dium, 474n 

of  rotation  in  a  resisting  medium,  475u 
EquiUbrium,  ecjuations  of,  ...  7 
conditions  of,  .  .  .  .  29 
stable  or  not,  .  .  .  .30 
of  translation,    .        .         .        .127 

of  rotation, 129 

oscillation  about  position  of,      .      471 

EuLER,  integral, 91 

note  on  erroneous  notation,       .       356 
on  differential  equations,      .        .214 
centrifugal  force  on  the  brachisto- 
chrone,        329 

on  the  brachistochrone  of  central 

forces, 330 

on  epicycloidal  brachistochrone,      331 
error   regarding    the    brachisto- 
chrone,        353 

compound  brachistochrone,  .  354 
compound  taut(^>hrone,  .  .  358 
tachytrope  of  heavy  body,  .  364 
tachytrope  for  parallel  forces,  .  366 
tachytrope  of  constant  velocity  in 

a  given  direction,       .        .        .367 

tachistotrope  of  heavy  body,     .      869 

tautobaryd  of  heavy  body,    .        .873 

path  of  body  gravitating  to  two 

centres, 429 
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EuLER,  equations  of  rotation  of  solid,  .  487 
rotation  of  solid,   ....  448 

Evolute  of  the  parabola  a  tachytrope,  .      868 

Expansion,  linear, 117 

ellipsoid  of,  .  .  .  .118 
surface  of  distorted,  .  .119 
total, 120 

Expenditure  of  action,      .        .        .        .162 

F. 

Fontaine  on  tautochrone,       .        .        .362 

Force,  its  origin, 1 

measure  of, 2 

of  moving  bodies,       ...  4 

of  nature, 28 

fixed, 28 

expressed  in  form,  .  .  .29 
potential  of,  ....  29 
temporarily  fixed,  .  .  .84 
composition  and  resolution  of,   .        85 

moment  of, 38 

couple  of, 40 

in  a  plane, 42 

parallel, 42 

modifying, 124 

internal,  may  be  neglected  in  trans- 
lation and  rotation,     .        .        .181 
equal  and  parallel,  in  equilibrium,  132 
principle  of  living,        .        .        .163 
of  perturbation,        .        .        .      459 
of  moving  bodies,         .        .        .479 
central.     See  Central  Force, 
centrifugal.    See  Centrifugal  Force. 
Form,  expressive  of  force,        .        .        .29 
French,  weights  and  measures  introduced,  293 
Friction  opposing  motion  of  a  body,  .       .270 
changing  sliding  to  rolling  motion,  458 
Functional  determinant,  .        .        .        .183 
Funicular, 134 

G. 

Gamma  function, 91 

note  on, 356 

Gauss  on  action  perpendicular  to  surface,  60 
maxima  and  minima  of  potential 

of  gravitation,    .        .        .        .62 
determinants,    .        .        .        .173 


Gould's  Astronomical  Journal,  on  partial 

multipliers, 231 

on  motion  when  force  emanates 
from  an  axis, ....      428 

Gravitation,  potential  of, .  .  .  .48 
potential  for  mass,  ...  45 
the   type   of  equal  and  parallel 

forces, 132 

its  level  surfaces,       .        .        .       132 

Gravity.     See  Centre  of  Gravity. 

GuDERMANN  on  sphcrical  pendulum,      .  423 

Gyration  of  the  devil,  .  .  .  .458 
of  the  hoop, 456 

Gyroscope, 443 

H. 

Hamilton's  characteristic  fiinction,  .  162 
on  Lagrange's  canonical  forms,  164 
modification  of  Lagrange's  ca- 
nonical forms,  .  .  .165 
principal  function,  .  .  .169 
new  method  of  dynamics, .  .  171 
quaternions,  .        .        .        .476 

Hansen,  method  of  perturbatioQS,        .      465 
Helix,  rotating  with  body  moving  upon  it,  254 

Holochrone, 354 

Hoop,  motion  of, 451 

Hyperbola,  determining  the  limits  of  mo- 
tion on  a  rotating  circumference,  265 
described  by  central  force,        .       880 
described    by    repulsive    central 

force  proportional  to  distance,    .  885 
described  by  force  of  gravitation,    886 
Hyperboloid  equilateral    asymtotic,    con- 
taining catenary,        .        .        .159 
defining  limits  of  catenary  upon 

other  surfaces  of  revolution,  .  160 
homofocal  with  ellipsoid,  .  .  77 
containing  brachistochrone, .        .847 

L 

Inertia  of  matter, 1 

moment  of,        .         .        .         .434 

Integral  multiple, 197 

of  differential  equations,  .        .      199 

Integrals,  systems  of,  ...  .  208 
elliptic.     See  Elliptic  Integrals* 
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lutegratioii  of  the  differential  equations  of 

motion, 172 

Involute  of  circle,  described  in  a  resisting 

medium, 274 

a  tautochrone,  .  .  .  .825 
Ivory  on  corresponding  points,  .  .  70 
Ivory  sphere  vibrated  by  Besbel,        .      298 

J. 

Jacobi  on  Legendre's  functions,  .  .  88 
on  determinants,  .  .  .195 
on  normal  forms  of  differential 

equations, 210 

new  multiplier, .        .        .        .      214 
principle  of  last  multiplier,   .        .  228 
on  the  motion  of  a  body  in  a  resist- 
ing medium,       .        .        .        .376 
on  motion  of  a  body  gravitating  to 

two  fixed  points,        .        .        .429 
on  motion  of  a  system  in  a  re- 
sisting medium,  .        .        .        .474 
Jellett  on  the  tangential  radius  of  curva- 
ture of  the  brachistochrone  on  a 

surface, 347 

on  the  brachistochrone  of  a  heavy 
body  in  a  resisting  medium,        .  353 

K. 

Klingstierna's  problem  of  the  tachy- 

trope, 365 

L. 

Lagrange,  method  of  mechanical  analysis,     9 
canonical  forms  of  equations  of  mo- 
tion, .        .        .         .         .         .165 

on  determinant  of  derivatives,  .       194 
on  differential  equations,      .        .214 
modification  of  Eulerian  multi- 
plier,   232 

on  the  tautochrone,  .        .        .      359 
familiar  formula  of  the  tautochrone,  361 
on  the  rotation  of  a  solid,      .        .443 
on  the  motion  of  a  body  gravitat- 
ing to  two  centres,      .         .        .  429 
on  the   method    of  perturbations 
by  the  variation  of  arbitrary-  con- 
stants,          459 


Lagraxgb  on  small  oscillations,  .  .472 
Lamina,  attraction  of  infinite,  .  .  .46 
Lam^,  relation  of  potential  to  its  parameter,  55 
Laplace,  equation  for  the  potential  of 

gravitation,  .  .  .  .46 
equations  modified  by  FoissoN,  48 
attraction  of  Newtonian  shells,  .    75 

functions, 88 

theorems  on   Legendre's  func- 
tions,   102 

equation     for    nearly    spherical 

spheroid, 115 

on  the  tautochrone,  .        .        .360 

on  the  rotation  of  a  solid,      .        .443 

method  of  perturbations,       .        .  462 

Lead  sphere,  vibrated  by  Newton,      .      293 

Legendre,  attraction    of  Newtonian 

shells, 75 

attraction  of  ellipsoids,       .        .        83 
theorems  on  the  attraction  of  ellip- 
soids,        86 

functions, 88 

special  form  of  functions,  .        .        99 
Leibnitz  on  the  force  of  moA'ing  bodies,    479 
Lenmiscate,  described  under  law  of  cen- 
tral force, 380 

Level  surfaces, 32 

of  gravity, 132 

a  syntachyd,     .        .        .        .375 
Limits  of  brachistochrone,         .        .        .  348 
of  body  moving  under  central  force,  40  7 
of  heav}'  body  on  surface  of  revo- 
lution,         413 

Linear  equations  solved  by  determinants,  177 
partial  differential  c(|uations,        .  199 
equations  of  small  oscillations,  .       469 
Logarithmic  spiral  described  by  a  body  on 

a  rotating  straight  line,  .  .251 
described  against  resistance,  .  274 
a  tautochrone,  .  .  .  .325 
a  tachytrope,  ....  365 
described  under  the  action  of  a 
central  force,      .        .        .        .379 


Maclaurin*8  attraction  of  elli{)soid, 
Mass  defined,        .... 
Matter,  inertia  of,     . 
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Maupebtius,  action  of  a  system, 

principle  of  least  action, 
Maximum  and  minimum  of  potential,   . 

for  equal  and  parallel  forces, 

of  velocity  of  pendulum  in  a  re- 
sisting medium, 
Measures,  French  adopted, 
Medium,  resisting, 

brachistochrone  in, 

holochronc  in,  , 

tachytrope  in, 

tachistotrope  in, 

barytropein,        . 

tautobaryd  in,   . 

synchrone  in, 

syntachyd  in,     . 

systems  moving  in, 
Method  of  multipliers,  . 

Hamilton's,  of  dynamics, 

Lagrakge's,  of  perturbation, 

Laplace's,  of  perturbations, 

Hansen's,  of  perturbations. 
Modifying  forces,      .... 
Moment  of  force,  .... 

resultant,      .... 

of  inertia, .... 
Motion  necessary'  to  phenomena, 

uniform,    .... 

measure  of,  . 

tendency  to,      . 

equation  of,  . 

perpetual,  impossible  in  nature, 

of  translation, 

of  a  point, 

of  rotation,   . 

of  a  system. 
Multiple  derivatives  and  integrals, 
Multiplier,  method  of,  . 

Jacobian,   . 

principle  of  last, 

for  equations  of  motion, 

for  motion  of  a  point, 

for  motion  in  a  resisting  medium, . 


162 

168 

29 

182 

283 
293 
270 
350 
359 
364 
369 
371 
371 
374 
375 
472 

25 
162 
459 
462 
465 
124 

38 

39 
435 
1 
2 
2 
5 
7 

31 
241 
242 
433 
458 
196 

25 
214 
228 
236 
244 
472 


N. 


Nature,  forces  of, 
Newton's  shell. 


28 
70 


Newton's  experiments  on  pendulum,      .  293 

path  described  when  the  central 

force  is  inversely  as  the  cube  of 

the  distance,         .        .        .        .879 

Normal  form  of  differential  equations,  .      210 

Notation  of  reference,       ....      4 

NuLTY  on  the  hoop,     ....      455 

on  rolling  motion,         .        .        .457 

Nutation  of  rotation,     ....      456 

O. 

Orthogonal  surfaces,         .        .        .        .79 
Oscillations  about  poation  of  equilibrium,     80 

of  a  body  on  a  fixed  line,      .        .  246 

of  a  bod}'  on  a  uniformly  rotating 
line, 248 

on  a  rotating  circimiference,     .      252 

of  the  pendulum,  ....  256 

of  a  heavy  body  on  a  rotating  cir- 
cumference, •    .        .        .        .  266 

of  the  pendulum  when  the  resist- 
ance is  proportional  to  the  veloc- 
ity,      282 

of  the  pendulum  when  the  resist- 
ance is  proportional  to  the  square 
of  the  velocity,  ....  285 

of  the  pendulum  with  the  medium,  287 

of  the  pendulum  when  opposed  by 
friction, 290 

of  the  pendulum  observed  by 
Newton, 298 

of  the  pendulum  observed  by 
DuBUAT, 295 

of  the  pendulum  observed  by 
BoRDA, 296 

of  the  pendulum  observed  by 
Besskl, 298 

of  the  pendulum  observed  by 
Bailey, 811 

small,  theory  of,        .        .        .      469 

P. 

Paper  sphere  \'ibrated  by  Dubuat,  .  .  295 

Parabola,  path  of  projectile,  .        .        .  258 

described  while  rotating,       .  .267 

a  tachytrope,     ....  368 

described  by  law  of  gravitation,  .  879 
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Parabola,  condition  of  description, 
Paraboloid,  bradiistochronc  on, 

path  of  heavy  body  on,     . 
Parallel  and  equal  forces, 
ParallelopifKid  of  translation, 

of  rotation, 

of  forces, 

of  moments, 

of  rotation-area. 
Parameter  of  potential,    .... 
Pcrjietual  motion  impossible  in  nature. 
Pendulum,  simple, 

in  a  resisting  medium, 

seconds,  of  uncertain  length, 

a])]ieri('al, 

spherical,  related  to  the  g}'roscope. 
Perturbations,  metho<ls  of,         .         .        . 
Planetary  perturbations,  case  of,  .       4G3, 
Platinum  sj)here  vibrated  by  Bouda, 
PoixsoT,  analysis  of  rotation, 

reliitions  of  axis  of  rotation  and 
of  niaxinnnn  rotation-area, . 

velo<'itv  of  rotation  al>out  axis  of 
maximum  area,  .... 

on  the  rotation  of  a  solid,  . 
Point,  e(iuilibrium  of,        .... 

motion  of, 

Poissox,  mollification  of  Laplace's  equar- 
tion,   ...... 

theorem  on  Legexdrk's  functions, 

on   the   pendulum  in  a  resisting 
medium, 

on  the  top,        .... 

Pole  of  synchrone, 

Potential, 

of  gravitation,       .        .        .        . 

relation  to  its  parameter,  . 

of  spheroid, 

of  ccjual  and  parallel  forces, 

(riirve, 

Power  defined, 

law  ot,  .        .        •        .        .         . 

gained  or  lost  by  a  moving  line. 
Pressure  upon  the  brachistochrone, . 
Principle  of  living:  forces, 

of  least  action,      .... 

of  last  multiplier, 
Pro«(rcssion,  rotary, 
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836 

416 

132 

11 

14 

30 

3D 

434 

54 

31 

205 

281 

313 

418 

446 

451) 

465 

21M> 

12 

436 

430 
443 
128 
245 
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48 
100 

286 

450 

373 

21) 

45 

54 

91) 

132 

407 

3 

163 

251) 

32I> 

li;3 

167 

228 

456 


I  Projectile,  path  of,        .        .        .        .410 

j  disturbed, 464 

'  Projections,  theory  of  orthographic,       .      481 

PuisiEi'x  on  the  tautochrone, .        .        .  326 

I 

Q. 

Quaternions  of  IIamiltox  promise  a  new 

progress  to  analytic  mechanics,    .  476 

R. 

Reference,  notation  of  in  this  l)ook, .        .      4 
Residuals  to  express   integral   of  central 

force, 380 

Resisting  medium.     See  M*dium, 

.  Resultant  defined, 86 

yanislics  in  equilibrium  of  transla- 
tion,         128 

\  Resultant-moment, 39 

in  relation  to  rotation,       .         .       130 

of  griiA'ity  for  centre  of  gravit}',     .  133 

Rice  ATI  on  central  force,     .         .         .379 

Rolling  of  solid, 457 

Rotation,  analysis  of,  .  .  .  .  12 
combined  with  translation,  .  .16 
instantaneous  axis  of,        .        .         19 

ten<lencv  to, 40 

of  expansion,     .         .         ,         .120 
eciuilibrium  of,      .         .         .         .129 
of  line  ujM^n  which  a  body  moA'es 
about  a  vertical  axis, .         .        .261 

motion  of, 433 

of  a  solid  body,     ....  434 

■  Rotation-area 433 

in  a  resisting  medium,  .        .        .475 


S. 

Screw  motion  includes  tliat  of  all  solids,  19 
Seconds  pendulum,  of  uncertain  length,  .  313 
Sections,  conic.  See  Conic  Sections. 
Shell,  attra<*tion  of  spherical,  .  .  .56 
attraction  of  CiiASKESi AX,  .  58 
Chaslesiax  ellipsoidal,       .         .     70 

Newtoxiax 70 

Sleep  of  the  t<)j> 451 

Sliding  motion,      .         .         .         .         .457 

Solid  motion  analvzed,     .         .         .         .18 

rotation  of,  .         .         .431 
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Solution  of  a  partial  differential  equation, 

.  of  continuity  in  law  of  revsistance, 

Sphere,  attraction  of,        ...        . 

having  catenar}'  upon  its  surface, 
vibrated  as  a  pendulum, 
asvnehrone,      .... 

condition  of  description. 
Spheroid,  potential  of,  .... 

which  is  almost  an  ellipsoid, . 
almost  a  sphere, 
Spiral  logarithmic  path  on  a  rotating  line, 
logarithmic  described  against  fric- 
tion, ...... 

logarithmic  a  tautochrone, 
a  brachistOL'hrouc, 
logarithmic  a  tachytrope,  . 
logarithmic  described  when   cen- 
tral force  is  inversely  proportion- 
al to  the  cube  of  distance   . 
path  of  the  axis  of  a  solid. 
Stability  of  the  funicular, .... 

Stadek,  special  cases  of  central  force,. 

central  force  inversely  proportion- 
al to  the  cube  of  the  distance,    . 
central  force  inversely  proportion- 
al to  the  fourth  power  of  the  dis- 
tance,        ..... 

central  force  inversely  proportion- 
al to  the  seventh  i)0wer  of  the 

distance, 

Straight  line,  attraction  of  infinite, 

rotating  uniformly,  with  body  mov- 
ing upon  it,         ...         . 
described  by  heavy  body, . 
rotating  uniformly  about  vertical 
axis,   and   described    by    heavy 

OOII  1   ,    a  .  .  .  .  . 

rotating   uniformly  about  an   in- 
clined  axis,   and   described    by 
heavy  body,    .... 
a  tachytrope,        .... 
Superposition  of  small  oscillations. 
Surfaces  of  the  sec<ind  degi-ee  homofocal, 

orthogonal, 

of  distorted  expansion, 

of  revolution  containing  catenary. 
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273 

57 
157 
294 
374. 
433' 

99  I 

no' 
111 
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274 
325 
331 
365 


379 
443 
135 
379 

385 


Surfaces  of  revolution   containing  tauto- 
chrone,        822 

of  revolution  containing  brachis- 
tochrone,    

with  point  moving  upon  it, 

Synchrone, 

Syntachyd, 

Systems  of  integrals,         .... 

motions  of,        ...        . 

motions  in  resisting  medium, . 


334 
376 
373 
375 
203 
458 
472 


404 


406 
52 

249 
255 


262 


269 
365 
470 
79 
79 
119 
143 


T. 

Tachistotrope, 369 

Tachytrope, 304 

Tautobaryd, 370 

Tautochrone, 316 

comi>ound, 358 

in  Lag  RANG  f/s  form,       .        .       359 

restricted  bv  Fontaine,      .        .362 

Tension  of  the  catenar%%        .        .        .139 

Time  disturbed  in  Hansen's  method,  .   .  465 

Top,  spinning  of, 449 

Translation,  analysis  of,  .  .  .  .7 
combined  with  rotation,  .  .  16 
tcmlcncy  to,  .         .         .         .37 

equilibrium  of,  .         .         .         .127 

moti(m  of, 241 

in  a  resisting  medium,       .         .       474 
Trifolia  of  Stader,  ....  379 

Trajectory  of  level  surfaces, .         .         .         32 

V. 

Variation  of  the  characteristic  function,    .  166 
of  a  funcrtion  of  the  elements  of  a 
dcteruiinant,  .         .         .         .180 

rotarv, 456 

of  arbitrary  constants,        .         .       459 
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